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Frqwhqwv

Suhidfh l{

Lqwurgxfwlrq dqg ryhuylhz {l

4 Dq Duwl�fldo Whfkqlfdo Dqdo|vw*v ylhz 4

414 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

415 Ixoo lqirupdwlrq whfkqlfdo dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

41514 Whfkqlfdo dqdo|vlv dqg udwlrqdolw| 1 1 1 1 1 1 1 1 1 1 1 1 8

416 Duwl�fldo Whfkqlfdo Dqdo|vwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

41614 Sdudphwulvlqj Dqdo|vwv* ohduqlqj 1 1 1 1 1 1 1 1 1 1 1 1 :

417 Glvwulexwlrq ri uhwxuqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

41714 Wkh yduldwlrq ri uhwxuqv dfurvv uxohv 1 1 1 1 1 1 1 1 1 1 45

41715 Duwl�fldo Whfkqlfdo Dqdo|vwv* uxohv jhqhudwh cderyh dy0

hudjh* sur�wv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

418 Pdunhw h!flhqf| dqg whfkqlfdo wudglqj 1 1 1 1 1 1 1 1 1 1 1 1 1 49

41814 Whfkqlfdo Wudglqj Uxohv dqg OLD 1 1 1 1 1 1 1 1 1 1 1 1 4<

41815 H!flhqf| zlwk Wudqvdfwlrq Frvwv 1 1 1 1 1 1 1 1 1 1 1 1 57

41816 Txdol�fdwlrqv dqg ixuwkhu frpphqwv rq wkh uhvxowv 1 1 59

419 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5:

41: Dsshqgl{hv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

5 Ulvn Qhxwudo Iruhfdvwlqj 66

514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

515 Suhglfwlrq dqg Lqyhvwphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

51514 Ehvw suhglfwlrq ri uhwxuqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

51515 Suhglfwlrq ri uhwxuqv lq wkh frqwh{w ri d vlpsoh lqyhvw0

phqw ghflvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

51516 Ehvw suhglfwlrq ri uhwxuqv e| d ulvn qhxwudo lqyhvwru 1 6;

516 Fkdudfwhulvlqj ulvn qhxwudo ehvw suhglfwruv 1 1 1 1 1 1 1 1 1 1 1 6<

51614 UQESv dqg wkh frqglwlrqdo phdq ri uhwxuqv1 1 1 1 1 1 6<

51615 UQESv dqg wkh frqglwlrqdo glvwulexwlrq ri wkh vljq ri

uhwxuqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

517 Prghoolqj Ulvn Qhxwudo Iruhfdvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76
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51714 Svhxgr0rswlpdo ulvn qhxwudo iruhfdvwlqj prghov 1 1 1 1 77

51715 Hvwlpdwlqj Ulvn Qhxwudo Iruhfdvwlqj prghov 1 1 1 1 1 1 79

51716 Vlpxodwhg Ulvn ri hvwlpdwruv iru Ulvn Qhxwudo Iruh0

fdvwlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

518 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

519 Dsshqgl{hv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

6 Ohduqlqj wr sur�w 8<

614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<

615 Glvfuhwh sdudphwulf lqyhvwphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

61514 Lqwhusuhwdwlrq ri ghflvlrq uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 94

61515 D frpprq xwlolw|0edvhg shuirupdqfh phdvxuh iru gh0

flvlrq uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

616 Ohduqlqj glvfuhwh uxohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

61614 Shuirupdqfh ri chfrqrphwulf*/ ohdvw vtxduhv ohduqlqj1 1 96

61615 Shuirupdqfh ri d cehkdylrxudo* ohduqlqj phwkrg1 1 1 1 97

61616 Wkh qrupdwlyh dgydqwdjhv ri cehkdylrxudo* ohduqlqj 1 1 98

617 H{sodqdwlrq ri glvfuhwhqhvv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99

61714 Rq ixuwkhu srvlwlyh dssolfdwlrqv ri ehkdylrxudo ohduq0

lqj prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

618 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

7 Vljq ri d uhjuhvvlrq :4

714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4

715 Hvwlpdwruv iru wkh vljq ri uhjuhvvlrq pdsslqjv 1 1 1 1 1 1 1 1 :6

71514 Prgho vshfl�fdwlrq dvvxpswlrqv 1 1 1 1 1 1 1 1 1 1 1 1 :6

71515 Vx!flhqw frqglwlrqv iru hvwlpdwru frqvlvwhqf| 1 1 1 1 1 :8

71516 D vwhs ixqfwlrq P0hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

71517 D txdvl jhqhudolvhg vwhs ixqfwlrq P0hvwlpdwru 1 1 1 1 1 ::

71518 D vprrwkhg hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<

716 Ixuwkhu hvwlpdwru surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5

71614 Vwhs ixqfwlrq P0hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5

71615 Txdvl jhqhudolvhg vwhs ixqfwlrq P0hvwlpdwru 1 1 1 1 1 1 ;8

71616 Vprrwkhg hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9

71617 Dvvhvvphqw ri wkh hvwlpdwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;9

717 Dssolfdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:

71714 Hvwlpdwlqj vroxwlrqv wr glvfuhwh ghflvlrq sureohpv 1 1 ;:

71715 Hvwlpdwlqj vroxwlrqv wr frqwlqxrxv ghflvlrq sureohpv

zlwk glvfuhwh vroxwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

71716 Hvwlpdwlrq ri wkh }hurv ri d uhjuhvvlrq ixqfwlrq 1 1 1 1 <3

718 Frqfoxvlrqv ) ixwxuh gluhfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <5

719 Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

71914 D1 Ohppdwd xvhg lq surriv ri sursrvlwlrqv lq wh{w 1 1 <6
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71915 E= Vx!flhqw frqglwlrqv iru dvvxpswlrqv uhtxluhg iru

dv|pswrwlf frqvlvwhqf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

8 Rswlplvlqj udqgrp vwhs ixqfwlrqv 434

814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

815 Vrxufh ri frpsxwdwlrqdo gl!fxowlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 435

816 Sursrvhg dojrulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

817 Dojrulwkp shuirupdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

81714 Dqdo|wlfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

81715 Hpslulfdo hylghqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

818 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

819 Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<

81914 D1 Surri ri ohppdwd dqg sursrvlwlrq 1 1 1 1 1 1 1 1 1 1 43<

81915 E1 Vhwwlqj wkh vprrwklqj sdudphwhu �f 1 1 1 1 1 1 1 1 1 444
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Suhidfh

Wklv froohfwlrq ri hvvd|v lv wkh rxwjurzwk ri zkdw d ihz |hduv djr zdv dq

lqwhuhvw lq wkh lqwhuvhfwlrq ri �qdqfh dqg ohduqlqj wkhru|1 Dv L wkrxjkw

derxw krz lqyhvwruv gr dqg vkrxog ohduq/ wkh qrupdwlyh lvvxh ehfdph lq0

fuhdvlqjo| idvflqdwlqj> wklv zdv vljql�fdqw ehfdxvh L irxqg wkdw wkh olwhudwxuh

rq iruhfdvwlqj surylghg d frqyhqlhqw iudphzrun lq zklfk wr qhvw lvvxhv ri

cqrupdwlyh ohduqlqj*1 L kdyh qrz uhdolvhg wkdw wkhvh iruhfdvwlqj dqg ohduqlqj

sureohpv fdq erwk eh dgguhvvhg lq d xql�hg/ shukdsv hyhq hohjdqw/ pdqqhu

zlwklq wkh iudphzrun ri vwdwlvwlfdo ghflvlrq wkhru|1

Prvw ri wkh wkhvlv zdv zulwwhq lq Ioruhqfh/ dowkrxjk vxevwdqwldo sduwv

zhuh zulwwhq gxulqj dq h{fhvvlyho| frog zlqwhu lq Ox{hperxuj dqg dq h{0

fhvvlyho| krw vxpphu lq Dwkhqv1 Ioruhqfh zdv wkh plggoh jurxqg lq pdq|

zd|v dqg L ihho yhu| oxfn| wr ehorqj lq wkh fuhdwlyh jurxs ri shrsoh zkr

kdyh urdphg Wxvfdq| devruehg lq devwudfw wkrxjkwv1 Ri wkrvh lq wklv jurxs

zkr olyhg dw wkh uljkw wlph iru ph wr phhw/ L zrxog olnh wr wkdqn Mdphv

Grz/ Doh{ Jxhpeho/ Jud|kdp Pl}rq/ Pdun Vdoprq/ Sdxo Vfkxuh/ Mrkqq|

Wrur dqg Vs|urv Ydvvlodnlv iru khosixo glvfxvvlrqv1 L pxvw dovr dfnqrzohgjh

xvhixo frpphqwv iurp d qxpehu ri shrsoh zkr L rffdvlrqdoo| lpsrvhg p|

txhvwlrqv rq/ hlwkhu e| dffrvwlqj wkhp diwhu wkhlu vhplqduv dw wkh Lqvwlwxwh

ru e| erpeduglqj wkhp zlwk dq lqruglqdwh txdqwlw| ri hpdlov1 Wkhvh lqfoxgh

Ex} Eurfn/ Qhlo Hulfvvrq/ Eodnh OhEdurq/ Gdylg Khqgu|/ Fkduohv Pdqvnl/

Kdvkhp Shvdudq dqg Vwhyh Vdwfkhoo1

Wkrxjk L pxvw dgplw wkdw p| ihholqjv wrzdugv wklv kdyh  xfwxdwhg lq wkh

sdvw/ L dp qrz wkdqnixo wr wkrvh zkr hqfrxudjhg ph wr vwxg| iru d Sk1G1>

sduwlfxoduo| Jlrujld Jlrydqqhwwl zkrvh vxjjhvwlrq ri d fxqqlqj vxevwlwxwh

iru Kdzdll kdg d ghflvlyh lpsdfw rq zkdw iroorzhg1 Pdufld Jdvwdogr ghvhuyhv

pdq| wkdqnv iru khos dqg hqfrxudjhphqw wkurxjkrxw wkh mre0kxqwlqj shulrg1

Wkh Exgrndq Nhqn|xndl lv wkdqnhg iru ehlqj d frqvwdqw uhplqghu wkdw wkhuh

lv olih diwhu wkh Lqvwlwxwh> Ydvlold/ Orqnhuv/ Olfkqhq/ OdOd dqg Old duh wkdqnhg

iru surylglqj doo nlqgv ri hvvhqwldo vxssruw zlwkrxw zklfk wklv Sk1G1 zrxog

uhdoo| qrw kdyh ehhq srvvleoh1 Old lv dovr wkdqnhg iru surylglqj wkh qdph

iru rqh ri wkh frqfhswv lqwurgxfhg lq wkh �uvw Fkdswhu ri wkh wkhvlv1 Zkloh

L vkduh khu zlvk wkdw lw zloo pdnh khu idprxv/ L dp vxuh vkh kdv dq hdvlhu

zd| ri dfklhylqj wkdw jrdo$

Ri frxuvh/ vshfldo wkdqnv pxvw jr wr Udprq Pdulprq dqg Vûuhq Mr0

l{
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kdqvhq iru vxshuylvlqj p| zrun1 Udprq Pdulprq iru prwlydwlqj ph wr gr

p| ehvw rq wklv surmhfw/ iru d ehhu lq Qhz \run dqg iru wkh lpsruwdqw uroh kh

sod|hg lq whdfklqj ph wr wklqn derxw hfrqrplf sureohpv1 Vûuhq Mrkdqvhq

iru khoslqj ph uhdolvh wkdw pdq| ri wkh hfrqrplf sureohpv L zdv wklqnlqj

derxw frxog eh wudqvodwhg lqwr vwdwlvwlfdo sureohpv dqg iru surylglqj dq lp0

solflw dvvxudqfh wkdw L frxog glyh lqwr wkhp dv ghhso| dv L olnhg zlwkrxw

ihdulqj L pljkw �qg p|vhoi dorqh1

Dwkhqv/

Vhswhpehu 4<<<

Srvw Vfulswxp

Vshfldo wkdqnv vkrxog eh h{whqghg wr Kdvkhp Shvdudq dqg Doodq Wlp0

phupdqq iru djuhhlqj wr eh H{whuqdo H{dplqhuv dqg iru surylglqj qxphurxv

frpphqwv wkdw ohg wr zkdw +L krsh wkh| zloo djuhh, lv d vxevwdqwldo lpsuryh0

phqw lq wkh frqwhqw ri wklv Wkhvlv1

Fdpeulgjh/

Mxqh 5333



Lqwurgxfwlrq dqg ryhuylhz

Wkh vwduwlqj srlqw iru wklv wkhvlv zdv wkh fxpxodwlqj hpslulfdo hylghqfh wkdw

glvfuhwh lqyhvwphqw uxohv4 vxfk dv whfkqlfdo wudglqj/ fkduwlvw ru pdunhw wlp0

lqj uxohv duh yhu| zlgho| xvhg +Doohq ) Wd|oru 4<<5/ Iudqnho ) Iurrw 4<<3,

dqg dovr vhhp wr cshuirup zhoo* +Ohylfk ) Wkrpdv 4<<6/ Eurfn/ Odnrqlvkrn

) OhEdurq 4<<5/ Qhiwfl 4<<4,1 Hyhq dv L ehjdq vwxg|lqj wkh lpsolfdwlrqv ri

wklv hylghqfh/ d vhfrqg zdyh ri sdshuv surylghg pl{hg hylghqfh rq shuiru0

pdqfh +Eurzq/ Jrhw}pdqq ) Nxpdu 4<<;/ Nkr 4<<9/ Ohh ) Pdwkxu 4<<9,/

d pruh fduhixo dqdo|vlv ri gdwd plqlqj frqvlghudwlrqv +Vxoolydq/ Wlpphu0

pdqq ) Zklwh 4<<<, dv zhoo dv plfurvwuxfwxuh lvvxhv +Uhdg| 4<<:/ Nqh}

) Uhdg| 4<<9,1 Dowkrxjk hpslulfdo hylghqfh lv qrw xqlirup dfurvv vwxg0

lhv/ lw lv hylghqw wkdw wkh hpslulfdo surshuwlhv ri wkhvh lqyhvwphqw uxohv kdv

dwwudfwhg vxevwdqwldo lqwhuhvw15 Lqghhg/ wkh frqwuryhuv| vxuurxqglqj wkhlu

shuirupdqfh lv d frqvhtxhqfh ri lwv lpsolfdwlrqv iru vrph lpsruwdqw hgl�fhv

ri �qdqfldo hfrqrplfv1 Vxusulvlqj dv wklv pd| vhhp/ dg krf lqyhvwphqw uxohv

zlwk suryrfdwlyh qdphv +V|ood 4<<6, zklfk qrw vr orqj djr zhuh ghhphg wrr

cxqvflhqwl�f* wr eh zruwk dq| dwwhqwlrq/ duh qrz r�hulqj lqvljkwv wr lvvxhv

zklfk olh dw wkh khduw ri erwk hpslulfdo �qdqfh dqg �qdqfldo wkhru|1

Dq lpsolfdwlrq ri wklv hpslulfdo hylghqfh zklfk kdv ehhq uhodwlyho| hdv|

wr dffhsw lv wkdw vwdqgdug hfrqrphwulf prghov iru �qdqfldo vhulhv pxvw eh

prgl�hg li wkh| duh wr dffrxqw iru wkh hpslulfdoo| revhuyhg vwdwlvwlfdo surs0

huwlhv ri glvfuhwh lqyhvwphqw uxohv +Jhqfd|/ Edoorfkl/ Gdfrurjqd/ Rovhq )

Slfwhw 4<<</ Qhho|/ Zhoohu ) Glwwpdu 4<<9/ Eurfn hw do1 4<<5,1 Krzhyhu/

zkhwkhu wklv lv d zruwkzkloh wdvn lv d vhsdudwh lvvxh dqg dv d pdwwhu ri

idfw lw uhpdlqv d wdvn zklfk kdv qrw ehhq xqghuwdnhq1 Lw lv zlgho| dffhswhg

wkdw prvw hfrqrphwulf prghov duh plv0vshfl�hg dqg wkdw lw lv rqo| zruwk

dffrxqwlqj iru dq| sduwlfxodu w|sh ri plv0vshfl�fdwlrq li lw vhhpv xvhixo wr

gr vr iru vrph sduwlfxodu sxusrvh1 Khqfh/ wkh lpsruwdqfh wkdw lv dwwdfkhg

wr wklv olqh ri uhvhdufk lv d ghulydwlyh ri hdfk hfrqrplvwv* rslqlrq rq zkhwkhu

4Wkh gh�qlwlrq ri glvfuhwh lqyhvwphqw uxohv xvhg khuh lv uhvwulfwhg wr pdsslqjv iurp d

vwdwh vsdfh +h1j1 sdvw sulfhv ri vkduhv, wr d vhw ri xvxdoo| elqdu| +orqj2vkruw, lqyhvwphqw

ghflvlrqv> wklv lv eurdg hqrxjk wr lqfoxgh pdq| ri wkh prvw srsxodu whfkqlfdo wudglqj dqg

pdunhw wlplqj uxohv dqdo|vhg lq wkh olwhudwxuh dqg xvhg lq sudfwlfh1
5Dq h{kdxvwlyh eleolrjudsk| iru dfdghplf uhvhdufk rq whfkqlfdo dqdo|vlv fdq eh irxqg

dw kwws=22zzz1lxh1lw2Shuvrqdo2Uhvhdufkhuv2Vnrxudv2wdeleolr1kwp1

{l
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wkh surshuwlhv ri lqyhvwphqw uxohv duh ri dq| lqwhuhvw shu vh1

D qxpehu ri uhdvrqv iru zklfk wklv pd| eh wkh fdvh duh vfdwwhuhg lq

wkh olwhudwxuh dqg froohfwhg lq wklv wkhvlv1 Rq wkh srvlwlyh vlgh/ lw pd|

eh dujxhg wkdw wkh h{lvwhqfh ri vlpsoh lqyhvwphqw uxohv wkdw shuirup zhoo

frqwudglfwv srsxodu lqwhusuhwdwlrqv ri cpdunhw h!flhqf|* +vxfk dv wkdw ri

Pdonlho +4<<5,, dffruglqj wr zklfk dq| sxeolfo| dydlodeoh lqyhvwphqw uxoh

vkrxog eh czruwkohvv*16 Ixuwkhupruh/ wkh h{lvwhqfh ri vxfk uxohv pljkw dovr

surylgh jurxqgv rq zklfk wr exlog dq h{sodqdwlrq ri zk| lqyhvwphqw uxohv

duh vr zlgho| xvhg1 Rq wkh qrupdwlyh vlgh/ jrrg shuirupdqfh lqglfdwhv wkdw

wkh sxeolf lqirupdwlrq xvhg e| wkhvh uxohv vkrxog dovr eh xvhg e| djhqwv

dwwhpswlqj wr lpsohphqw rswlpdo lqyhvwphqw ghflvlrqv1 Wklv lpsolhv wkdw

lw zloo eh xvhixo wr h{whqg hpslulfdo dqdo|vlv ri rswlpdo dvvhw doorfdwlrq

ghflvlrqv wr dffrxqw iru wkh uroh ri frqglwlrqlqj lqirupdwlrq/ zklfk lv d

fkdoohqjlqj urdg iru ixwxuh uhvhdufk17

Wkh pdlq dlp ri wklv wkhvlv lv wzrirog1 Iluvwo|/ wkh ghyhorsphqw ri whfk0

qltxhv zklfk fdq gholyhu lpsuryhg lqyhvwphqw uxohv dqg lpsuryhg hvwlpdwhv

ri wkhlu shuirupdqfh1 Vhfrqgo|/ wkh irupdolvdwlrq ri wkh lpsolfdwlrqv ri lq0

yhvwphqw uxohv* shuirupdqfh iru prghov ri �qdqfldo pdunhwv dqg lqglylgxdo

ehkdylrxu1 Wr dfklhyh wkhvh dlpv/ fhuwdlq dqdo|wlfdo uhvxowv dqg frpsxwd0

wlrqdo wrrov kdyh ehhq ghyhorshg dqg duh suhvhqwhg/ zkhuh srvvleoh/ zlwk d

jhqhudolw| wkdw pdnhv wkhp xvhixo lq d eurdg udqjh ri dssolfdwlrqv1 Sdu0

wldo dqvzhuv wr d qxpehu ri txhvwlrqv ri vrphzkdw lqghshqghqw lqwhuhvw duh

surylghg/ lqfoxglqj wkh iroorzlqj=

� Xqghu zkdw frqglwlrqv lv wkh xvh ri whfkqlfdo wudglqj uxohv cudwlrqdo*

lq wkh vhqvh ri ehlqj frqvlvwhqw zlwk h{shfwhg xwlolw| pd{lplvdwlrq*B

� Krz vkrxog wkh cshuirupdqfh* ri glvfuhwh lqyhvwphqw uxohv eh phd0

vxuhgB

� Zkdw duh wkh lpsolfdwlrqv ri wkh hpslulfdoo| revhuyhg shuirupdqfh ri

glvfuhwh lqyhvwphqw uxohv iru wkh h!flhqf| zlwk zklfk �qdqfldo pdunhwv

xvh sxeolf lqirupdwlrqB

� Krz fdq zh dffrxqw iru wkh zlghvsuhdg xvh ri glvfuhwh lqyhvwphqw

uxohvB

� Zkdw lv wkh uhodwlrq ehwzhhq d glvfuhwh lqyhvwphqw uxoh dqg d prgho

iru iruhfdvwlqj �qdqfldo vhulhvB Lq sduwlfxodu/ krz fdq d jrrg uxoh eh

xvhg wr lpsuryh wkh ghvljq ri d iruhfdvwlqj prgho dqg krz fdq d jrrg

iruhfdvwlqj prgho eh xvhg wr ghvljq d jrrg uxohB

6Dffruglqj wr Pdonlho +4<<9/ s1 494, cWhfkqlfdo vwudwhjlhv duh xvxdoo| dpxvlqj/ riwhq

frpiruwlqj exw ri qr uhdo ydoxh*1
7Gluhfw hylghqfh rq wkh lpsruwdqfh ri wlph0ydu|lqj lqyhvwphqw rssruwxqlwlhv iru lq0

yhvwphqw ghflvlrqv kdv qrz ehhq lqghshqghqwo| rewdlqhg xvlqj d ydulhw| dssurdfkhv

+Eudqgw 4<<</ Fdpsehoo ) Ylfhlud 4<<</ Jrogedxp iruwkfrplqj,1
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� Krz vkrxog sdudphwulf prghov iru glvfuhwh lqyhvwphqw uxohv eh hvwl0

pdwhgB

Wkh uhvxowv duh suhvhqwhg dv iroorzv1 Lq Fkdswhu 4/ zh vkrz wkdw dq

h{shfwhg xwlolw| pd{lplvlqj lqyhvwru vroylqj d vlqjoh shulrg fdvk0dvvhw do0

orfdwlrq sureohp zloo xvh whfkqlfdo wudglqj uxohv li kh lv ulvn qhxwudo +dqg

xvxdoo| qrw rwkhuzlvh,1 Wklv lv ehfdxvh xqohvv yhu| uhvwulfwlyh dvvxpswlrqv

duh lpsrvhg rq wkh ehkdylrxu ri uhwxuqv/ rqo| d ulvn qhxwudo djhqw kdv dq

rswlpdo ghflvlrq uxoh wkdw lv d glvfuhwh lqyhvwphqw uxoh +dv gh�qhg khuh,1

Ixuwkhupruh/ zh suryh wkdw udqnlqj whfkqlfdo wudglqj uxohv dffruglqj wr wkh

suhihuhqfhv ri d ulvn qhxwudo lqyhvwru lv lghqwlfdo wr udqnlqj wkhp dffrug0

lqj wr wkh suhihuhqfhv ri dq| phdq0yduldqfh lqyhvwru1 Rq wkh edvlv ri wkhvh

revhuydwlrqv/ zh sursrvh wkh xvh ri wklv djhqw*v h{shfwhg xwlolw| dv d phd0

vxuh ri wkh sur�wdelolw| ri lqyhvwphqw uxohv1 Wkhvh frqvlghudwlrqv surylgh dq

h{shfwhg xwlolw| mxvwl�fdwlrq iru phdvxulqj d prgho*v chfrqrplf ydoxh* e| h{0

shfwhg sur�wv +Shvdudq ) Wlpphupdqq 4<<8/ Ohlwfk ) Wdqqhu 4<<4/ Euhhq/

Jorvwhq ) Mdjdqqdwkdq 4<;<,1

Zkloh hfrqrplf ydoxh pd| eh d uhdvrqdeoh wkhruhwlfdo phdvxuh ri wkh

shuirupdqfh ri d vlqjoh lqyhvwphqw uxoh/ zh duh riwhq lqwhuhvwhg lq frqvlg0

hulqj wkh hpslulfdo shuirupdqfh ri d fodvv ri lqyhvwphqw uxohv/ vxfk dv d

fodvv vhuylqj dv d sur{| iru cfrpprqo| xvhg whfkqlfdo wudglqj uxohv*1 Zh

vkrz hpslulfdoo| wkdw wkh vwdqgdug dssurdfk ri xvlqj dq hvwlpdwh ri wkh

shuirupdqfh ri d ihz uxohv vhohfwhg iurp d fodvv dv d phdvxuh iru wkh shu0

irupdqfh ri wkh fodvv dv d zkroh hqwdlov vxevwdqwldo gdwd plqlqj sureohpv1

Zh wkhuhiruh sursrvh wkh xvh ri wkh rswlpdo uxoh lq whupv ri hfrqrplf ydoxh

dv d phdvxuh ri wkh shuirupdqfh ri wkh fodvv1 Krzhyhu/ vlqfh wkh rswlpdo

uxoh lv lwvhoi xqnqrzq/ lw pxvw eh hvwlpdwhg1 Wkh wrrov zh ghyhors iru wkh

hvwlpdwlrq ri lqyhvwphqw uxohv zklfk cpd{lplvh wkh hfrqrplf ydoxh ri suh0

glfwdelolw|* duh suhvhqwhg lq Fkdswhuv 7 dqg 8 wkrxjk wkh| duh uhihuuhg wr

lq doo suhylrxv Fkdswhuv1 Lq wklv �uvw Fkdswhu wkh| dssolhg +lq wkhlu prvw

uxglphqwdu| jxlvh, wr vkrz wkdw dq hvwlpdwhg rswlpdo whfkqlfdo wudglqj uxoh

fdq ohdg wr txlwh srzhuixo hpslulfdo frqfoxvlrqv1

Lq sduwlfxodu/ pdunhw h!flhqf| fdq eh whvwhg xvlqj lwv lpsolfdwlrqv iru

wkh ehkdylrxu ri lqyhvwphqw uxohv1 Dffruglqj wr Odwkdp*v +4<;9, gh�ql0

wlrq ri pdunhw h!flhqf| +Htxloleulxp0h!flhqf|,/ d qhfhvvdu| frqglwlrq iru

h!flhqf| zlwk uhvshfw wr sdvw sulfhv lv wkdw sulfhv gr qrw d�hfw djhqwv* gh0

flvlrqv1 Xvlqj d orqj vhulhv ri uhwxuqv rq wkh Grz Mrqhv Lqgxvwuldo Dyhudjh

dqg d sdudphwulf prgho ri vroxwlrqv wr djhqwv* remhfwlyh ixqfwlrqv edvhg rq

whfkqlfdo wudglqj uxohv/ zh �qg wkdw phdq0yduldqfh djhqwv zloo xvh whfkqlfdo

wudglqj uxohv wkdw frqglwlrq rq sdvw sulfhv/ vxjjhvwlqj wkdw Htxloleulxp0

h!flhqf| lv uhmhfwhg +iru vx!flhqwo| orz wudqvdfwlrq frvwv,1 Zkloh d qxpehu

ri dxwkruv kdyh dooxghg wr d olqn ehwzhhq whfkqlfdo wudglqj uxoh shuirupdqfh

dqg pdunhw h!flhqf| +Ehvvhpelqghu ) Fkdq 4<<;/ Kxgvrq/ Ghpsvh| )

Nhdvh| 4<<9/ Fruqhoo ) Glhwulfk 4<:;,/ wklv lv wkh �uvw vwxg| zklfk xvhv dq
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h{solflw gh�qlwlrq ri h!flhqf| wkdw pdnhv d suhflvh olqn zlwk wkh vxevwdqwldo

wkhruhwlfdo uhvhdufk lq wklv duhd1

Kdylqj hvwdeolvkhg wkdw dq dssursuldwh phdvxuh ri dq lqyhvwphqw uxoh*v

shuirupdqfh lv wkh xwlolw| rewdlqhg e| d ulvn qhxwudo xvhu/ lq Fkdswhu 5/ zh

irfxv rq exloglqj iruhfdvwlqj prghov iru �qdqfldo uhwxuqv zklfk zloo shuirup

zhoo zkhq xvhg e| vxfk dq lqyhvwru1 Rqh sxusrvh ri wklv lv wr ghyhors wkh

olqn ehwzhhq iruhfdvwlqj dqg �qdqfldo ghflvlrq pdnlqj> dw wkh vdph wlph/

zh duh deoh wr irupxodwh uhdvrqdeoh surfhgxuhv zlwk zklfk lqyhvwruv pljkw

hvwlpdwh erwk rswlpdo iruhfdvwlqj dqg glvfuhwh lqyhvwphqw uxoh prghov1 Rxu

dqdo|vlv wdnhv wkh shuvshfwlyh ri wkh uhfhqw olwhudwxuh rq ciruhfdvwlqj xqghu

dv|pphwulf orvv* +Fkulvwr�huvrq ) Glherog 4<<9/ Zhlvv 4<<9/ Glherog )

Pduldqr 4<<8/ Zhvw 4<<7, lq wkh frqwh{w ri zklfk lw kdv ehhq vkrzq wkdw

vwdqgdug vwdwlvwlfdo phdvxuhv ri d iruhfdvw*v shuirupdqfh +vxfk dv olnholkrrg

ru vtxduhg huuruv, gr qrw xvxdoo| surylgh d jrrg phdvxuh ri wkh iruhfdvw*v

ydoxh iru vroylqj �qdqfldo ghflvlrq sureohpv +Ndqgho ) Vwdpedxjk 4<<9/

Zhvw/ Hglvrq ) Fkr 4<<6/ Ohlwfk ) Wdqqhu 4<<4,1 Zh dovr sursrvh dq

hvwlpdwlrq phwkrg wkdw shuirupv zhoo dv d cUlvn Qhxwudo Iruhfdvwlqj* hvwl0

pdwru erwk dqdo|wlfdoo| dqg xvlqj vlpxodwlrqv/ surylglqj d urxwh iru hvwlpdw0

lqj cpd{lpdoo| hfrqrplfdoo| vljql�fdqw* iruhfdvwlqj prghov dqg lqyhvwphqw

uxohv1

Lq Fkdswhu 6 zh uhwxuq wr wkh lvvxh ri cudwlrqdolvlqj* wkh xvh ri lqyhvw0

phqw uxohv zklfk zh lqwurgxfhg lq Fkdswhu 41 Zh dujxh wkdw li dq djhqw

uhvwulfwv klv lqyhvwphqw ehkdylrxu wr iroorzlqj uxohv zlwk d elqdu| orqj2vkruw

vwuxfwxuh/ kh pd| eh deoh wr ohduq zklfk w|shv ri uxohv lq wklv fodvv duh jrrg

pruh h�hfwlyho|1 Li wkh ehqh�wv iurp hdvlhu ohduqlqj rxwzhljk wkh frvwv ri

wklv irup ri erxqghg udwlrqdolw|/ lw lv hdv| wr vhh zk| hyhq d ulvn dyhuvh

djhqw pd| frph wr xvh d uxoh ri wklv irup1 Zkloh wkh uhvxowv zh uhsruw lq

wklv Fkdswhu duh yhu| suholplqdu|/ wkh| surylgh d vnhwfk ri dq dujxphqw iru

krz d ohduqlqj prgho fdq eh xvhg wr h{sodlq lqglylgxdo ehkdylrxu1 Wkh|

dovr lqglfdwh wkdw fhuwdlq ehkdylrxudo uxohv pd| qrw eh grplqdwhg e| vwdq0

gdug hfrqrphwulf whfkqltxhv dqg wkhuhiruh wkdw d ohduqlqj wkhru| zlwk eh0

kdylrxudo irxqgdwlrqv +h1j1 Hdvoh| ) Uxvwlfklql 4<<<, pljkw kdyh qrupdwlyh

ydoxh iru lqyhvwruv1 Wklv lv frqwudvwhg wr wkh suhydohqw xvh ri ohduqlqj wkhru|

zklfk lv lq prghov ri froohfwlyh ghflvlrq0pdnlqj dlplqj wr h{sodlq djjuhjdwh

skhqrphqd +Vdujhqw 4<<6,1

Fkdswhu 7 frqwdlqv wkh vwdwlvwlfdo uhvxowv wkdw duh xwlolvhg wkurxjkrxw wkh

wkhvlv1 Wkh| duh suhvhqwhg lq wkh irup ri frqvlvwhqf| surriv iru fhuwdlq hvwl0

pdwruv ri wkh vljq ri phdq uhjuhvvlrqv dv lw wxuqv rxw wkdw vxfk hvwlpdwruv

fdq dovr eh xvhg wr hvwlpdwh rswlpdo ulvn qhxwudo iruhfdvwlqj dqg glvfuhwh

lqyhvwphqw uxoh prghov1 Krzhyhu/ zh vkrz wkdw wkh vfrsh ri vxfk hvwlpd0

wruv h{whqgv zhoo eh|rqg wklv sduwlfxodu sureohp= wkhuh lv d odujh fodvv ri

lqwhuhvwlqj ghflvlrq sureohpv zklfk duh vroyhg e| wkh vljq ri d uhjuhvvlrq

pdsslqj/ hlwkhu ehfdxvh wkh vhw ri dydlodeoh dfwlrqv lv �qlwh ru ehfdxvh/ dv

lv wkh fdvh zlwk wkh remhfwlyh ixqfwlrqv zh zrun zlwk lq suhylrxv fkdswhuv/
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rqo| d �qlwh vhw ri dfwlrqv fdq eh rswlpdo1 Ixuwkhupruh/ fhuwdlq rswlpdo

vwrsslqj sureohpv/ fdoleudwlrq h{huflvhv +h1j1 wkdw ri Hlvhqkduw +4<6<,, dqg

lqyhuvh uhjuhvvlrqv +h1j1 wkrvh ri Khqgu| ) Hulfvvrq +4<<4, dqg Hulfvvrq/

Khqgu| ) Pl}rq +4<<;,, fdq eh vroyhg ru idflolwdwhg e| hvwlpdwlqj wkh vljq

ri vrph uhjuhvvlrq pdsslqj1 Zh sursrvh dqg frpsduh d qxpehu ri hvwlpd0

wruv wkdw duh sduwlfxoduo| dwwudfwlyh zkhq urexvwqhvv wr plvvshfl�fdwlrq lv

ri sduwlfxodu lpsruwdqfh1 Wkh uhvhdufk ohdglqj wr wklv sdshu lv vwloo zrun lq

surjuhvv/ wkh jrdo ri zklfk lv wr �qg hvwlpdwruv iru wkh vljq ri uhjuhvvlrq

pdsslqjv zlwk wudfwdeoh surshuwlhv1 Wklv frxog eh xvhg/ iru h{dpsoh/ wr

frqgxfw lqihuhqfh derxw wkh ehkdylrxu ri glvfuhwh rswlpdo ghflvlrqv1

Ilqdoo|/ lq Fkdswhu 8 zh frqvlghu wkh frpsxwdwlrqdo revwdfohv hqfrxq0

whuhg zkhq zh dwwhpsw wr hvwlpdwh rswlpdo glvfuhwh lqyhvwphqw uxohv ru uh0

odwhg iruhfdvwlqj prghov1 Lw wxuqv rxw wkhvh duh vxevwdqwldo vr zh ghvljq dq

dojrulwkp wkdw shuirupv wklv wdvn zhoo dqg pd| dovr eh xvhixo lq rswlplvlqj

uxjjhg vwhs0ixqfwlrq odqgvfdshv zklfk dulvh lq rwkhu dssolfdwlrqv1

Rqh ri wkh eurdg frqfoxvlrqv gudzq iurp wklv wkhvlv lv wkdw lw lv lq0

whuhvwlqj wr irupxodwh sdudphwulf prghov ri lqglylgxdo ghflvlrqv dqg wkhq

hvwlpdwh wkhp xvlqj uhdo gdwd1 Wklv lv d gl!fxow exw zruwkzkloh wdvn wkdw

fdq uhyhdo dvshfwv ri wkh vwuxfwxuh ri wkh djhqw*v hqylurqphqw zklfk duh prvw

lpsruwdqw wr wkh djhqw1 Iru h{dpsoh/ hvwlpdwruv iru lqyhvwphqw uxohv pd|

uhyhdo vwuxfwxuh lq �qdqfldo vhulhv wkdw lv uhohydqw iru ghflvlrqv |hw uhpdlqv

xqghwhfwhg e| vwdqgdug hfrqrphwulf phwkrgv1 Revhuydwlrq ri wklv w|sh ri

hpslulfdo uhjxodulw| vkrxog ohdg wr dq lpsuryhg xqghuvwdqglqj ri lqyhvwphqw

ehkdylrxu dqg 0 e| h{whqvlrq 0 wkh surshuwlhv ri �qdqfldo pdunhwv lq jhqhudo1

Lqwhusuhwhg dv qrupdwlyh ohduqlqj prghov/ wkhvh hvwlpdwruv surylgh eh0

kdylrxudo uxohv wkdw �w qhdwo| lqwr wkh iudphzrun ri vwdwlvwlfdo ghflvlrq ixqf0

wlrqv +vhh Zdog +4<:4,, zkhq +dv lv wkh fdvh khuh, wkh ohduqlqj djhqw kdv

qr frqwuro ryhu wkh vwrfkdvwlf surfhvv d�hfwlqj klv remhfwlyh ixqfwlrq18 Wkh

vdph dssolhv wr prvw ri wkh uhfhqw uhvhdufk rq iruhfdvwlqj xqghu dv|pphw0

ulf orvv zklfk/ li exlow rq h{shfwhg xwlolw| irxqgdwlrqv/ fdq eh lqwhusuhwhg dv

suhflvho| vxfk d ohduqlqj sureohp1 Wklv olqn kdv qrw |hw ehhq h{soruhg exw lv

d idvflqdwlqj urdg iru ixwxuh uhvhdufk zklfk frxog eh qhvwhg lq wkh srzhuixo

wkhruhwlfdo iudphzrun ri vwdwlvwlfdo ghflvlrq wkhru|1 Wklv pljkw sdyh wkh

urdg iru wkh hpslulfdo vwxg| ri pruh jhqhudo �qdqfldo dqg hfrqrplf ghflvlrq

sureohpv dqg d erg| ri uhvhdufk rq zkdw pljkw eh fdoohg wkh hfrqrphwulfv

ri rswlpdo ghflvlrq0pdnlqj/ ru vlpso| Ghflvlrqphwulfv1

Zkloh L krsh wkdw wklv wkhvlv zloo eh uhdg iurp iurqw wr edfn/ lw kdv

ehhq zulwwhq vr wkdw hdfk Fkdswhu fdq vwdqg dorqh lqghshqghqwo| dv d csr0

whqwldo mrxuqdo duwlfoh*1 L dsrorjlvh wr wkh uhdghu iru dq| uhshwlwlyhqhvv dqg

qrwdwlrqdo lqfrqvlvwhqflhv wkdw wklv pd| fdxvh1

8 Lqwhuhvwlqjo|/ Qh|pdq +4<6;, uhihuuhg wr wkh xvh ri vxfk uxohv dv clqgxfwlyh ehkdylrxu*

ehiruh wkh ghyhorsphqw ri wkh wkhru| ri zkdw zh qrz fdoo cudwlrqdo ehkdylrxu*1
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Fkdswhu 4

Ilqdqfldo Uhwxuqv dqg

H!flhqf| dv vhhq e| dq

Duwl�fldo Whfkqlfdo Dqdo|vw

VXPPDU\

Zh lqwurgxfh wudglqj uxohv zklfk duh vhohfwhg e| dq duwl�fldoo| lqwhooljhqw

djhqw zkr ohduqv iurp h{shulhqfh 0 dq Duwl�fldo Whfkqlfdo Dqdo|vw1 Wkhvh

uxohv uhvwulfw wkh gdwd0plqlqj frqfhuqv dvvrfldwhg zlwk wkh xvh ri cvlpsoh*

whfkqlfdo wudglqj uxohv dv prgho hydoxdwlrq ghylfhv dqg duh jrrg dw uhfrj0

qlvlqj vxewoh uhjxodulwlhv lq uhwxuq surfhvvhv1 Wkh uhodwlrqvkls ehwzhhq wkh

h!flhqf| ri �qdqfldo pdunhwv dqg wkh h!fdf| ri whfkqlfdo dqdo|vlv lv lqyhv0

wljdwhg dqg lw lv vkrzq wkdw wkh Duwl�fldo Whfkqlfdo Dqdo|vw fdq eh xvhg wr

surylgh d txdqwlwdwlyh phdvxuh ri pdunhw h!flhqf|1 Zh hvwlpdwh wklv phd0

vxuh rq wkh GMLD gdlo| lqgh{ iurp 4<95 wr 4<;9 dqg gudz lpsolfdwlrqv iru

wkh rswlpdo ehkdylrxu ri fhuwdlq fodvvhv ri lqyhvwruv1 Lw lv dovr vkrzq wkdw

wkh vwuxfwxuh ri whfkqlfdo wudglqj uxohv frpprqo| xvhg lv frqvlvwhqw zlwk

xwlolw| pd{lplvdwlrq iru ulvn qhxwudo djhqwv dqg lq d p|rslf vhqvh hyhq iru

ulvn0dyhuvh djhqwv1

414 Lqwurgxfwlrq

Lq wkh odvw ihz |hduv/ lqfuhdvlqj hylghqfh wkdw whfkqlfdo wudglqj uxohv fdq

ghwhfw qrq0olqhdulwlhv lq �qdqfldo wlph vhulhv kdv uhqhzhg lqwhuhvw lq whfkqlfdo

dqdo|vlv +vhh h1j1 OhEdurq 4<<;d/ Ohylfk ) Wkrpdv 4<<6/ Eurfn hw do1 4<<5/

Qhiwfl 4<<4,1 Edvhg rq wklv hylghqfh/ pxfk uhvhdufk h�ruw kdv dovr ehhq

ghyrwhg wr h{dplqlqj zkhwkhu wudglqj uxohv fdq eh xvhg wr hydoxdwh dqg

3
Wklv sdshu lv iruwkfrplqj lq wkh Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro dqg kdv

uhfhlyhg wkh 4<<; Judg Vwxghqw Sdshu Sul}h iurp wkh Vrflhw| ri Frpsxwdwlrqdo Hfrqrplfv1

4
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fuhdwh lpsuryhg wlph0vhulhv dqg wkhru| gulyhq uhwxuqv prghov +Kxgvrq hw do1

4<<9/ Nkr 4<<9/ Jhqfd| 4<<9,1

Lq wklv w|sh ri hpslulfdo vwxglhv/ wkh whup whfkqlfdo dqdo|vlv lv xvhg wr

uhihu wr wkh sudfwlfh ri lqyhvwlqj dffruglqj wr zhoo0nqrzq whfkqlfdo wudglqj

uxohv1 Krzhyhu/ lq rwkhu duhdv ri �qdqfldo wkhru| whfkqlfdo dqdo|vlv lv vrph0

wlphv gh�qhg wr eh dq| frqglwlrqlqj ri h{shfwdwlrqv rq sdvw sulfhv +Eurzq

) Mhqqlqjv 4<;</ Wuh|qru ) Ihujxvrq 4<;8,1 Lqghhg/ qrlv| dv|pphwulf lq0

irupdwlrq prghov lq zklfk udwlrqdo djhqwv frqglwlrq rq sdvw sulfhv ehfdxvh

wkh| uh hfw +d qrlv| vljqdo ri, sulydwh lqirupdwlrq surylgh rqh h{sodqdwlrq ri

zk| whfkqlfdo dqdo|vlv lv revhuyhg1 Xqiruwxqdwho|/ wkhruhwlfdo prghov zklfk

ohdg wr frqglwlrqlqj frqvlvwhqw zlwk wkh suhflvh irup ri revhuyhg whfkqlfdo

wudglqj uxohv duh fxuuhqwo| xqdydlodeoh= wkhuh lv dv |hw qr srvlwlyh prgho ri

lqyhvwphqw ehkdylrxu frqvlvwhqw zlwk wkh ehkdylrxu ri uhdo Whfkqlfdo Dqd0

o|vwv1

Wklv sdshu prghov Whfkqlfdo Dqdo|vwv dv djhqwv zkrvh dfwlrqv duh gh

idfwr frqvlvwhqw zlwk revhuyhg whfkqlfdo wudglqj uxohv1 Rxu whuplqrorj|

wkhuhiruh zloo eh frqvlvwhqw zlwk wkdw ri uhvhdufkhuv h{dplqlqj hpslulfdo

dvshfwv ri whfkqlfdo dqdo|vlv dqg dv vxfk zloo eh pruh qduurz wkdq wkdw ri

wkhruhwlfdo prghov1 Wkh remhfwlyh krzhyhu lv qrw wkh prghoolqj ri Whfkqlfdo

Dqdo|vwv shu vh> udwkhu/ lw lv wr xvh rxu prgho ri d Whfkqlfdo Dqdo|vw wr

ghulyh d pruh vrsklvwlfdwhg dssurdfk wr h{dplqlqj wkh vwdwlvwlfdo surshuwlhv

ri wudglqj uxohv1 Lw lv vrphzkdw vxusulvlqj wkdw vrph vwxglhv kdyh irxqg d

vlqjoh duelwudulo| vhohfwhg uxoh wr eh ch�hfwlyh* ryhu orqj shulrgv +h1j1 Eurfn

hw do1, jlyhq wkdw uhdo Whfkqlfdo Dqdo|vwv xvh gl�huhqw uxohv lq gl�huhqw

wlphv dqg lq gl�huhqw pdunhwv1 Lq rughu wr wuxo| hydoxdwh wkh h�hfwlyhqhvv

ri whfkqlfdo dqdo|vlv dv lpsohphqwhg zh qhhg d prgho ri krz dqdo|vwv dgdsw

wr wkh pdunhw hqylurqphqw1

Zh surylgh vxfk d prgho e| lqwurgxflqj Whfkqlfdo Dqdo|vwv zkr duh

duwl�fldoo| lqwhooljhqw djhqwv +vhh h1j1 Pdulprq hw do1 4<<3,1 Lq Vhfwlrq 5

whfkqlfdo dqdo|vlv lv lqwurgxfhg lq wkh vlpsoh fdvh zkhuh djhqwv duh ixoo|

lqiruphg dqg flufxpvwdqfhv lq zklfk lw pd| eh d udwlrqdo dfwlylw| duh gh0

ulyhg1 Wklv lv d qhfhvvdu| vwhs iru wkh ghyhorsphqw ri d prgho ri d Whfkqlfdo

Dqdo|vw zkr ohduqv iurp klv hqylurqphqw 0 dq Duwl�fldo Whfkqlfdo Dqdo|vw1

Wklv djhqw fkrrvhv dprqjvw whfkqlfdo wudglqj uxohv dqg klv dfwlrqv duh wkh

rxwfrph ri dq h{solflw ghflvlrq sureohp zklfk irupdolvhv wkh orrvh qrwlrq

ri zkdw lw phdqv iru d uxoh wr eh cjrrg* ru rswlpdo +h{dpsohv ri lqirupdo

xvhv ri wklv whup duh Doohq ) Ndumdodlqhq +4<<<,/ Qhho| hw do1 +4<<9,/ Slfwhw

hw do1 +4<<9,/ Wd|oru +4<<7,/ Doohq ) Skdqj +4<<7,/ Fkldqj +4<<5, dqg Sdx

+4<<4,,1 Dv zh glvfxvv lq Vhfwlrq 6/ wklv irupdolvdwlrq lv lpsruwdqw ehfdxvh

lw lqglfdwhv wkdw dq h{solflw phdvxuh ri uxoh rswlpdolw| fdq dqg vkrxog eh

ghulyhg iurp d vshfl�f xwlolw| pd{lplvdwlrq sureohp dqg wkdw d uxoh zklfk

lv rswlpdo iru lqyhvwruv zlwk gl�huhqw remhfwlyh ixqfwlrqv zloo qrw w|slfdoo|

h{lvw1

D vwdqgdug dssolfdwlrq ri duwl�fldoo| lqwhooljhqw djhqwv lv wr ghvljq wkhp
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vr wkdw wkhlu dfwlrqv fdq uhyhdo lqwhuhvwlqj dvshfwv ri wkh hqylurqphqw lq

zklfk wkh| duh sodfhg +vhh h1j1 Vdujhqw 4<<6/ ss14850493,1 Lq wklv yhlq/ zh

zloo xvh rxu Duwl�fldo Whfkqlfdo Dqdo|vwv wr uhyhdo fhuwdlq uhjxodulwlhv lq

�qdqfldo gdwd1 Lq sduwlfxodu/ lq Vhfwlrq 7 wkh| zloo eh xvhg wr fkdudfwhulvh

�qdqfldo vhulhv dv lq Eurfn hw do1/ dqg zh zloo vkrz wkdw wkh| fdq surylgh

vkdushu fkdudfwhulvdwlrqv wkdq wkrvh edvhg rq vlpsoh whfkqlfdo wudglqj uxohv1

Lq Vhfwlrq 8 zh sursrvh d txdqwlwdwlyh qrwlrq ri zhdn pdunhw h!flhqf|

zklfk dgplwv phdvxuhphqw ri wkh ghjuhh wr zklfk d pdunhw lv zhdn irup

h!flhqw1 Ixuwkhupruh/ zh vkrz wkdw vxfk phdvxuhphqwv fdq eh edvhg rq

wkh uhwxuqv rewdlqhg e| wkh Duwl�fldo Whfkqlfdo Dqdo|vw dqg looxvwudwh zlwk

d phdvxuhphqw ri wkh h!flhqf| ri wkh Grz Mrqhv Lqgxvwuldo Dyhudjh lqgh{/

lqwhusuhwhg dv d sur{| iru wkh pdunhw sruwirolr1 Wklv lv d vwhs lq dgguhvvlqj

wkh uhodwlrqvkls ehwzhhq pdunhw h!flhqf| dqg wkh sur�wdelolw| ri whfkqlfdo

dqdo|vlv/ dq lvvxh wkdw kdv dsshduhg lq vrph ri wkh wkhruhwlfdo olwhudwxuh +h1j1

Eurzq ) Mhqqlqjv 4<;<, exw lv devhqw iurp pdq| hpslulfdo lqyhvwljdwlrqv

ri whfkqlfdo dqdo|vlv1

Zh frqfoxgh wklv sdshu zlwk d v|qrsvlv ri rxu uhvxowv1 Wkh pdlq frqwul0

exwlrq lv wkh lqwurgxfwlrq ri wkh Duwl�fldo Whfkqlfdo Dqdo|vw/ d wkhruhwlfdo

wrro zklfk lv vkrzq wr eh xvhixo lq surylglqj fruurerudwlqj hpslulfdo hy0

lghqfh iru wkh ylhz pdq| Whfkqlfdo Dqdo|vwv krog ri hfrqrphwulf uhwxuqv

prghov dqg pdunhw h!flhqf|= wkdw wkh prghov duh lqdghtxdwh iru wkh sxu0

srvh ri pdnlqj lqyhvwphqw ghflvlrqv dqg wkdw pdunhwv duh qrw dozd|v h!0

flhqw1

415 Whfkqlfdo dqdo|vlv zlwk ixoo lqirupdwlrq

Dw vrph ohyho ri devwudfwlrq/ whfkqlfdo dqdo|vlv fdq eh ylhzhg dv d phwkrg0

rorj| iru vhohfwlqj ghflvlrq uxohv zklfk ghwhuplqh +frqglwlrqdo rq fhuwdlq

hyhqwv, zkhwkhu d srvlwlrq lq d �qdqfldo dvvhw zloo eh wdnhq dqg zkhwkhu

wklv srvlwlrq vkrxog eh srvlwlyh ru qhjdwlyh1 Rqh lpsruwdqw gl�huhqfh eh0

wzhhq dq dqdo|vw dqg d xwlolw| pd{lplvlqj lqyhvwru lv wkdw wkh ghflvlrq uxohv

wkh dqdo|vw xvhv gr qrw vshfli| wkh pdjqlwxgh ri wkh srvlwlrqv kh vkrxog

wdnh1

Wkhvh revhuydwlrqv ohdg xv wr wkh iroorzlqj ghvfulswlrq ri whfkqlfdo dqdo0

|vlv=

Gh�qlwlrq 414 Whfkqlfdo Dqdo|vlv lv wkh vhohfwlrq ri d ixqfwlrq g = L| $
 zklfk pdsv wkh lqirupdwlrq vhw L| dw wlph w wr d vsdfh ri lqyhvwphqw

ghflvlrqv  � i�v> 3> oj/ o> v � 3 vshfli|lqj wkh vl}h ri vkruw/ qhxwudo dqg

orqj srvlwlrqv uhvshfwlyho|1

Wklv dvvxpswlrq fdswxuhv wkh pdlq vwuxfwxuh ri whfkqlfdo dqdo|vlv dv

wudglwlrqdoo| sudfwlfhg4 +vhh h1j1 Ndxipdq +4<:;, dqg Pxusk| +4<;9, 0 wkh

4
Lq uhfhqw |hduv lqyhvwruv kdyh xvhg lqfuhdvlqjo| vrsklvwlfdwhg zd|v ri frqglwlrqlqj
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vr fdoohg cfodvvlfv*, lq wkdw wkh pdjqlwxgh ri wkhvh srvlwlrqv lv qrw vshfl�hg

dv d ixqfwlrq ri L|1 Dv phqwlrqhg lq wkh lqwurgxfwlrq/ wklv lv wkh gh�qlwlrq ri

whfkqlfdo dqdo|vlv xvhg lq wkh hfrqrplfv olwhudwxuh rq hpslulfdo surshuwlhv

ri wudglqj uxohv1 Krzhyhu/ d gl�huhqw gh�qlwlrq lv xvhg lq wkh olwhudwxuh

rq �qdqfldo htxloleulxp zlwk dv|pphwulf lqirupdwlrq zkhuh dq| djhqw zkr

frqglwlrqv rq sdvw sulfhv lv d whfkqlfdo dqdo|vw +h1j1 Eurzq ) Mhqqlqjv

+4<;<,/ Wuh|qru ) Ihujxvrq +4<;8,,1 Zh duh qrw dsrorjhwlf derxw wklv=

wkh uhdvrq zh gr qrw doorz d pruh jhqhudo gh�qlwlrq lv ehfdxvh zh zlvk wr

h{dplqh wkh surshuwlhv ri revhuyhg wudglqj uxohv zklfk dw �uvw vljkw vhhp

yhu| gl�huhqw wr wkh lqyhvwphqw ehkdylrxu zh zrxog h{shfw iurp xwlolw|

pd{lplvlqj djhqwv1 Ghvslwh wkhlu uhvwulfwlyh qdwxuh/ wkhvh uxohv lqfoxgh wkh

cpdunhw wlplqj* uxohv zklfk kdyh ehhq h{whqvlyho| vwxglhg lq wkh olwhudwxuh/

sduwlfxoduo| vlqfh Phuwrq +4<;4, ghyhorshg dq htxloleulxp wkhru| dssolfdeoh

wr wkhlu hydoxdwlrq1

Wkh lqirupdwlrq vhwv rq zklfk wkhvh uxohv frqglwlrq rq duh xvxdoo| wkh

uhdolvdwlrqv ri vrph udqgrp yduldeoh vxfk dv sulfhv/ yrodwlolw| phdvxuhv/

ru wkh yroxph ri wudglqj +Eoxph/ Hdvoh| ) R*Kdud 4<<7, ri dq dvvhw1 Rxu

irfxv khuh zloo eh rq uxohv zklfk duh gh�qhg rq wkh uhdolvdwlrq ri d wuxqfdwhg

klvwru| ri sdvw sulfhv S| � iS|> S|3�> S|3�n�j 5 U
�
n +wklv lv h{shglhqw rqo|

lq wkdw lw vlpsol�hv wkh h{srvlwlrq 0 rxu surriv gr qrw ghshqg rq lw,1

Dvvxpswlrq 414 Wkh lqirupdwlrq vhw L| rq zklfk Whfkqlfdo Dqdo|vlv lv

edvhg lv uhvwulfwhg wr d wuxqfdwhg klvwru| ri sdvw sulfhv S|1 Iru qrwdwlrqdo

frqyhqlhqfh/ zh xvh H|+�, wr uhihu wr H+�mS|,=

Whfkqlfdo Wudglqj Uxohv dqg Uxoh Fodvvhv

Whfkqlfdo dqdo|vwv fkdqjh wkh pdsslqjv S|$  +ru whfkqlfdo wudglqj

uxohv, wkh| xvh dqg qrw doo ri wkhp xvh wkh vdph uxohv1 Qhyhuwkhohvv/ uxohv

xvhg duh riwhq yhu| vlplodu dqg vhhp wr ehorqj wr fhuwdlq idplolhv ri forvho|

uhodwhg uxohv/ vxfk dv wkh cprylqj dyhudjh* ru cudqjh0euhdn* idplo| +vhh Eurfn

hw do1,1 Wkhvh idplolhv ehorqj wr hyhq odujhu idplolhv/ vxfk dv wkrvh ri cwuhqg0

iroorzlqj* ru cfrqwuduldq* uxohv +vhh iru h{dpsoh Fkdq/ Mhjdghhvk ) Odnrq0

lvkrn +4<<9,,1 Zklovw lw lv gl!fxow wr dujxh wkdw xvh ri dq| sduwlfxodu uxoh lv

zlghvsuhdg/ fhuwdlq idplolhv duh fhuwdlqo| yhu| zlgho| xvhg1 Wkh glvwlqfwlrq

ehwzhhq d uxoh dqg d idplo| lv irupdolvhg dv d glvwlqfwlrq ehwzhhq whfkqlfdo

wudglqj uxohv dqg whfkqlfdo wudglqj uxoh fodvvhv1

Gh�qlwlrq 415 D Whfkqlfdo Wudglqj Uxoh Fodvv lv d sdudphwulf ixqf0

wlrq

G = S| �E$ 

wkhlu ghflvlrqv rq sdvw sulfhv1 Vxfk frqglwlrqlqj lv whfkqlfdo dqdo|vlv lq wkh vhqvh ri/ iru
h{dpsoh/ Wuh|qru ) Ihujxvrq +4<;8, exw qrw lq wkh cwudglwlrqdo* vhqvh zklfk lv wkh irfxv

ri wklv vwxg|1



4151 IXOO LQIRUPDWLRQ WHFKQLFDO DQDO\VLV 8

zklfk iru hdfk sdudphwhu f lq d sdudphwhu vsdfh E � U& pdsv sdvw sulfhv

lqwr lqyhvwphqw srvlwlrqv1

Gh�qlwlrq 416 D Whfkqlfdo Wudglqj Uxoh lv dq hohphqw ri d whfkqlfdo

wudglqj uxoh fodvv +lqgh{hg e| d sdudphwhu f 5 E,

g| � G+S|> f, = S|
$ 

zklfk ghwhuplqhv d xqltxh lqyhvwphqw srvlwlrq dv d ixqfwlrq ri sdvw sulfhv15

Qrwlfh wkdw wkh wulyldo whfkqlfdo wudglqj uxoh zklfk dozd|v kdv d srvlwlrq

dv odujh dv srvvleoh lq wkh dvvhw +g| @ o,/ lv lghqwlfdo wr wkh cEx|0dqg0Krog*

vwudwhj| zklfk vshfl�hv wkdw rqfh vrph txdqwlw| ri dq dvvhw lv erxjkw/ wklv

txdqwlw| vkrxog qrw eh dowhuhg dqg wkh ydoxh ri wkh lqyhvwphqw vkrxog eh

doorzhg wr hyroyh zlwkrxw dq| irup ri lqwhuyhqwlrq1

41514 Whfkqlfdo dqdo|vlv dqg udwlrqdolw|

Kdylqj gh�qhg wkh pdlq frqfhswv uhtxluhg wr ghvfuleh whfkqlfdo dqdo|vlv/ zh

qrz dwwhpsw wr lghqwli| lqyhvwruv zkr zrxog fkrrvh wr xqghuwdnh wklv dfwly0

lw|1 Lq sduwlfxodu/ zh �qg uhvwulfwlrqv rq suhihuhqfhv ri xwlolw| pd{lplvlqj

lqyhvwruv zklfk jxdudqwhh wkh| ehkdyh dv li wkh| zhuh Whfkqlfdo Dqdo|vwv1

Wkh sxusrvh ri wklv lv wr foduli| wkh phdqlqj ri crswlpdo whfkqlfdo dqdo|vlv*

lq d ixoo lqirupdwlrq vhwwlqj1 Wklv frqfhsw fdq wkhq eh dssolhg wr wkh pruh

lqwhuhvwlqj fdvh zkhuh rswlpdo ehkdylrxu pxvw eh ohduqhg iurp h{shulhqfh1

Frqvlghu wkh iroorzlqj vlpsoh exw fodvvlf lqyhvwphqw sureohp1 Dq lq0

yhvwru zlwk xwlolw| ixqfwlrq X fdq lqyhvw lq wzr dvvhwv= D ulvn| dvvhw sd|0

lqj lqwhuhvw U|n� @
�|n�3�|

�|

+udqgrp dw wlph w, dqg d ulvnohvv dvvhw +fdvk,

zklfk sd|v qr lqwhuhvw1 Kh rzqv zhdowk Z| dqg klv remhfwlyh lv wr pd{0

lplvh h{shfwhg xwlolw| ri zhdowk dw wkh hqg ri wkh qh{w shulrg e| fkrrvlqj

wkh sursruwlrq ri zhdowk d lqyhvwhg lq wkh ulvn| dvvhw1 Zh zloo dvvxph wkdw

lqvwlwxwlrqdo frqvwudlqwv shuplw eruurzlqj dqg vkruw0vhoolqj dw wkh ulvnohvv

lqwhuhvw udwh +dvvxphg wr eh }hur, exw rqo| wr d �qlwh h{whqw ghwhuplqhg dv

d pxowlsoh ri fxuuhqw zhdowk/ vr wkdw d lv frqvwudlqhg wr olh lq wkh frpsdfw

vhw ^�v> o`1 H{shfwdwlrqv H| duh iruphg rq wkh edvlv ri sdvw sulfhv S|/ dv

glfwdwhg e| D4=

Irupdoo|/ zkhq wkhuh duh qr wudqvdfwlrq frvwv/ wkh sureohp lv=

pd{
@Md3rc,o

H|X+Z|n�,

v=w= Z|n� @ dZ|+4 .U|n�, . +4� d,Z|>

5Qrwlfh wkdw dq| vhw ri uxoh fodvvhv t(�� fdq eh vhhq dv d phwd0fodvv lwvhoi/ zkhuh wkh

sdudphwhu yhfwru d�c So ghwhuplqhv d vshfl�f whfkqlfdo wudglqj uxoh1 Dovr/ qrwh wkdw wkh

zd| zh kdyh gh�qhg ( doorzv xv wr dffrpprgdwh wkh fdvh zkhuh wkh sdudphwhu yhfwru lv

dS E�|� c So l1h1 frqwdlqv hvwlpdwhg sdudphwhuv1
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ru htxlydohqwo|/

pd{
@Md3rc,o

H|X+Z|+4 . dU|n�,,> +414,

wkh vroxwlrq dW ri zklfk fdq eh ghqrwhg dv d ixqfwlrq=

dW = S| $ ^�v> o` > +415,

vdwlvi|lqj=

dW � duj pd{
@Md3rc,o

H|X+Z|+4 . dU|n�,,= +416,

Lq d jhqhudo xwlolw| pd{lplvdwlrq vhwwlqj wkhuhiruh/ wkh sursruwlrq ri zhdowk

lqyhvwhg lv d ixqfwlrq wkdw ghshqgv rq wkh frqglwlrqdo glvwulexwlrq ri uhwxuqv

rq sdvw sulfhv/ xwlolw| dqg zhdowk1 Vlqfh e| gh�qlwlrq d whfkqlfdo wudglqj uxoh

pd| rqo| wdnh wkuhh glvwlqfw ydoxhv dqg fdqqrw eh d ixqfwlrq ri zhdowk/ ud0

wlrqdo lqyhvwphqw ehkdylrxu gl�huv iurp whfkqlfdo dqdo|vlv ehfdxvh lw fdqqrw

eh ghvfulehg e| d wudglqj uxoh xqohvv vshfldo dvvxpswlrqv duh pdgh derxw

wkh qdwxuh ri wkh remhfwlyh ixqfwlrq1 Wkh lqfoxvlrq ri wudqvdfwlrq frvwv lq

wkh remhfwlyh ixqfwlrq fdqqrw hdvlo| uhyhuvh wklv idfw1 Zklovw lw fdq pdnh

dW d glvfrqwlqxrxv ixqfwlrq/ dW zloo eh olplwhg wr wdnh ydoxhv lq  rqo| xq0

ghu xquhdolvwlf mrlqw dvvxpswlrqv rq xwlolw|/ wkh frqglwlrqdo glvwulexwlrq ri

uhwxuqv dqg wkh qdwxuh ri wkh wudqvdfwlrq frvwv16

Lq wkh vshfldo fdvh wkdw lqyhvwruv duh ulvn0qhxwudo krzhyhu/ wkhlu rswlpl0

vdwlrq sureohp kdv d edqj0edqj vroxwlrq zklfk ghshqgv rq vljq ^H| +U|n�,` =

Ghqrwlqj dW
o?

wkh vroxwlrq wr wkh ulvn0qhxwudo lqyhvwru*v sureohp dqg dvvxp0

lqj wkdw zkhq h{shfwhg uhwxuqv duh }hur wkh lqyhvwru vwd|v rxw ri wkh pdunhw

+H| +U|n�, @ 3/ dW
o?

@ 3,/ wkhq=

dW
o?

= S| $ i�v> 3> oj >

zklfk lv frqvlvwhqw zlwk wkh gh�qlwlrq ri d whfkqlfdo wudglqj uxoh1

Zh kdyh wkhuhiruh vkrzq wkdw d ulvn0qhxwudo lqyhvwru frqglwlrqlqj rq sdvw

sulfhv zloo fkrrvh whfkqlfdo wudglqj uxohv ri wkh irup w|slfdoo| hqfrxqwhuhg

dqg dv gh�qhg khuh1 Rwkhu djhqwv pd| dovr gr vr/ exw rqo| xqghu yhu|

vshfl�f dvvxpswlrqv rq wkh xqghuo|lqj vhulhv wkdw duh xqolnho| wr eh uhdolvwlf1

Dv zh vkdoo vhh lq Vhfwlrq 8/ whfkqlfdo wudglqj uxohv duh ehkdylrxudo uxohv

wkdw kdyh dwwudfwlyh surshuwlhv iru fhuwdlq fodvvhv ri erxqghgo| udwlrqdo ulvn

dyhuvh djhqwv1 Wkhvh surshuwlhv vxjjhvw dq h{sodqdwlrq ri zk| whfkqlfdo

wudglqj uxohv duh xvhg e| ulvn0dyhuvh djhqwv1

Rxu fxuuhqw uhvxow lv vxppdulvhg lq wkh iroorzlqj sursrvlwlrq=

6
H{fhsw lq wkh wulyldo fdvh zkhuh odujh wudqvdfwlrq frvwv pdnh wkh ex|0dqg0krog vwudwhj|

dq rswlpdo ghflvlrq iru d udwlrqdo lqyhvwru1
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Sursrvlwlrq 414 Iru doo sdvw sulfhv/ zhdowk dqg vkruw0vhoolqj ru eruurzlqj

frqvwudlqwv/ wkh vroxwlrq ri +414, iru d ulvn0qhxwudo lqyhvwru lv d whfkqlfdo

wudglqj uxoh1

D gluhfw fruroodu| ri wklv sursrvlwlrq lv wkdw h{shfwhg xwlolw| pd{lpl0

vdwlrq dqg whfkqlfdo dqdo|vlv duh frpsdwleoh1 Wklv doorzv xv wr gh�qh d

whfkqlfdo dqdo|vw dv dq h{shfwhg xwlolw| pd{lplvlqj lqyhvwru=

Gh�qlwlrq 417 D Whfkqlfdo Dqdo|vw lv d ulvn0qhxwudo lqyhvwru zkr vroyhv=

pd{
_M(

g+S|, �H|+U|n�,> +417,

zkhuh G lv d whfkqlfdo wudglqj uxoh fodvv1

Zh zloo ohw U_

|n�
� g+S|,�U|n� ghqrwh wkh uhwxuqv rewdlqhg e| d whfkqlfdo

dqdo|vw zkr xvhv d uxoh g= Fohduo|/ gl�huhqw wudglqj uxohv ohdg wr gl�huhqw

h{shfwhg uhwxuqv1

416 Duwl�fldo Whfkqlfdo Dqdo|vwv

Kdylqj vshfl�hg zkdw lv phdqw e| whfkqlfdo dqdo|vlv lq wkh fdvh ri ixoo

lqirupdwlrq/ ohw xv dvvxph khqfhiruwk wkdw wkh whfkqlfdo dqdo|vw grhv qrw

nqrz H|+U|n�, exw kdv d klvwru| ri revhuydwlrqv ri S| rq wkh edvlv ri zklfk

kh pxvw ghflgh klv rswlpdo dfwlrq dw wlph w1 Wklv lv d vlplodu dprxqw

ri lqirupdwlrq wr wkdw srvvhvvhg e| hfrqrphwulfldqv dqg khqfh d whfkqlfdo

dqdo|vw ohduqlqj klv rswlpdo dfwlrqv lq wklv hqylurqphqw fdq eh prghohg

dv dq duwl�fldo lqwhooljhqw djhqw lq wkh vhqvh ri Vdujhqw +4<<6, ru Pdulprq

hw do1 +4<<3,1 Lq wklv vhfwlrq/ zh zloo sursrvh d cuhdvrqdeoh* prgho iru krz d

Whfkqlfdo Dqdo|vw pljkw wu| wr ohduq klv rswlpdo dfwlrqv1 Wkh whup Duwl�fldo

Whfkqlfdo Dqdo|vw zloo uhihu wr dq djhqw zkr dwwhpswv wr pdnh wkh ghflvlrqv

ri d Whfkqlfdo Dqdo|vw exw zkr lv htxlsshg zlwk dq h{solflw cuhdvrqdeoh*

phfkdqlvp iru ohduqlqj rswlpdo dfwlrqv udwkhu wkdq udwlrqdo h{shfwdwlrqv1

41614 Sdudphwulvlqj Dqdo|vwv* ohduqlqj

W|slfdoo|/ wkh ohduqlqj whfkqltxh ri dq duwl�fldo djhqw lv vlplodu wr wkdw ri

dq hfrqrphwulfldq1 Lq wkh frqwh{w ri wklv sdshu/ wkh djhqw pljkw ohduq wkh

vroxwlrq wr +417, e| vhohfwlqj d iruhfdvwlqj prgho iru H|+U|n�, iurp vrph

sdudphwulf fodvv +h1j1 JDUFK0P,1 Wklv vhohfwlrq lv w|slfdoo| pdgh dffrug0

lqj wr vrph vwdqgdug vwdwlvwlfdo hvwlpdwlrq phwkrg vxfk dv ohdvw vtxduhv

ru txdvl0pd{lpxp olnholkrrg= Wkh duwl�fldo dgdswlyh djhqw wkhq fkrrvhv dq

dfwlrq zklfk zrxog eh rswlpdo li H|+U|n�, zhuh lq idfw zkdw wkh iruhfdvwlqj

prgho suhglfwv1
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Zklovw iru vrph dssolfdwlrqv wklv pd| eh d xvhixo dssurdfk/ zh duh irufhg

wr ghsduw iurp wklv phwkrgrorj| vrphzkdw gxh wr wkh idfw wkdw wkhuh lv vlj0

ql�fdqw hpslulfdo hylghqfh wkdw vwdwlvwlfdo �wqhvv fulwhuld fdq eh plvohdglqj

zkhq dssolhg wr ghflvlrq sureohpv vxfk dv wkdw ri wkh Whfkqlfdo Dqdo|vw1

Iru h{dpsoh/ Ndqgho ) Vwdpedxjk +4<<9, vkrz wkdw vwdwlvwlfdo �wqhvv fulwh0

uld duh qrw qhfhvvdulo| jrrg jxlghv iru zkhwkhu d uhjuhvvlrq prgho lv xvhixo

wr d udwlrqdo +Ed|hvldq, lqyhvwru1 Wd|oru +4<<7, �qgv wkdw wudglqj edvhg rq

d fkdqqho wudglqj uxoh rxwshuirupv d wudglqj uxoh edvhg rq DULPD iruh0

fdvwv fkrvhq wr plqlplvh lq0vdpsoh ohdvw vtxduhv ehfdxvh wkh iruphu lv deoh

wr suhglfw vljq fkdqjhv pruh h�hfwlyho| wkdq wkh odwwhu17 Pruh jhqhudoo|/

Ohlwfk ) Wdqqhu +4<<4, vkrz wkdw vwdqgdug phdvxuhv ri suhglfwru shuiru0

pdqfh duh edg jxlghv iru wkh delolw| ri d suhglfwru wr glvfhuq vljq fkdqjhv

ri wkh xqghuo|lqj yduldeoh18

Wkhvh hpslulfdo frqvlghudwlrqv vxjjhvw wkdw dq| uhdvrqdeoh prgho ri dq0

do|vwv* ohduqlqj pxvw wdnh klv orvv ixqfwlrq lqwr dffrxqw1 Rqh zd| wr dfklhyh

wklv zrxog eh wr fuhdwh d Ed|hvldq Duwl�fldo Whfkqlfdo Dqdo|vw exw wklv zrxog

uhtxluh vshfl�fdwlrq ri d sulru rq wkh frqglwlrqdo glvwulexwlrq ri uhwxuqv

zklfk pljkw eh yhu| gl!fxow1 Lqvwhdg/ zh frq�qh wkh Duwl�fldo Whfkqlfdo

Dqdo|vw wr d iuhtxhqwlvw shuvshfwlyh dqg fdofxodwh dq hvwlpdwru ag iru wkh

wudglqj uxoh vroylqj +516, jlyhq d vshfl�hg whfkqlfdo wudglqj uxoh fodvv G1

Wklv fdq eh ylhzhg dv d ghflvlrq wkhruhwlf dssurdfk lq wkdw ohduqlqj derxw

wkh xqghuo|lqj vwrfkdvwlf hqylurqphqw lv uhsodfhg zlwk wkh wdvn ri ohduqlqj

derxw wkh rswlpdo ghflvlrq19

Rqh frqyhqlhqw hvwlpdwru ri wkh vroxwlrq wr +417, lv jlyhq e| wkh vroxwlrq

wr wkh iroorzlqj vlpsoh lq0vdpsoh dqdorjxh wr +417,=

7Xqghu vrph dvvxpswlrqv rq wkh xqghuo|lqj surfhvvhv/ wkh whfkqlfdo dqdo|vw lv lqwhu0

hvwhg sulpdulo| lq wkh vljq ri -|n� udwkhu wkdq lq lwv dfwxdo ydoxh1 Lq sduwlfxodu/ wkh

ydoxh ri -|n� lv luuhohydqw iru klv ghflvlrq sureohp li r�}?E-|n�� lv nqrzq zlwk fhuwdlqw|1

Pruh jhqhudoo|/ zh zloo vkrz lq Fkdswhu 5 wkdw zkdw pdwwhuv lv wkh suhglfwlrq ri d fhuwdlq

txdqwloh ri wkh glvwulexwlrq ri r�}? E-|n��1 Vdwfkhoo ) Wlpphupdqq +4<<8, vkrz wkdw/

zlwkrxw vhyhuh uhvwulfwlrqv rq wkh xqghuo|lqj vhulhv/ ohdvw vtxduh phwulfv duh qrw gluhfwo|

uhodwhg wr vljq0edvhg phwulfv1
8D qxpehu ri vwxglhv ri whfkqlfdo wudglqj lpsolflwo| ru h{solflwo| dvvxph dzd| wkh srvvl0

elolw| wkdw wkhuh h{lvwv d qrq0prqrwrqlf uhodwlrqvkls ehwzhhq wkh dffxudf| ri d suhglfwlrq

lq whupv ri d phwulf edvhg rq ohdvw vtxduhv dqg d phwulf edvhg rq wkh sur�w pd{lplvd0

wlrq1 H{dpsohv duh Doohq ) Wd|oru +4<<3,/ Fxuflr ) Jrrgkduw +4<<4, dqg Duwkxu hw do1

+4<<9, zkr uhzdug djhqwv lq dq duwl�fldo vwrfnpdunhw dffruglqj wr wudglwlrqdo phdvxuhv

ri suhglfwlyh dffxudf|1 Zkhq wkh dvvxpswlrq lv pdgh h{solflw lwv vljql�fdqfh lv xvxdoo|

uhohjdwhg wr d irrwqrwh/ dv lq Doohq ) Wd|oru +4<<3,/ iq1 s18;/ �rxu dqdo|vlv kdv ehhq

frqgxfwhg hqwluho| lq whupv ri wkh dffxudf| ri fkduwlvw iruhfdvwv dqg qrw lq whupv ri wkhlu

sur�wdelolw| ru chfrqrplf ydoxh* dowkrxjk rqh zrxog h{shfw d forvh fruuhodwlrq ehwzhhq wkh

wzr�1 Dv zh kdyh dujxhg krzhyhu/ wkh suhfhglqj vwdwhphqw lv xqirxqghg dqg uhvxowv ri

vxfk vwxglhv vkrxog eh lqwhusuhwhg zlwk fdxwlrq1
9Eudqgw +4<<<, uhfhqwo| sursrvhg d uhodwhg dssurdfk iru hvwlpdwlqj rswlpdo lqyhvwphqw

ghflvlrqv exw zklfk lv dssolfdeoh rqo| wr ulvn0dyhuvh djhqwv vlqfh lw uholhv rq qrq0sdudphwulf

hvwlpdwlrq ri vprrwk �uvw rughu frqglwlrqv1
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pd{
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|3�

�'|36
G+S�>f, �U�n�> +418,

zkhuh E lv vrph sdudphwhu vsdfh ghwhuplqlqj wkh fkrlfh vhw ri whfkqlfdo

wudglqj uxohv1 Li

4

p
	|3�

�'|36
G+S�> f,U�n�

frqyhujhv xqlirupo| wr

H iG+S|> f, �U|n�j

doprvw vxuho| dv p $ 4/ xqghu fhuwdlq uhjxodulw| frqglwlrqv: lw lv dovr

wkh fdvh wkdw wkh pd{lpxp rq E ri wkh iruphu h{suhvvlrq frqyhujhv wr

wkh pd{lpxp ri wkh odwwhu doprvw vxuho| dv p $ 4/ vr wklv hvwlpdwru lv

frqvlvwhqw1

Qh{w zh fkrrvh G vr dv wr lpsrvh vrph uhvwulfwlrqv rq wkh vroxwlrq wr

+418, wkdw doorz uhjxodulwlhv ri wkh lq0vdpsoh shulrg wr eh fdswxuhg1 Kdylqj

qr wkhru| wr jxlgh xv rq krz wr pdnh wklv fkrlfh lw lv uhdvrqdeoh wr xvh

hpslulfdoo| revhuyhg uxoh fodvvhv GJ1 Zh pd| wkhuhiruh gh�qh dq Duwl�fldo

Whfkqlfdo Dqdo|vw dv iroorzv=

Gh�qlwlrq 418 Dq Duwl�fldo Whfkqlfdo Dqdo|vw lv dq djhqw zkr vroyhv=

pd{
SM�

	|3�

�'|36
GJ+S�> f,U�n�> +419,

zkhuh GJ lv dq hpslulfdoo| revhuyhg wudglqj uxoh fodvv1

Wxuq qrz wr dq h{dpsoh looxvwudwlqj wkh phfkdqlfv ri wklv djhqw zklfk

zloo eh xvhixo lq vxevhtxhqw vhfwlrqv1

H{dpsoh= Fkrlfhv ri wkh Duwl�fldo Whfkqlfdo Dqdo|vw ghwhuplqh

wkh rswlpdo Prylqj Dyhudjh uxoh1

Wkh prylqj dyhudjh uxoh fodvv lv rqh ri wkh prvw srsxodu uxoh fodvvhv xvhg e|

whfkqlfdo dqdo|vwv dqg kdv dsshduhg lq prvw sxeolvkhg vwxglhv ri whfkqlfdo

dqdo|vlv1 Iru wkhvh uhdvrqv/ zh zloo xvh lw wr looxvwudwh krz dq Duwl�fldo

Whfkqlfdo Dqdo|vw pljkw rshudwh li wklv lv wkh vhw iurp zklfk kh fkrrvhv

uxohv1 Ohw xv ehjlq zlwk d gh�qlwlrq; ri wklv fodvv=

:Dvvxpswlrqv 7150716 ri Fkdswhu 7 duh vxfk frqglwlrqv1
;Dv gh�qhg/ wkh prylqj dyhudjh fodvv lv d voljkwo| uhvwulfwhg yhuvlrq ri zkdw Eurfn hw

do1 +4<<4/ 4<<5, uhihu wr dv wkh �yduldeoh ohqjwk prylqj dyhudjh fodvv� +lq sduwlfxodu/ wkh

uhvwulfwlrq dulvhv iurp wkh idfw wkdw wkh vkruw prylqj dyhudjh lv uhvwulfwhg wr kdyh ohqjwk

4,1
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Gh�qlwlrq 419 WkhPrylqj Dyhudjh whfkqlfdo wudglqj uxoh fodvvPD+S|> f|,
lv dq +hpslulfdoo| revhuyhg, whfkqlfdo wudglqj uxoh fodvv vxfk wkdw=

PD+S|> f, �

5
97

o li S| � +4 . !,
P
6

�'f
�|3�

6n�

3 li +4� !,
P
6

�'f
�|3�

6n�
� S| � +4 . !,

P
6

�'f
�|3�

6n�

�v li S| ? +4� !,
P
6

�'f
�|3�

6n�

6
:8 > +41:,

zkhuh S| � ^S|> S|3�> ===> S|3� `>

f � +p>!,>

E � iP>�j >

P � i4> 5> ===Pj lv wkh cphpru|* ri wkh uxoh/

� � i! = 3 � ! � �j lv wkh c�owhu* +ru edqgzlgwk, ri wkh uxoh1

Qrz li GJ @ PD+S|> f,/ +419, ehfrphv=

pd{
6M�c�Mx

	|3�
�'|3�PD+S�>p>!,U�n�= +41;,

Dq Duwl�fldo Whfkqlfdo Dqdo|vw ohduqlqj whfkqlfdo wudglqj uxohv e| vroy0

lqj +41;, xvhv Q gdlo| revhuydwlrqv ri PD+S�>p>!,U�n� ghulyhg iurp Q .
P .4 revhuydwlrqv ri sulfhv S|1 Ohw xv dvvxph P @ 533 +d cvwdqgdug* ydoxh

iru wkh orqjhvw prylqj dyhudjh ri lqwhuhvw,/ Q @ 583 +dssur{lpdwho| d |hdu*v

zruwk ri gdwd lv xvhg iru hvwlpdwlrq,/ wkdw v @ o @ 4 +srvlwlrq vl}h fdqqrw

h{fhhg fxuuhqw zhdowk, dqg � @ 3=35 +dqrwkhu cvwdqgdug*,1 Krz gr wkh

wudglqj uxohv xvhg e| wklv Duwl�fldo Whfkqlfdo Dqdo|vw ehkdyh zkhq S| duh

gudzv iurp wkh Grz Mrqhv Lqgxvwuldo Dyhudjh lqgh{B Iljxuh 414 sorwv wkh

sdudphwhuv +p>!, lqgh{lqj wudglqj uxohv hvwlpdwhg dffruglqj wklv phwkrg</

zkhuh wkh sdudphwhuv zhuh hvwlpdwhg xvlqj d gdlo| uroolqj uhfxuvlrq iurp

w@42924<95 wr 6424524<;9143

<
x zdv glvfuhwlvhg wr x ' tfc f�ffDc f�f�c f�f�Dc f�f2� � Wklv glvfuhwlvdwlrq doorzhg xv wr

vroyh +:, e| wu|lqj doo _�4E�� u_�4Ex� ' �fff srlqwv frpsrvlqj wkh vroxwlrq vsdfh lq hdfk
ri wkh 948: uhfxuvlrqv1 Pruh vrsklvwlfdwhg vhdufk phwkrgv frxog ohdg wr pruh lqwhooljhqw

Duwl�fldo Whfkqlfdo Dqdo|vwv exw vxfk qlfhwlhv gr qrw vhhp qhfhvvdu| zkhq (J lv dv qduurz

dv lw lv lq wklv h{dpsoh1
43Wklv gdwd fruuhvsrqgv wr wkh wklug vxeshulrg xvhg e| Eurfn hw do1 dqg wr prvw ri wkh

gdwd xvhg e| Jhqfd| +4<<9,1
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Iljxuh 4141 Hyroxwlrq ri hvwlpdwhg sdudphwhuv ep dqg e! uhvshfwlyho|/ iru 948:

gdlo| revhuydwlrqv ri wkh GMLD lqgh{1

Wkh vkdus glvfrqwlqxlwlhv revhuyhg lq wkh vhtxhqfh ri hvwlpdwhg sdudp0

hwhuv vxjjhvwv wkdw wkh yhu| gl�huhqw uxohv kdyh vlplodu shuirupdqfh> wklv

frxsohg zlwk vdpsolqj xqfhuwdlqw| ru qrq0vwdwlrqdulw| lq wkh vhulhv pljkw

eh vx!flhqw wr surgxfh wkh revhuyhg ehkdylrxu1 Wkh| dovr vwurqjo| vxjjhvw

wkhuh lv dgglwlrqdo vwuxfwxuh lq wkh vhulhv zklfk d cpruh lqwhooljhqw* Duwl�0

fldo Whfkqlfdo Dqdo|vw +rqh zlwk d pruh vrsklvwlfdwhg ohduqlqj phfkdqlvp,

pljkw eh deoh wr lghqwli|1 Iru h{dpsoh/ vrph phwkrg +h1j1 dq dyhudjlqj

uxoh, iru uhgxflqj wkh lpsdfw ri vdpsolqj xqfhuwdlqw| pljkw eh khosixo

417 Duwl�fldo Whfkqlfdo Dqdo|vwv dqg wkh glvwulex0

wlrq ri uhwxuqv lq �qdqfldo pdunhwv1

Pxfk ri wkh olwhudwxuh rq whfkqlfdo wudglqj uxohv kdv dvnhg zkhwkhu srsxodu

w|shv ri uxohv zloo |lhog uhwxuqv lq h{fhvv ri zkdw zrxog eh h{shfwhg xqghu

vrph qxoo k|srwkhvlv rq wkh glvwulexwlrq ri uhwxuqv +h1j1 Eurfn hw do1 4<<5/

Ohylfk ) Wkrpdv 4<<6/ Qhiwfl 4<<4/ hwf1,1 E| dqvzhulqj wklv txhvwlrq lq

wkh d!updwlyh/ lw kdv ehhq srvvleoh wr uhmhfw wkhvh k|srwkhvhv> wkh shuiru0

pdqfh ri wudglqj uxohv wkxv vhuyhv dv dq lqwhuhvwlqj w|sh ri vshfl�fdwlrq

whvw1 Wkh uxohv frqvlghuhg duh w|slfdoo| vhohfwlrqv wkdw duh phdqw wr eh cuhs0

uhvhqwdwlyh* iru d sodxvleoh dqg zlgho| xvhg uxoh fodvv1 Krzhyhu/ wkh idfw

wkdw wkh| duh fkrvhq dffruglqj wr qrq0uljrurxv dqg riwhq lpsolflw fulwhuld

pdnhv uhvxowv gudzq iurp wkhp vxemhfw wr vwdqgdug gdwd0plqlqj fulwlflvpv

zklfk glplqlvk wkhlu irufhixoqhvv1 Wklv lv d sureohp wkdw lv dyrlghg li wkh

uxohv frqvlghuhg duh wkh fkrlfhv ri dq Duwl�fldo Whfkqlfdo Dqdo|vw zklfk duh

e| frqvwuxfwlrq h{solflw dqg fdq eh h{shfwhg wr eh urexvw zlwk uhvshfw wr
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uhdvrqdeoh yduldwlrqv lq wkh djhqw*v ghvljq144 Lq Vhfwlrq 714 zh vkrz zlwk

uhihuhqfh wr wkh vwxg| ri Eurfn hw do1 wkdw vxfk fulwlflvpv duh qrw wulyldo1

Lq Vhfwlrq 715 zh vkrz wkdw wkh Duwl�fldo Whfkqlfdo Dqdo|vw fdq eh xvhg wr

frqvwuxfw pruh srzhuixo whvwv ri k|srwkhvhv uhjduglqj wkh fruuhfw vshfl�fd0

wlrq ri prghov iru uhwxuqv1 Wklv lv ehfdxvh wkh Duwl�fldo Whfkqlfdo Dqdo|vw lv

jrrg dw uhfrjqlvlqj uhjxodulwlhv lq wkh vhulhv wkdw duh xvxdoo| qrw wkh sulpdu|

irfxv ri dwwhqwlrq 0 wkrxjk wkh| riwhq vkrxog eh vlqfh wkh| d�hfw ghflvlrqv

dqg khqfh kdyh dq lpsruwdqw hfrqrplf lqwhusuhwdwlrq1

41714 Wkh yduldwlrq ri uhwxuqv dfurvv uxohv

Fohduo|/ zh pxvw uho| rq hpslulfdo hylghqfh wr vhh zkhwkhu uxoh uhwxuqv

duh fruuhodwhg forvho| hqrxjk zlwklq d fodvv wr mxvwli| xvlqj d ihz uxohv dv

sur{lhv iru wkh ehkdylrxu ri wkh fodvv dv d zkroh145 Iljxuh 415 ehorz vkrzv

wkh uhwxuqv dffuxlqj wr hdfk uxoh ehorqjlqj wr wkh prylqj dyhudjh fodvv li lw

zhuh dssolhg rq wkh GMLD lqgh{ wkurxjkrxw wkh shulrg frqvlghuhg +4<95 0

plg 4<;9,1

44Ri frxuvh/ d ghjuhh ri duelwudulqhvv uhpdlqv lq rxu vhohfwlrq ri wkh uxoh fodvv wr eh
whvwhg1 Krzhyhu/ zh kdyh douhdg| phqwlrqhg wkdw wkhuh h{lvwv pxfk vwurqjhu hpslulfdo
hylghqfh rq wkh edvlv ri zklfk wr fkrrvh d uxoh fodvv wkdq iru dq| vshfl�f uxoh1 Wkh duel0
wudulqhvv lqyroyhg lq wkh vshfl�fdwlrq ri ohduqlqj vfkhphv pd| eh dq dgglwlrqdo sureohp/
exw ryhudoo vxfk fkrlfhv duh jhqhudoo| frqvlghuhg wr eh urexvw lq rwkhu dssolfdwlrqv +h1j1
hfrqrphwulfv, dqg duh fhuwdlqo| pruh urexvw wkdq fkrlfhv ri duelwudu| uxohv1 Ri frxuvh/
vxfk urexvwqhvv fodlpv fdq rqo| eh hydoxdwhg hpslulfdoo|> lq wkh Dsshqgl{ zh surylgh
cDx{loldu| Uhvxowv* wkdw lqglfdwh wkh Duwl�fldo Whfkqlfdo Dqdo|vw zh zrun zlwk lq wklv
sdshu lv lqghhg urexvw1

45Wkdw wklv lv wkh fdvh lv vxjjhvwhg e| Eurfn hw do/ zkr zulwh wkdw cUhfhqw uhvxowv lq

OhEdurq +4<<3, ^qrz dydlodeoh lq OhEdurq +4<<;e,` iru iruhljq h{fkdqjh pdunhwv vxjjhvw

wkdw wkh uhvxowv duh qrw vhqvlwlyh wr wkh dfwxdo ohqjwkv ri wkh uxohv xvhg1 Zh kdyh uhsolfdwhg

vrph ri wkrvh uhvxowv iru wkh Grz lqgh{*/ s4:67/ iq1 Wkh �uhfhqw uhvxowv� wr zklfk Eurfn
hw do1 uhihu duh d sorw ri d fhuwdlq vwdwlvwlf ri 43 uxohv1 Dsduw iurp wkh idfw wkdw 43 uxohv
frqvwlwxwh d vpdoo vdpsoh/ wkh plqlpxp vwdwlvwlf lv doprvw kdoi wkh vl}h ri wkh pd{lpxp
vwdwlvwlf 0 vr lw lv qrw hqwluho| fohdu wkdw wkhvh uhvxowv vxssruw wkh fodlp pdgh1

Rq wkh rwkhu kdqg/ lw lv kdug wr fulwlflvh wkh frqfoxvlrqv ri Eurfn hw do1 vlqfh wkh uxohv
wkh| fkrvh kdsshqhg wr jhqhudwh uhwxuqv zklfk zhuh voljkwo| orzhu wkdq wkh dyhudjh ri
wkh fodvv wkh| frqvlghuhg1
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Iljxuh 4151 Phdq uhwxuqv +ryhu 948: shulrgv, ri hdfk uxoh dv d ixqfwlrq ri lwv

sdudphwhuv p dqg !1

Wklv �jxuh looxvwudwhv wkh lqdghtxdflhv ri wkh dg krf dssurdfk zkhuhe|

vshfl�f uxohv duh xvhg dv sur{lhv iru wkh glvwulexwlrq ri h{shfwhg uhwxuqv ri d

zkroh fodvv1 Qrwlfh lq sduwlfxodu wzr kljko| surplqhqw idfwv hylghqw lq wklv

�jxuh1

Iluvwo|/ zkloh doo uxohv hduq srvlwlyh uhwxuqv/ wkh phdq uhwxuq ri wkh ehvw

uxoh lq wkh fodvv lv 45:3 wlphv odujhu wkdq wkdw ri wkh zruvw uxoh1 Vlqfh

wkh phdqv duh wdnhq iurp vdpsohv zlwk pruh wkdq 9333 revhuydwlrqv/ lw lv

xqolnho| wkdw vdpsolqj xqfhuwdlqw| fdq dffrxqw iru wkhvh gl�huhqfhv146 Zh

pxvw frqfoxgh wkdw uhwxuqv dffuxlqj wr uxohv zlwklq wkh vdph fodvv ydu| yhu|

vljql�fdqwo|1

Vhfrqgo|/ wkh h{shfwhg uhwxuqv ri uxohv glvsod| vljql�fdqw yduldwlrq hyhq

zlwklq orfdo uhjlrqv ri wkh sdudphwhu vsdfh1 Wkh ehvw uxoh lv wkh wkuhh sh0

ulrg prylqj dyhudjh zlwk qr �owhuPD+6> 3, dqg wkh zruvw lv wkh irxu shulrg
prylqj dyhudjh zlwk d 5 shufhqw �owhu PD+7> 3=35,1 Wklv lv lpsruwdqw eh0
fdxvh prvw uhvhdufkhuv fkrrvh wr fdofxodwh uhwxuqv iru d ihz uxohv vdpsohg

hyhqo| iurp wkh vsdfh ri doo uxohv/ uh hfwlqj wkh xqirxqghg lpsolflw dvvxps0

wlrq wkdw uxohv duh corfdoo|* uhsuhvhqwdwlyh/ l1h1 wkdw sdudphwhu fkrlfhv duh

urexvw1

Wdnhq wrjhwkhu wkhvh wzr revhuydwlrqv lpso| wkdw dg krf uxohv fdqqrw

eh wkh edvlv iru frqylqflqj whvwv ri vshfl�fdwlrqv ri prghov iru uhwxuqv/ dv

suhylrxv vwxglhv kdyh vxjjhvwhg1 Uxohv pxvw eh vhohfwhg dffruglqj wr dq

h{solflw surfhgxuh +vxfk dv wkdw ri wkh Duwl�fldo Whfkqlfdo Dqdo|vw, zklfk

46D errwvwuds vlpxodwlrq pljkw eh xvhg wr hydoxdwh wklv frqmhfwxuh1
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lv mxvwl�deoh rq wkhruhwlfdo jurxqgv1

41715 Duwl�fldo Whfkqlfdo Dqdo|vwv* uxohv jhqhudwh cderyh dy0

hudjh* sur�wv

Zh qrz vkrz wkdw cuhsuhvhqwdwlyh* phdq uhwxuqv duh olnho| wr eh vpdoohu wkdq

wkrvh rewdlqhg e| dq Duwl�fldo Whfkqlfdo Dqdo|vw dqg khqfh zloo eh ohvv lqiru0

pdwlyh derxw wkh vwuxfwxuh lq uhwxuqv surfhvvhv1 Wkh uhdvrq iru wklv lv wkdw

d zhoo ghvljqhg Duwl�fldo Whfkqlfdo Dqdo|vw zkr fkrrvhv d whfkqlfdo wudg0

lqj uxoh iurp vrph fodvv vkrxog kdyh ohduqhg wr pdnh d ehwwhu0wkdq0dyhudjh

fkrlfh ri g1 Lpsrvlqj wkh xvh ri d cuhsuhvhqwdwlyh* uxoh e| dq Duwl�fldo Whfk0

qlfdo Dqdo|vw zrxog eh wkh dqdorjxh ri hvwlpdwlqj d sdudphwulf prgho iru d

wlph vhulhv e| fkrrvlqj wkh sdudphwhuv zklfk kdyh dyhudjh udwkhu wkdq ohdvw

vtxduhg huuruv1

Wkh iroorzlqj wdeoh vhuyhv wr hpslulfdoo| frq�up wklv uhdvrqlqj1 Xwlolv0

lqj vrph ri wkh lqirupdwlrq lq Wdeoh Y ri Eurfn/ Odnrqlvkrn ) OhEdurq

+4<<4,47 lw lqglfdwhv wkdw wkh uhvxowv uhsruwhg wkhuh rq wkh edvlv ri ydulrxv

�{hg uxohv duh pxfk zhdnhu wkdq wkrvh zklfk fdq eh gudzq e| xvlqj wkh

wlph0ydu|lqj hvwlpdwhg uxoh eg| ghulyhg lq Vhfwlrq 614141 Wkdw wkh uxohv fkr0

vhq e| Eurfn hw do1 duh cdyhudjh* dfurvv wkh vsdfh ri doo uxohv fdq eh yhul�hg

e| lqvshfwlrq ri wkhlu srvlwlrq lq Iljxuh 4151

Lq wklv wdeoh/ w0udwlrv duh uhsruwhg iru wkh k|srwkhvhv ri htxdolw| ehwzhhq

xqfrqglwlrqdo uhwxuqv dqg uhwxuqv frqglwlrqdo rq d ex| dqg d vhoo srvlwlrq

iru ydulrxv w|shv ri whfkqlfdo wudglqj uxohv +li uhwxuqv duh lqghshqghqwo|

glvwulexwhg/ wkhvh gl�huhqfhv vkrxog eh }hur,1 Wkh wdeoh lqglfdwhv wkdw doo w0

udwlrv duh pxfk kljkhu iru wkh hvwlpdwhg uxoh zh kdyh ghyhorshg wkdq iru wkh

vlpsoh uxohv xvhg e| Eurfn hw do1 Wklv lpsolhv wkdw wkh Duwl�fldo Whfkqlfdo

Dqdo|vw lv cehwwhu* dw ghwhfwlqj wkh ghshqghqflhv lq wkh GMLD vhulhv vlqfh lw

fdq eh xvhg wr uhmhfw wkh k|srwkhvlv wkdw wkh uhwxuqv duh lqghshqghqw gudzv

iurp vrph glvwulexwlrq zlwk pxfk juhdwhu frq�ghqfh wkdq wkdw r�huhg e|

Eurfn hw do1*v dqdo|vlv148 Zh h{shfw wkdw wkh Duwl�fldo Whfkqlfdo Dqdo|vw*v

uxoh zloo eh htxdoo| srzhuixo dv d vshfl�fdwlrq whvw iru sduwlfxodu prghov iru

wkh wlph ghshqghqf| lq uhwxuqv/ vxfk dv wkrvh frqvlghuhg e| Eurfn hw do1

+DU/ JDUFK0P/ HJDUFK,1 Krzhyhu/ zh pxvw ohdyh frq�updwlrq ri wklv

frqmhfwxuh iru ixwxuh uhvhdufk1

Dv zh kdyh douhdg| phqwlrqhg/ lw lv lqhylwdeoh wkdw wkh fuhdwlrq ri dq

Duwl�fldo Whfkqlfdo Dqdo|vw lqyroyhv fhuwdlq ghvljq ghflvlrqv zklfk wkhp0

vhoyhv udlvh gdwd0plqlqj lvvxhv1 Zh kdyh qrwhg krzhyhu wkdw vxfk dq djhqw

lv olnho| wr eh urexvw zlwk uhvshfw wr vxfk ghflvlrqv1 Ixuwkhupruh/ wkhuh lv

riwhq d yhu| qdwxudo zd| wr pdnh wkhvh ghflvlrqv lq wkh frqwh{w ri d vshfl�f

47Qrwh wkdw Eurfn hw do1 +4<<5, uhsurgxfh rqo| d sduw ri wklv wdeoh1
48Wkh wdeoh dovr frqwdlqv lqirupdwlrq zklfk lv vx!flhqw wr vkrz wkdw wkh Fxpe| )

Prghvw +4<;:, whvw iru pdunhw wlplqj zrxog/ li wkh ulvnohvv lqwhuhvw udwh zhuh }hur/ frq�up

wkh delolw| ri d whfkqlfdo dqdo|vw ohduqlqj rswlpdo uxohv wr frqgxfw pdunhw wlplqj1
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+61<8366, +0718:<7<, +:167;7;,

Wdeoh 414= Wkh �uvw froxpq ri wklv wdeoh lqglfdwhv zklfk uxoh lv ehlqj xvhg1 Wkh

sdudphwhuv lq sduhqwkhvhv frqvwlwxwh vshfl�fdwlrqv ri wkh phpru| dqg �owhu ri wkh

prylqj dyhudjh uxoh xvhg1 Wkh vhfrqg dqg wklug froxpqv lqglfdwh wkh qxpehu ri

gd|v lq zklfk wkh uxoh zdv orqj ru vkruw uhvshfwlyho| dqg wkh irxuwk dqg �iwk wkh

phdq uhwxuq rq wkrvh gd|v1 Wkh vl{wk froxpq uhsruwv wkh sursruwlrq ri gd|v rq

zklfk wkh uxohv pdgh sur�wv frqglwlrqdo ehlqj orqj dqg wkh vhyhqwk froxpq surylghv

d vlplodu vwdwlvwlf iru gd|v zkhq wkh| zhuh vkruw1 W0vwdwlvwlfv dsso|lqj d whvw xvhg

lq Eurfn hw do1 wr fkhfn vljql�fdqfh duh surylghg iru vrph hvwlpdwhv1

dssolfdwlrq1 Khuh iru h{dpsoh zh kdyh dyrlghg prvw sureohpv ri wklv irup

e| dqfkrulqj rxu vhohfwlrq ri wkh wudglqj uxoh fodvv dqg wkh gdwd vhw wr wkh

vhw ri Eurfn hw do1
49 Zklovw wkh vhohfwlrq ri wkh ohqjwk ri wkh rswlplvdwlrq

shulrg Q lv vwloo xqghu rxu frqwuro zh vhw Q @ 583 rq wkh d sulrul edvlv wkdw

lw lv wkh vwdqgdug urxqghg dssur{lpdwlrq wr wkh qxpehu ri wudglqj gd|v lq

d |hdu1 Lq wkh Dsshqgl{ zh uhsolfdwh vrph ri rxu uhvxowv iru rwkhu ydoxhv ri

Q dqg wkhuhe| surylgh hylghqfh wkdw wklv fkrlfh kdv rqo| d pdujlqdo h�hfw

rq rxu uhvxowv14:

Lq vxppdu|/ wkh Duwl�fldo Whfkqlfdo Dqdo|vw surylghv d srzhuixo dqg

urexvw wrro iru h{dplqlqj wkh hpslulfdo surshuwlhv ri whfkqlfdo wudglqj uxohv>

49Ri frxuvh/ wkdw dovr phdqv zh lqkhulw zkdwhyhu gdwd0plqlqj fulwlflvpv pd| eh ohylhg

rq Eurfn hw do1 Wkh uhvxowv ri Vxoolydq hw do1 +4<<<, vxjjhvw wkhvh pd| eh vxevwdqwldo1
4:Wklv lv kdugo| vxusulvlqj jlyhq wkdw wklv sdudphwhu rshudwhv h{dfwo| olnh wkh fkrlfh

ri vdpsoh vl}h lq d uhfxuvlyho| hvwlpdwhg hfrqrphwulf prgho +zklfk dovr grhv qrw xvxdoo|

d�hfw uhvxowv li 0 dv lq wklv fdvh 0 lw lv uhdvrqdeo| odujh,1
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zh wkhuhiruh sursrvh wkh xvh ri Duwl�fldo Whfkqlfdo Dqdo|vwv* uxohv dv wkh

edvlv iru prgho vshfl�fdwlrq whvwv1 Wklv ghfuhdvhv wkh suredelolw| ri re0

wdlqlqj plvohdglqj uhvxowv zklovw dw wkh vdph wlph gholyhulqj pruh srzhuixo

frqfoxvlrqv uhodwlyh wr wkrvh rewdlqdeoh iurp dq dqdo|vlv ri cuhsuhvhqwdwlyh*

uxohv +zklfk duh dovr gl!fxow wr lghqwli|,1

418 Pdunhw h!flhqf| dqg whfkqlfdo wudglqj

Lw lv riwhq vwdwhg wkdw cLi pdunhwv duh h!flhqw/ wkhq +whfkqlfdo, dqdo|vlv ri

sdvw sulfh sdwwhuqv wr suhglfw wkh ixwxuh zloo eh xvhohvv*/ +Pdonlho 4<<5,1 Lq

wklv vhfwlrq/ zh dwwhpsw wr dqdo|vh wkh uhodwlrqvkls ehwzhhq wkh h!flhqf|

ri pdunhwv dqg wkh h!fdf| ri whfkqlfdo dqdo|vlv/ zlwk d ylhz wr d irupdo

dvvhvvphqw ri wklv vwdwhphqw1

Fxuuhqwo|/ rqo| d prgho0vshfl�f qrwlrq ri h!flhqf| lv dydlodeoh/ ghulylqj

iurp vxffhvvlyh uh�qhphqwv rq wkh gh�qlwlrq ri Idpd +4<:3,1 Wkh odwhvw

hohphqw lq wklv vhtxhqfh ri gh�qlwlrqv lv wkdw ri Odwkdp +4<;9, dffruglqj

wr zklfk d pdunhw lv H0H!flhqw +cH* iru htxloleulxp, zlwk uhvshfw wr dq

lqirupdwlrq vhw li dqg rqo| li lwv uhyhodwlrq wr doo pdunhw sduwlflsdqwv zrxog

ohdyh erwk htxloleulxp sulfhv dqg lqyhvwphqw ghflvlrqv xqfkdqjhg1 Krzhyhu/

wkhuh vhhpv wr eh olwwoh frqvhqvxv dv wr zkdw hpslulfdo surshuwlhv dq h!flhqw

pdunhw vkrxog glvsod|/ sduwo| gxh wr wkh odfn ri dq dffhswhg htxloleulxp

prgho iru �qdqfldo pdunhwv +OhUr| 4<;</ Idpd 4<<4,1 Ixuwkhupruh/ pdunhw

h!flhqf| lv rqo| whvwdeoh lq wkh frqwh{w ri vxfk d prgho1

Zh qrz sursrvh d gh�qlwlrq ri h!flhqf| zklfk kdv wkh dgydqwdjh wkdw

lwv whvwdelolw| grhv qrw klqjh rq wkh dvvxpswlrq ri d vshfl�f htxloleulxp

prgho/ exw udwkhu rq d prgho iru wkh ehkdylrxu ri dw ohdvw vrph djhqwv

lq wkh pdunhw1 Rxu gh�qlwlrq lv d qhfhvvdu| frqglwlrq iru wkh pdunhw wr

eh H0h!flhqw li zh dffhsw dq| prgho lq zklfk vrph djhqwv rxu prghohg lq

wklv zd|1 Lw lv dovr frqvlvwhqw zlwk wkh zhdn uhtxluhphqw lpsolflw lq doprvw

doo h!flhqf| qrwlrqv dffruglqj wr zklfk frqglwlrqlqj rq sxeolfo| dydlodeoh

lqirupdwlrq grhv qrw lqfuhdvh xwlolw|1 Lq lwv yhu| zhdnhvw irupv/ wklv lv

lqwhusuhwhg dv phdqlqj wkdw rqfh wudqvdfwlrq frvwv duh lqfoxghg/ qr ulvn0

dyhuvh djhqw fdq lqfuhdvh klv xwlolw| e| dwwhpswlqj wr cwlph* +l1h1 iruhfdvw wkh

gluhfwlrq ri, wkh pdunhw1 Wklv vwdwhphqw lv vr zhdn wkdw vrph dxwkruv +iru

h{dpsoh OhUr| 4<;</ s14946 iq1, frqvlghu lw wr eh qrq0whvwdeoh1 Krzhyhu/ li

zh dvvxph wkdw wkh wlph vhulhv ri sulfhv lv wkh pdunhw fohdulqj htxloleulxp ri

dq hfrqrp| zlwk d vlqjoh ulvn| dvvhw ru wkdw zh nqrz wkh pdunhw sruwirolr

dqg kdyh d wlph vhulhv ri sulfhv iru lw/ zh vkrz wkdw wkh shuirupdqfh ri

whfkqlfdo wudglqj uxohv fdq eh xvhg wr frqvwuxfw suhflvho| vxfk d whvw1 Iru

vlpsolflw|/ wkh dqdo|vlv lv uhvwulfwhg wr wkh fdvh zkhuh wkh ulvn0iuhh lqwhuhvw

udwh lv }hur dqg sdvw sulfhv duh wkh lqirupdwlrq vhw zlwk uhvshfw wr zklfk zh

hydoxdwh h!flhqf| +zhdn0irup,1

Wkh hydoxdwlrq ri �qdqfldo pdunhw h!flhqf| kdv dq lqwhuhvwlqj uroh wr



4181 PDUNHW HIILFLHQF\ DQG WHFKQLFDO WUDGLQJ 4:

sod| lq exloglqj xvhixo g|qdplf dvvhw sulflqj prghov1 Wkhuh lv qrz d whfkqro0

rj| iru ghwhuplqlqj eurdg frqglwlrqv vxfk d prgho pxvw vdwlvi| lq rughu wr eh

frqvlvwhqw zlwk d jlyhq vdpsoh ri gdwd +Kdqvhq ) Mdjdqqdwkdq 4<<4/ Kdqvhq

) Ulfkdug 4<;:,1 Iru vrph sxusrvhv lw pd| eh fuxfldo wkdw wkh prgho xvhg

dovr uhsolfdwhv wkh h!flhqf| surshuwlhv ri dfwxdo pdunhwv +h1j1 zkhq wkh

prgho zloo eh xvhg wr dgguhvv lvvxhv uhodwlqj wr wkh uroh ri �qdqfldo pdunhwv

lq doorfdwlqj uhvrxufhv ru wr hydoxdwh wkh lqyhvwphqw shuirupdqfh ri ydulrxv

w|shv ri djhqwv,1 Zh fdq xvh wkh uhvxowv ri wklv vhfwlrq wr mxgjh zkhwkhu

d pdunhw lv h!flhqw dqg hydoxdwh zkhwkhu lw lv qhfhvvdu| wr ghvljq prghov

wkdw uhsolfdwh wklv ihdwxuh1 Zklovw wkh uhodwlrqvkls ehwzhhq whfkqlfdo dqdo|0

vlv/ pdunhw h!flhqf| dqg g|qdplf dvvhw sulflqj prghov lv lqwhuhvwlqj/ lw olhv

eh|rqg wkh vfrsh ri wklv sdshu dqg zh pxvw ohdyh lw iru ixwxuh uhvhdufk1

Zh zloo uhihu wr wkh yhuvlrq ri wkh h!flhqw pdunhw k|srwkhvlv wkdw zh

kdyh dooxghg wr dv wkh Odfn ri Lqwhuwhpsrudo Duelwudjh +OLD, K|srwkhvlv

dqg glvfxvv lwv lpsolfdwlrqv iru whfkqlfdo wudglqj uxohv1 Lw zloo ehfrph hy0

lghqw wkdw wklv h!flhqf| qrwlrq lv irupxodwhg vr wkdw lw lv frqvlvwhqw zlwk

wkh lghd wkdw li whfkqlfdo dqdo|vlv czrunv*/ orrvho| vshdnlqj/ wkhq pdunhwv

pxvw eh lqh!flhqw1 Lq wklv vhqvh lw irupdolvhv wkh h!flhqf| qrwlrq wr zklfk

pdq| hpslulfdo dqdo|vhv ri wudglqj uxoh uhwxuqv dooxgh/ |hw w|slfdoo| ohdyh

xqgh�qhg1 D ghvluhg surshuw| h!flhqf| qrwlrqv kdyh idlohg wr gholyhu lv d

zd| ri txdqwli|lqj qhdu h!flhqf|1 Wkh iroorzlqj gh�qlwlrq ri OLD doorzv

suhflvho| vxfk d txdqwl�fdwlrq1

Gh�qlwlrq 41: Wkh Odfn ri Lqwhuwhpsrudo Duelwudjh +OLD, K|srwk0

hvlv krogv iru doo lqyhvwruv zlwk remhfwlyh ixqfwlrqv lq vrph vsdfh X li wkhlu

rswlpdo ghflvlrqv gr qrw ghshqg rq sdvw sulfhv1

Wkh qdwxuh ri wkh vsdfh Xe iru zklfk OLD krogv fdq eh ylhzhg dv d

phdvxuh ri wkh h!flhqf| ri d pdunhw1 Iru h{dpsoh/ dv lw lqfuhdvhv/ ihzhu

djhqwv +glvwlqjxlvkhg e| wkhlu xwlolw| ixqfwlrqv, �qg sdvw sulfhv xvhixo dqg

khqfh wkh pdunhw ehfrphv pruh h!flhqw +zlwk uhvshfw wr sdvw sulfhv,1 Lq

sduwlfxodu li iru wzr pdunhwv D dqg E zh nqrz wkdw Xe
� � Xe

�/ OLD sur0

ylghv d zhoo gh�qhg vhqvh lq zklfk pdunhw D lv ohvv h!flhqw wkdq E1 Vxfk

frpsdulvrqv duh uhohydqw li wkhuh h{lvw pdunhwv zklfk pd| eh wuhdwhg dv vhs0

dudwh rq d sulrul jurxqgv ru li zh zlvk wr frpsduh wkh h!flhqf| ri d vlqjoh

pdunhw gxulqj gl�huhqw wlph shulrgv1 Ri frxuvh zkhq qhlwkhu Xe
� qru Xe

� lv

frqwdlqhg lq wkh rwkhu/ h!flhqf| udqnlqjv pd| eh kdughu/ exw qhyhuwkhohvv

wklv gh�qlwlrq jlyhv xv d odqjxdjh lq zklfk zh fdq irupdolvh wkh frqfhsw ri

qhdu0h!flhqf|1

Khuh zh irfxv rq wkh vlpsoh doorfdwlrq ghflvlrq +414, dqg wkhuhiruh wuhdw

wkh vsdfh X dv d zd| ri lpsrvlqj uhvwulfwlrqv rq wkh irup X fdq wdnh1 OLD lv

frq�uphg iru d fodvv ri djhqwv vroylqj +414, li nqrzohgjh ri sdvw sulfhv grhv

qrw d�hfw wkhlu rswlpdo dfwlrqv1 Wklv lv frqvlvwhqw zlwk wkh lghd wkdw fxuuhqw

sulfhv uh hfw doo lqirupdwlrq lq sdvw sulfhv wkdw pljkw eh ri uhohydqfh1 Lq
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wklv fdvh/ OLD uhtxluhv wkdw iru X 5 X / doo S| dqg doo Z|=

duj pd{
@Md3rc,o

H iX ^Z|+4 . dU|n�,mS|`j @ duj pd{
@Md3rc,o

H iX ^Z|+4 . dU|n�,`j =

+41<,

Wklv lv lpsolhg e| OLD zkhq wkh rqo| vrxufh ri dydlodeoh lqirupdwlrq duh

sdvw sulfhv1 Lw pd| eh lqwhuhvwlqj wr frqvlghu zkhwkhu OLD krogv zkhq

djhqwv kdyh dffhvv wr dx{loldu| vrxufhv ri lqirupdwlrq1 Zkloh wklv zrxog

eh eh|rqg wkh vfrsh ri wklv sdshu lw zrxog eh lqwhuhvwlqj vlqfh lw zrxog

doorz xv wr dffrxqw iru vrxufhv ri suhglfwdelolw| vxfk dv dq| sxeolfo| nqrzq

wlph0ydu|lqj ulvn0suhpld1

Fohduo|/ OLD lpsrvhv uhvwulfwlrqv rq wkh mrlqw glvwulexwlrq ri uhwxuqv dqg

sdvw sulfhv1 Zkloh lw grhv qrw uhtxluh wkhvh wr eh lqghshqghqw/ lw uhtxluhv

wkdw nqrzohgjh ri sdvw sulfhv grhv qrw d�hfw dq djhqw*v rswlpdo lqyhvwphqw

ghflvlrq1 Iru h{dpsoh/ vxssrvh rqo| wkh wklug dqg kljkhu rughu prphqwv

ri wkh frqglwlrqdo glvwulexwlrq ri uhwxuqv ghshqg rq sdvw sulfhv> wkhq lq d

pdunhw zlwk phdq0yduldqfh djhqwv/ dfwlrqv zloo qrw eh d�hfwhg e| nqrzohgjh

ri sdvw sulfhv +OLD krogv, hyhq wkrxjk lq d pdunhw zlwkrxw djhqwv ri wklv

w|sh/ wkh| zloo +OLD grhv qrw krog,1 Rxu gh�qlwlrq lpsolhv wkdw pdunhw

h!flhqf| lv gh�qhg zlwk uhvshfw wr d fodvv ri djhqwv dqg wkdw wkh vl}h ri wklv

fodvv fdq wkhuhiruh eh lqwhusuhwhg dv d phdvxuh ri wkh ghjuhh ri wkh pdunhw*v

h!flhqf|1 Irupdoo|/ wkh ghjuhh ri h!flhqf| lv ghwhuplqhg e| wkh irup ri

wkh vsdfh=

Xe�

�
X 5 X =

dujpd{@Md3rc,oH iX ^Z|+4 . dU|n�,` mS|j

@ dujpd{@Md3rc,oH iX ^Z|+4 . dU|n�,`j
; S|

�
= +4143,

Iru d jhqhudo htxloleulxp prgho ri uhwxuqv wr eh OLD h!flhqw zlwk uh0

vshfw wr Xe lw pxvw eh wkh fdvh wkdw djhqwv zlwk remhfwlyh ixqfwlrqv lq Xe

ehkdyh lghqwlfdoo| zkhwkhu ru qrw wkh| nqrz S|1 D gxdo zd| ri ghvfulelqj

wkh ghjuhh ri OLD h!flhqf| lv lq whupv ri wkh vhw ri glvwulexwlrqv IF iru

zklfk OLD h!flhqf| zlwk uhvshfw wr X krogv1 Ghqrwlqj d mrlqw glvwulexwlrq

ri +U|n�>S|, dv I / d pdujlqdo ri U|n� dv I- dqg d frqglwlrqdo ri uhwxuqv

rq sulfhv dv I-mS/ wklv vhw lv jlyhq e|=

IF �

�
I =

dujpd{@Md3rc,o

U
X ^Z|+4 . dU|n�,gI-mS`

@ dujpd{@Md3rc,o

U
X ^Z|+4 . dU|n�,`gI

; S|> X 5 X

�
=

+4144,

Wr ghflgh hpslulfdoo| zkhwkhu d pdunhw lv h!flhqw zlwk uhvshfw wr d sdu0

wlfxodu vhw ri remhfwlyh ixqfwlrqv X ri lqwhuhvw/ zh fdq frqgxfw wkh iroorzlqj

k|srwkhvlv whvw=

Kf = I 5 IF +OLD,/ +4145,
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yhuvxv/

K� = I @5 IF +Qrw OLD,1 +4146,

Dv zh kdyh douhdg| phqwlrqhg/ zh gr qrw lqwhusuhw d uhmhfwlrq ri wkh qxoo

dv dq lqglfdwlrq wkdw wkh pdunhw fdqqrw eh prghoohg dv dq htxloleulxp ri

d vwdqgdug prgho1 Vxfk d uhmhfwlrq zrxog vlpso| surylgh hylghqfh djdlqvw

wkh sduwlfxodu qrwlrq ri h!flhqf| dffruglqj wr zklfk sulfhv vkrxog qrw eh

cxvhixo* wr dq| djhqw +lpsolflw/ iru h{dpsoh/ lq Pdonlho*v vwdwhphqw zlwk

zklfk zh rshqhg wklv vhfwlrq,1 Dv zh kdyh glvfxvvhg/ wklv lv d yhu| zhdn

qrwlrq ri h!flhqf| zklfk lq d zhoo0gh�qhg vhqvh lv d qhfhvvdu| frqglwlrq iru

H0h!flhqf|1

41814 Whfkqlfdo Wudglqj Uxohv dqg OLD

Wkh Duwl�fldo Whfkqlfdo Dqdo|vw surylghv d frqglwlrq rq uxoh uh0

wxuqv iru whvwlqj OLD

Li iru vrph pdunhw wkh wuxh mrlqw glvwulexwlrq ri uhwxuqv dqg wkh sdvw sulfhv

I
W lv nqrzq/ zh fdq fkhfn zkhwkhu OLD krogv iru xwlolw| ixqfwlrqv lq X / lq

vrph fdvhv hyhq dqdo|wlfdoo|1 Li I W lv xqnqrzq/ rqh whvw ri wkh k|srwkhvlv

ghvfulehg e| +414504146, frxog eh edvhg rq fkhfnlqj zkhwkhu dq hvwlpdwhg

prgho iru I W lv lq I
F
1 Khuh zh sursrvh dq dowhuqdwlyh whvw edvhg rq wkh

lpsolfdwlrqv ri wkh qxoo k|srwkhvlv iru wkh uhwxuqv rewdlqhg e| dq Duwl�fldo

Whfkqlfdo Dqdo|vw1 Wklv dssurdfk lv edvhg rq wkh idfw wkdw d vx!flhqw
frqglwlrq iru OLD wr eh uhmhfwhg lv wkdw whfkqlfdo wudglqj lv suhihuuhg ryhu d

srvlwlrq wkdw lv rswlpdo zkhq wkh djhqw grhv qrw frqglwlrq rq wkh klvwru| ri

sdvw sulfhv4;1 Wkdw wklv lv wkh fdvh lv doprvw wulyldo/ exw lv vkrzq irupdoo|

ehorz=

Sursrvlwlrq 415 Ohw dW eh dq lqyhvwphqw +dv d iudfwlrq ri zhdowk, zklfk
pd{lplvhv dq lqyhvwru*v +xqfrqglwlrqdo, h{shfwhg xwlolw| zkhq wkh +nqrzq,
mrlqw glvwulexwlrq ri uhwxuqv dqg sdvw sulfhv lv jlyhq e| I =

d
W @ duj pd{

@Md3rc,o

]
X ^Z|+4 . dU|n�,`gI=

Dvvxph wklv lqyhvwru fdq lqfuhdvh klv h{shfwhg xwlolw| e| lqyhvwlqj wklv iudf0
wlrq d

W dffruglqj wr d wudglqj uxoh g =

pd{
@Md3rc,o

]
X ^Z|+4 . d

W

g +S|,U|n�,`gI A pd{
@Md3rc,o

]
X ^Z|+4 . dWU|n�,` gI=

4;
Wklv lv vwurqjhu wkdq wkh frqglwlrq wkdw wkh whfkqlfdo wudglqj uxoh lv suhihuuhg ryhu

wkh ex|0dqg0krog vwudwhj| ehfdxvh wklv vwudwhj| lq dgglwlrq wr qrw frqglwlrqlqj rq sulfhv

grhv qrw frqglwlrq rq zhdowk hlwkhu1
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Wkhq OLD grhv qrw krog/ l1h1=

I @5 IF =

Surri1 Vhh Dsshqgl{ D1

Zh fdq xvh rxu sursrvlwlrq wr uhmhfw OLD iru d fodvv X lq zklfk X eh0

orqjv e| vkrzlqj wkdw wkhuh h{lvwv d whfkqlfdo wudglqj uxoh g zlwk dvvrfldwhg

uhwxuqv U_

|n�
vxfk wkdw iru doo d=

]
X

k
Z|+4 . dU_

|n�,
l
gI A

]
X ^Z|+4 . dU|n�,`gI> +4147,

Fohduo|/ pdunhwv pd| eh lqh!flhqw hyhq zkhq whfkqlfdo wudglqj uxohv gr

qrw shuirup zhoo/ exw zh duh qrw frqfhuqhg zlwk wklv khuh1

Wkh Ulvn0Qhxwudo Fdvh

Lq rughu wr lpsohphqw d whvw ri wkh qxoo k|srwkhvlv +4144,/ zh pxvw vshfli|

X 1 Ohw xv ehjlq zlwk wkh yhu| qduurz vshfl�fdwlrq uhtxlulqj X wr frqwdlq

rqo| olqhdu ixqfwlrqv1 Wkhq +4147, lv htxlydohqw wr=

H+U_

|n�, A H+U|n�,= +4148,

Zh fdq xvh wkh uxohv ig|j
S�D.

|'�
zklfk zhuh rswlpdo iru wkh Duwl�fldo Whfk0

qlfdo Dqdo|vw lq Vhfwlrq 61414 dqg wkhlu fruuhvsrqglqj uhwxuqv wr whvw wkh

qxoo k|srwkhvlv iru wkh Grz Mrqhv Lqgxvwuldo Dyhudjh1 Uhihuulqj wr wkh wd0

eoh ehorz/ zh �qg wkdw wkh suredelolw| OLD lv qrw uhmhfwhg lv h{wuhpho| orz1

Uhwxuqv Phdq Vw1 Ghy1 Suredelolw| xqghu Qxoo

Dozd|v orqj 313335667 3133;78< 0

DWD 31333;34 3133;668 ;1;;:h08

Wdeoh 415= Qrwh wkdw wkh odvw froxpq zdv fdofxodwhg frqglwlrqdo rq wkh +idovh,

dvvxpswlrq wkdw uhwxuqv ri uxohv zhuh qrupdo l1l1g1

Khqfh zh fdq frqfoxgh zlwk juhdw frq�ghqfh wkdw frqglwlrqlqj rq sdvw

sulfhv lv ghvludeoh +OLD lv uhmhfwhg, iru ulvn0qhxwudo djhqwv lqyhvwlqj lq wkh

pdunhw iru wkh GMLD lqgh{1 Wkh vhw Xe ri xwlolw| ixqfwlrqv zlwk uhvshfw wr

zklfk wkh pdunhw lv h!flhqw +lq wkh OLD, vhqvh fdqqrw lqfoxgh dq| olqhdu

ixqfwlrqv1

Wkh Phdq0Yduldqfh Fdvh

Ohw xv qrz frqvlghu zkhwkhu wkh pdunhw lv h!flhqw zlwk uhvshfw wr txdgudwlf

xwlolw| ixqfwlrqv1 Wklv pd| eh wkh fdvh li uxohv vdwlvi|lqj +4148, lqyroyh d

vx!flhqwo| odujhu yduldqfh wkdq pdunhw uhwxuqv wr pdnh wkhp ohvv ghvludeoh

wr d phdq0yduldqfh djhqw1 Iru h{dpsoh/ OhUr| +4<;<, dujxhv wkdw=
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111hyhq wkrxjk wkh h{lvwhqfh ri vhuldo ghshqghqfh lq frqgl0

wlrqdo h{shfwhg uhwxuqv lpsolhv wkdw gl�huhqw irupxodv iru wudglqj

erqgv dqg vwrfn zloo jhqhudwh gl�huhqw h{shfwhg uhwxuqv/ ehfdxvh

ri ulvn/ wkhvh dowhuqdwlyh wudglqj uxohv duh xwlolw|0ghfuhdvlqj uho0

dwlyh wr wkh rswlpdo ex|0dqg0krog vwudwhjlhv1

Wr fkhfn zkhwkhu wklv lv wkh fdvh/ frqvlghu wkh fodvv ri txdgudwlf xwlolw|

ixqfwlrqv

�
X = X +Z , @ dZ

2
. eZ . f> d � 3>

�e

5d
�Z

�
=

Iru doo X lq wklv fodvv/ li zhdowk Z lv d udqgrp yduldeoh/ lw lv wkh fdvh wkdw

HX+Z , lv lqfuhdvlqj z1u1w1 H+Z ,/ dqg ghfuhdvlqj z1u1w Y du+Z ,=

Wkh iroorzlqj sursrvlwlrq vkrzv wkh vrphzkdw vxusulvlqj uhvxow wkdw li

wkhuh h{lvwv d uxoh wkdw phdq0grplqdwhv d orqj srvlwlrq/ wkhq lw zloo dovr

yduldqfh grplqdwh lw dqg khqfh OhUr|*v vwdwhphqw lv d orjlfdo lpsrvvlelolw|

lq udwkhu jhqhudo flufxpvwdqfhv1 Wkh sursrvlwlrq lv fuxfldo ehfdxvh lw hvwde0

olvkhv eurdg flufxpvwdqfhv lq zklfk wkh phdq0yduldqfh fdvh froodsvhv wr wkh

ulvn0qhxwudo fdvh1

Sursrvlwlrq 416 Li wkh wudglqj uxoh g� ohdgv wr d odujhu h{shfwhg uhwxuq wkdq

dqrwkhu uxoh g2 zlwk srvlwlyh h{shfwhg uhwxuqv/ l1h1

H+g� +S|,U|n�, A H+g2 +S|,U|n�, � 3>

dqg=

+d, Wkh vhfrqg uxoh lv dozd|v orqj +l1h1 lv wkh cEx| dqg Krog* vwudwhj|,

dqg orqj srvlwlrqv duh qrw vpdoohu lq devroxwh ydoxh wkdq vkruw srvlwlrqv

g2 +S|, @ o doo S|>

o � v>

ru

+e, Wudglqj uxohv kdyh d elqdu| vwuxfwxuh dqg srvlwlrq vl}hv duh v|pphw0

ulf

g�cg2 5 i�v> oj >

o @ v>

Wkhq wkh uhwxuqv iurp uxoh 4 kdyh d vpdoohu yduldqfh wkdq wkh uhwxuqv iurp

uxoh 5

Y +g� +S|,U|n�, ? Y +g2 +S|,U|n�,=
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Surri1 Vhh Dsshqgl{1

Wklv Sursrvlwlrq lv xvhixo iru hvwdeolvklqj wkh iroorzlqj fruroodu|/ exw

dovr ehfdxvh lw surylghv d vkruwfxw wr udqnlqj uxohv e| shuirupdqfh lq whupv

ri Vkdush Udwlrv 0 dq h{huflvh dwwhpswhg e| pdq| uhvhdufkhuv dqg sudfwl0

wlrqhuv/ vxssrvhgo| dv dq dowhuqdwlyh wr udqnlqj e| phdq uhwxuqv1 Lq wkh flu0

fxpvwdqfhv lqglfdwhg krzhyhu/ Vkdush Udwlrv duh lqyhuvho| uhodwhg wr phdq

uhwxuqv dqg vxfk h{huflvhv duh riwhq uhgxqgdqw1

Fruroodu| 414 Frqvlghu d pdunhw lq zklfk wkh xqfrqglwlrqdo h{shfwhg uh0

wxuqv duh srvlwlyh +H +U|n�, � 3,= Vxssrvh djhqwv vroylqj +414, kdyh d wljkwhu

frqvwudlqw rq vkruw srvlwlrqv wkdq orqj srvlwlrqv +o � v,1 Vxssrvh dovr wkdw

+4148, krogv vr wkh pdunhw lv qrw OLD0h!flhqw iru ulvn qhxwudo djhqwv1 Wkhq

lw zloo dovr qrw eh OLD0h!flhqw iru phdq0yduldqfh djhqwv1

Surri1 Vhh Dsshqgl{1

Xqghu wkh yhu| sodxvleoh frqglwlrqv4< ri wklv fruroodu| wkh ulvn0qhxwudo

fdvh lpsolhv wkh phdq0yduldqfh fdvh dqg wkhuhiruh phdq0yduldqfh lqyhvwruv

lq wkh GMLD zrxog �qg nqrzohgjh ri sdvw sulfhv xvhixo1 Lqghhg/ qrwh wkdw

Wdeoh 415 frq�upv wkh lpsolfdwlrqv ri wklv Fruroodu|1

Wkh Ulvn0Dyhuvh Fdvh

Lw lv vxevwdqwldoo| pruh frpsolfdwhg wr xvh whfkqlfdo wudglqj uxohv wr sur0

ylgh hylghqfh wkdw OLD grhv qrw krog zkhq X lv d frqfdyh fodvv ri ixqfwlrqv1

Dq h{fhswlrq dulvhv zkhq pdunhw dqg wudglqj uxoh uhwxuqv duh qrupdoo| glv0

wulexwhg lq zklfk fdvh vhfrqg rughu vwrfkdvwlf grplqdqfh fdq eh h{suhvvhg

dv d ixqfwlrq ri phdqv dqg yduldqfhv1

Sursrvlwlrq 417 Frqvlghu d pdunhw lq zklfk wkh xqfrqglwlrqdo uhwxuqv duh

qrupdoo| glvwulexwhg zlwk srvlwlyh phdq +H +U|n�, � 3,1 Vxssrvh djhqwv

vroylqj +414, kdyh d wljkwhu frqvwudlqw rq vkruw srvlwlrqv wkdq orqj srvlwlrqv

+o � v,1 Vxssrvh dovr wkdw +4148, krogv/ vr wkh pdunhw lv qrw OLD0h!flhqw

iru ulvn qhxwudo djhqwv dqg ixuwkhupruh wkdw wklv lv wkh fdvh iru d wudglqj uxoh

zlwk qrupdoo| glvwulexwhg uhwxuqv1 Wkhq lw zloo dovr qrw eh OLD0h!flhqw iru

ulvn0dyhuvh djhqwv1

Surri1 Vhh Dsshqgl{1

Li wkh dvvxpswlrqv ri Sursrvlwlrq 7 duh qrw vdwlv�hg/ zh fdq uhirupxodwh

wkh whvw iru OLD lq whupv ri d vhfrqg rughu vwrfkdvwlf grplqdwlrq fulwhulrq

ri wudglqj uxoh uhwxuqv ryhu pdunhw uhwxuqv1 Wklv lv vkrzq lq Sursrvlwlrq 8

ehorz=

4<
Exw qrwh wkdw wkhvh uhvxowv duh rqo| xvhixo lq d vlqjoh ulvn| dvvhw2sruwirolr vhwwlqj1
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Sursrvlwlrq 418 Ohw i-|n�
> i-_

|n�
eh wkh pdujlqdo ghqvlwlhv ri pdunhw dqg

wudglqj uxoh uhwxuqv uhvshfwlyho|1 Gh�qh wkh ixqfwlrq=

P+�, �

] �

3"

^i-|n�
+{,� i-_

|n�
+{,`g{= +4149,

Vxssrvh djhqwv vroylqj +414, kdyh d wljkwhu frqvwudlqw rq vkruw srvlwlrqv

wkdq orqj srvlwlrqv +o � v,1 Li xqfrqglwlrqdo pdunhw uhwxuqv duh srvlwlyh

+H +U|n�, � 3, dqg wkhuh h{lvwv d wudglqj uxoh vxfk wkh uhwxuqv ri zklfk duh

glvwulexwhg vr wkdw=

P+�, � 3 ; �>

dqg P+�, A 3 iru dw ohdvw rqh � wkhq wkh pdunhw lv qrw OLD0h!flhqw iru

dq| ulvn0dyhuvh djhqw1

Surri1 Vhh Dsshqgl{1

Fohduo|/ li zh uhmhfw wkh k|srwkhvlv wkdwP+�, � 3 zklfk lv dq lpsolfdwlrq

ri OLD/ zh fdq dovr uhmhfw OLD1 Krzhyhu/ wkh dydlodeoh whvwv iru wklv k|srwk0

hvlv duh qrw jhqhudoo| dssolfdeoh ru lqyroyh kxjh frpsxwdwlrqdo frvwv +Wrooh|

) Srsh 4<;;,153 Wklv revwdfoh irufhv xv wr r�hu rqo| dq lqirupdo hydoxdwlrq

ri zkhwkhu OLD fdq eh uhmhfwhg1 Vxfk dq hydoxdwlrq fdq eh frqgxfwhg e|

lqvshfwlqj d sorw ri wkh vdpsoh yhuvlrq aP+�, ri P+�, iru wkh uhwxuqv ri wkh
Duwl�fldo Whfkqlfdo Dqdo|vw dqg wkh Grz Mrqhv Lqgxvwuldo Dyhudjh=

-0.06 -0.04 -0.02 0 0.02 0.04 g
-1

0

1

2

3

4

5

M
x 10 -4

Iljxuh 416= Wklv lv fP+�, wkh vdpsoh yhuvlrq ri P+�,1

Revhuylqj Iljxuh 416/ zh qrwlfh wkdw iru vpdoo �> P+�, ? 3/ lqglfdw0
lqj wkdw wkh plqlpxp uhwxuqv iurp wkh Duwl�fldo Whfkqlfdo Dqdo|vwv* uxoh

53Diwhu wkh frpsohwlrq ri wklv Fkdswhu d qhz whfkqltxh dsshduhg +Ilvkhu/ Zlovrq )

[x 4<<;, wkdw pd| lq idfw uhvroyh wklv sureohp1
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uhvxowhg lq vpdoohu uhwxuqv wkdq wkh plqlpxp pdunhw uhwxuq1 Wklv lpsolhv

wkdw dq djhqw zlwk d xwlolw| ixqfwlrq zklfk juhdwo| shqdol}hv yhu| orz uh0

wxuqv zrxog suhihu qrw wr xvh wkh wudglqj uxoh1 Khqfh/ hyhq zlwkrxw wdnlqj

dffrxqw ri vdpsoh xqfhuwdlqw| zh duh xqdeoh wr uhmhfw OLD lq wkh ulvn0dyhuvh

fdvh1 Wdnlqj vdpsoh xqfhuwdlqw| lqwr dffrxqw xvlqj d irupdo vwdwlvwlfdo sur0

fhgxuh fdqqrw uhyhuvh wklv uhvxow/ vlqfh lw frxog rqo| zhdnhq wkh fdvh djdlqvw

OLD1 Zh frqfoxgh wkdw wkhuh duh ulvn0dyhuvh djhqwv zkr pd| eh lqgl�huhqw

wr lqirupdwlrq frqwdlqhg lq sdvw sulfhv vr Pdonlho*v vwdwhphqw fdq eh mxv0

wl�hg doehlw lq d qduurz vhqvh= Wkh vhw ri xwlolw| ixqfwlrqv Xe zlwk uhvshfw

wr zklfk wkh GMLD lv h!flhqw grhv qrw lqfoxgh dq| phdq0yduldqfh xwlolw|

ixqfwlrqv exw lqfoxghv dw ohdvw vrph vwulfwo| frqfdyh xwlolw| ixqfwlrqv1

41815 H!flhqf| zlwk Wudqvdfwlrq Frvwv

Zh qrz gh�qh OLD iru wkh fdvh zkhuh dq lqyhvwru idfhv sursruwlrqdo v|p0

phwulf wudqvdfwlrq frvwv1 Lq wklv vlwxdwlrq/ wkh vhw ri glvwulexwlrqv frqvlvwhqw

zlwk OLD lv=

I
V

F
�

;?
=I =

dujpd{@Md3rc,o

U
X ^Z|+4 . d|U|n�,� �| md| � d|3�m` gI-mS|

@ dujpd{@Md3rc,o
U
X ^Z|+4 . d|U|n�,� �| md| � d|3�m` gI

; S|> X 5 X

<@
>

+414:,

zkhuh d3� lv wkh vl}h ri |hvwhugd|*v srvlwlrq1
Frqvlghu dq Duwl�fldo Whfkqlfdo Dqdo|vw fkrrvlqj uxohv wr pd{lplvh wkh

w|sh ri remhfwlyh ixqfwlrq lq +414:,1 Dv ehiruh/ zh ohw v @ o @ 4 dqg wkh
Duwl�fldo Whfkqlfdo Dqdo|vw xvhv uxohv jlyhq e| +frpsduh wr +41;,,=

pd{
6M�c�Mx

	|3�
�'|36 ^PD+S�>p>!,U�n� � � mPD+S�>p>!,� d�3�m` +414;,

zkhuh � duh sursruwlrqdo wudqvdfwlrq frvwv dqg d| 5 i�4> 3> 4j lv wkh srvlwlrq
dw wlph w1 Lw lv lpsruwdqw wr qrwh wkdw wkh wudglqj uxohv xvhg duh qrz d
ixqfwlrq ri �1

Ehjlqqlqj zlwk d qhxwudo srvlwlrq +d|363� @ 3,/ zh fdq rewdlq wkh
hvwlpdwhg sdudphwhuv/ hvwlpdwhg wudglqj uxohv dqg rxw0ri0vdpsoh wudglqj
uxoh uhwxuqv U_W

|n� dw hdfk gdwh iru ydulrxv ohyhov ri sursruwlrqdo wudqvdfwlrq
frvwv �= Rxu remhfwlyh zloo eh wr �qg d whvw vwdwlvwlf zklfk fdq eh xvhg wr
uhmhfw OLD1 Zlwk wklv/ zh fdq wkhq ghwhuplqh wkh ohyho ri wudqvdfwlrq frvwv54

� iru zklfk OLD fdqqrw eh uhmhfwhg dw wkh 8( vljql�fdqfh ohyho155

Wklv h{huflvh lv frqfhswxdoo| vlplodu wr wkdw ri Frrshu ) Ndsodqlv +4<<7,
zkr wu| wr hvwlpdwh wkh ohyho ri cghdgzhljkw frvwv* wkdw zrxog h{sodlq wkh

54
Qrwh wkdw dv gh�qhg/ wkh frvw ri vzlwfklqj iurp d orqj wr d vkruw srvlwlrq dqg ylfh

yhuvd lv 2V�
55 Lw lv lpsruwdqw wr qrwh wkdw Sursrvlwlrq 416 fdq eh h{whqghg wr wkh fdvh ri wudqvdfwlrq

frvwv li wkhvh duh vpdoo hqrxjk1 Wkh vdph lv qrw wuxh iru Sursrvlwlrq 414 li wudqvdfwlrq

frvwv duh sursruwlrqdo1
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krph eldv lq lqwhuqdwlrqdo htxlw| sruwirolrv156 Qrwlfh wkdw doorzlqj iru wudqv0

dfwlrq frvwv fkdqjhv rxu qhdu0htxloleulxp qrwlrq lq wkdw zh qrz vhhn sdluv

iXe> �ej udwkhu wkdq mxvw Xe iru zklfk OLD krogv1

Lq Wdeoh 416 ehorz zh kdyh wdexodwhg wkh uhwxuqv iurp d uxoh xvhg e|

wkh Duwl�fldo Whfkqlfdo Dqdo|vw vroylqj +414;,1 Wkh ohyho ri frvwv �e ehorz

zklfk zh fdq uhmhfw wkh k|srwkhvlv wkdw I W 5 IV

F
iru X lqfoxglqj ulvn0qhxwudo

ru phdq0yduldqfh xwlolw| ixqfwlrqv lv uhsuhvhqwhg e| wkh olqh glylglqj Wdeoh

4161 Qrwlfh wkdw wklv � lqfrusrudwhv wkh vshfldo fdvh ri }hur wudqvdfwlrq frvwv

zklfk zdv uhsruwhg lq Wdeoh 4151

Uxohv Phdq Vw1 Ghy1 Sure1 xqghu Qxoo �S�D.

|'�
+4 .U_

| ,

Dozd|v orqj 313335667 3133;78< 0 516:;

DWD

�@3 31333;34 3133;668 ;1;;:h038 4431:

�@313334 31333:637 3133;65; 31333843< :4174

�@313335 313339<44 3133;654 3133456; 881;;

�@313336 3133394<9 3133;64; 3133866 68196

�@313337 31333883; 3133;644 3134:;; 551<<

�@313338 313337;<6 3133;638 313785 48177

�@313339 313337:3: 3133;5< 3138; 4619:

�@31333: 313336:74 3133;5; 314:88 :1434

�@31333; 3133363<< 3133;5:6 316394 71789

�@31333< 313335:96 3133;538 316;:9 61786

�@31334 3133354<4 3133;548 3186:< 5146

Wdeoh 416= Wkh �uvw froxpq lqglfdwhv zklfk uxoh lvxqghu frqvlghudwlrq1 Wkh qh{w

wzr froxpqv lqglfdwh wkh hpslulfdo phdq dqg wkh vwdqgdug ghyldwlrq ri wkh uxohv*

uhwxuqv1 Wkh irxuwk froxpq vkrzv wkh suredelolw| +xqghu wkh dvvxpswlrq ri qrupdo

glvwulexwlrqv, wkdw wkh phdq uhwxuqv iurp d vshfl�f uxoh zhuh vpdoohu ru htxdo wr

wkh phdq pdunhw uhwxuqv1 Wkh �qdo froxpq vkrzv wkh fxpxodwlyh uhwxuqv iurp hdfk

vwudwhj| gxulqj wkh zkroh wlph shulrg1

Wkh � lqglfdwhv wkdw dw wkh 8( ohyho ri vljql�fdqfh/ OLD zloo qrw eh

uhmhfwhg iru � � �
e @ 3=39(= Wkh phdq uhwxuq ri wkh rswlpdo uxoh uhpdlqv

odujhu iru � � 3=3<( +exw qrw iru wkh xvxdo frq�ghqfh pdujlq,157 Wkhvh

ohyhov ri frvwv pdnh lw whpswlqj wr dujxh wkdw zlwk wrgd|*v frvw frqglwlrqv58

OLD lv uhmhfwhg iru d eurdg fodvv ri lqyhvwruv1 Krzhyhu/ frvwv zhuh fhuwdlqo|

odujhu dw wkh ehjlqqlqj ri wkh vdpsoh zh kdyh frqvlghuhg1 Krz odujh wkh

56Pruh uhfhwo|/ wklv dssurdfk kdv ehhq xvhg e| Oxwwphu +4<<<,
57Qrwh wkdw Sursrvlwlrq 6d fdq eh h{whqghg wr wkh fdvh zlwk wudqvdfwlrq frvwv li wkhvh

duh �vpdoo hqrxjk�1 Wdeoh 6 lqglfdwhv d phdq0yduldqfh lqyhvwru vkrxog suredeo| suhihu

wkh DWD*v uxoh1
58Dq lqyhvwru zlwk dffhvv wr d glvfrxqw eurnhu/ h1j1 yld hpdlo/ fdq sxufkdvh 4333 vkduhv

ri d frpsdq| olvwhg rq wkh Q\VH iru d '<1<8 ihh1 Krzhyhu/ plfur0vwuxfwxuh iulfwlrqv vxfk

dv elg0dvn vsuhdgv pd| eh pruh lpsruwdqw1
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ghfuhdvh lq wudqvdfwlrq frvwv kdv ehhq dqg krz lw kdv d�hfwhg gl�huhqw w|shv
ri lqyhvwruv lv d txhvwlrq zklfk lv eh|rqg wkh vfrsh ri wklv sdshu dqg zklfk
zh gr qrw dwwhpsw wr dqvzhu1 Lw lv suredeo| idlu wr vd| wkdw ihz djhqwv
zrxog idfh wudqvdfwlrq frvwv wkdw zhuh vr orz gxulqj prvw ri wkh vdpsoh1

Ehvvhpelqghu ) Fkdq +4<<;, kdyh lqghshqghqwo| shuiruphg d vlplodu
h{huflvh rq wkh vdph gdwd wr �qg wkh pd{lpxp ohyho ri frvwv iru zklfk d
fhuwdlq lqyhvwphqw vwudwhj| ehdwv Ex|0dqg0Krog dqg duulyh dw d pxfk kljkhu
hvwlpdwh1 Wklv lv gxh wr wkh idfw wkdw wkh| doorz wkhlu vwudwhj| wr wdnh orqj
srvlwlrqv grxeoh wkh vl}h ri wkdw doorzhg iru zkdw wkh| fdoo wkh Ex|0dqg0Krog
vwudwhj|1 Vlqfh wkh vwudwhj| lv xvxdoo| orqj dqg phdq uhwxuqv lq wkh pdunhw
duh srvlwlyh/ fohduo| wkh vwudwhj| grhv ehwwhu wkdq Ex|0dqg0Krog exw wklv lv
phuho| d uh hfwlrq ri wkh odujhu srvlwlrqv wkhlu vwudwhj| wdnhv1 Wkhlu uhvxowv
duh olnho| wr eh d orw zhdnhu li wkhlu Ex|0dqg0Krog vwudwhj| zhuh gh�qhg lq
d pruh vwdqgdug zd|1 Wkh| zrxog eh hyhq zhdnhu li/ dv zh gr khuh/ wkh|
uhsruwhg uhvxowv wkdw duh vwdwlvwlfdoo| vljql�fdqw1

41816 Txdol�fdwlrqv dqg ixuwkhu frpphqwv rq wkh uhvxowv

Lq wklv vhfwlrq/ zh kdyh ghyhorshg d whvw ri rxu yhuvlrq ri wkh zhdn h!flhqw
pdunhw k|srwkhvlv edvhg rq wkh sur�wv ri dq Duwl�fldo Whfkqlfdo Dqdo|vw1
Zh kdyh xvhg wklv whvw wr fkdudfwhulvh d eurdg fodvv ri lqyhvwruv +gh�qhg
e| wkhlu suhihuhqfhv dqg wudqvdfwlrq frvwv, zkr zrxog �qg lw ghvludeoh wr
frqglwlrq rq sdvw sulfhv> dv orqj dv zh eholhyh vxfk lqyhvwruv h{lvw/ zh vkrxog
uhmhfw rxu yhuvlrq ri wkh h!flhqw pdunhw k|srwkhvlv dqg khqfh H0h!flhqf| iru
zklfk rxu yhuvlrq lv d qhfhvvdu| frqglwlrq1 Qrwh wkdw wkhuh duh qxphurxv
dv|pphwulf lqirupdwlrq prghov zklfk jhqhudwh htxloleuld iru zklfk OLD
lv uhmhfwhg +h1j1 Kxvvpdq +4<<5,/ Eurzq ) Mhqqlqjv +4<;<,/ Wuh|qru )
Ihujxvrq +4<;8,, vr vrph ri wkh dydlodeoh prghov pd| ghvfuleh wkh gdwd
jhqhudwlqj surfhvv dffxudwho| +dw ohdvw lq wklv uhvshfw,1

Wkh phwkrgrorj| sursrvhg lv xvhixo ehfdxvh lw uhodwhv h!flhqf| wr d vhw

ri remhfwlyh ixqfwlrqv udwkhu wkdq dq htxloleulxp ri vrph prgho1 Lw doorzv
h!flhqf| frpsdulvrqv dfurvv wlph dqg pdunhwv e| frpsdulvrq ri wkh jhqhu0
dolw| ri iXe>�ej iru zklfk OLD lv qrw hpslulfdoo| uhmhfwhg1 Lw wkxv surylghv
d txdqwl�deoh phdvxuh ri qhdu h!flhqf|1 Htxdoo| lpsruwdqwo|/ lw irupdolvhv
d vhqvh lq zklfk pdunhwv fdq eh fkdudfwhulvhg dv lqh!flhqw zkhq hpslulfdo
vwxglhv �qg wudglqj uxohv wr eh sur�wdeoh1 Lw wkhuhiruh irupdolvhv wkh srsx0
odu qrwlrq ri h!flhqf| dffruglqj wr zklfk djhqwv vroylqj vlpsoh lqyhvwphqw
sureohpv vxfk dv +514, vkrxog qrw qhhg wr frqglwlrq rq sdvw sulfhv +ru xvh
whfkqlfdo wudglqj uxohv,1

Wkh hpslulfdo h{huflvh zh frqgxfw xvlqj wkh GMLD lv lqwhqghg wr looxv0
wudwh wkh lpsolfdwlrqv ri uxoh h!fdf| iru pdunhw h!flhqf|1 D pruh dffxudwh
txdqwl�fdwlrq ri pdunhw h!flhqf| xvlqj wkh Duwl�fldo Whfkqlfdo Dqdo|vw
zrxog uhtxluh gdwd rq vrphwklqj forvhu wr wkh pdunhw sruwirolr wkdq wkh
GMLD dqg d uhod{dwlrq ri wkh dvvxpswlrq wkdw wkh ulvnohvv lqwhuhvw udwh lv
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}hur1 Zh fkrvh wr irfxv rq wkh GMLD gdwd lq rughu wr pdnh rxu uhvxowv frp0
sdudeoh wr wkrvh ri rwkhu uhvhdufkhuv zkr kdyh xvhg lw +Eurfn hw do1/ Jhqfd|
+4<<9,/ Vxoolydq hw do1 +4<<<,/ Ehvvhpelqghu ) Fkdq +4<<;, dprqj rwkhuv,
dqg wr glplqlvk wkh vxvfhswlelolw| ri rxu dqdo|vlv wr gdwd0plqlqj fulwlflvpv1
Krzhyhu/ wkh xvh ri wklv gdwd e| xv dqg wkhp lv xqiruwxqdwh ehfdxvh wkh
GMLD lv qrw d wudghg dvvhw dqg dv vxfk vx�huv iurp wkh frpsolfdwlrqv udlvhg
e| qrq0v|qfkurqrxv wudglqj +Vfkrohv ) Zlooldpv 4<::,1 Vrph dxwkruv dw0
whpsw wr fruuhfw iru wklv +iru h{dpsoh e| uhtxlulqj srvlwlrqv wr eh wdnhq rqh
gd| diwhu d vljqdo iru wkhp lv jhqhudwhg, exw wkhuh lv qr fruuhfwlyh surfhgxuh
wkdw grhv qrw udlvh rwkhu htxdoo| vhulrxv frpsolfdwlrqv dulvlqj iurp wkh pl0
furvwuxfwxuh ri pdunhwv1 Ixuwkhu frpsolfdwlrqv dovr dulvh iurp wkh idfw wkdw
wudqvdfwlrq frvwv iru wkh GMLD gxulqj 4<9504<;9 duh olnho| wr kdyh ydulhg
dqg pd| qrw hyhq eh sursruwlrqdo dv zh kdyh dvvxphg1 Ilqdoo|/ wkh vhulhv
lq txhvwlrq lv qrw dgmxvwhg iru glylghqgv zklfk pd| eldv rxu uhvxowv djdlqvw
OLD1

Xvh ri uhfhqw xowud kljk iuhtxhqf| gdwd iru rswlrqv rq pdunhw lqgh{hv
zrxog suredeo| plwljdwh pdq| ri wkhvh sureohpv dqg vkrxog eh wkh vxemhfw
ri ixwxuh lqyhvwljdwlrqv1 Xowlpdwho|/ wkh rqo| lqglvsxwdeoh hpslulfdo dqdo|vlv
ri wkhvh lvvxhv zrxog uhtxluh wkhDuwl�fldo Whfkqlfdo Dqdo|vw wr ehfrph Uhdo =
li dfwxdo wudghv edvhg rq wklv djhqwv* ghflvlrqv wxuqhg rxw wr eh sur�wdeoh/
wklv zrxog frqvwlwxwh sulpd idflh hylghqfh djdlqvw wkh eholhi wkdw cwhfkqlfdo
dqdo|vlv lv xvhohvv*1

419 Frqfoxvlrqv

Xwlolw| pd{lplvlqj ehvw uhvsrqvhv ghulyhg iurp lqyhvwphqw ghflvlrqv ghshqg
rq xwlolw| ixqfwlrqv/ zhdowk/ wudqvdfwlrq frvwv dqg srvlwlrqv lq wkh pdunhw1
Whfkqlfdo wudglqj uxohv duh d fodvv ri ehkdylrxudo uxohv zklfk lpsrvh uh0
vwulfwlrqv rq wkh ixqfwlrqdo irup wkhvh ehvw uhvsrqvh ixqfwlrqv pd| wdnh1
Krzhyhu/ wkhvh uhvwulfwlrqv duh rqo| elqglqj iru vwulfwo| ulvn0dyhuvh lqyhvwruv
dqg wkhuhiruh xwlolw| pd{lplvlqj lqyhvwruv zloo w|slfdoo| ceh* Whfkqlfdo Dqd0
o|vwv li wkh| duh ulvn0qhxwudo +Sursrvlwlrq 4,1 Qhyhuwkhohvv/ li iru vrph uhdvrq
ulvn0dyhuvh djhqwv uhvwulfw wkhpvhoyhv wr wkh xvh ri whfkqlfdo dqdo|vlv +h1j1
ehfdxvh pruh vrsklvwlfdwhg lqyhvwphqw uxohv duh frvwo| wr ghulyh/ ohduq dqg
lpsohphqw, zh fdq surylgh flufxpvwdqfhv lq zklfk wkh fkrlfhv ri d Whfkql0
fdo Dqdo|vw duh dovr rswlpdo iru ulvn0dyhuvh djhqwv lq wklv frqvwudlqhg vhqvh
+Sursrvlwlrqv 6/ 7 dqg 8,1

Duwl�fldo Whfkqlfdo Dqdo|vwv xvh sdvw gdwd wr fkrrvh uxohv iurp fodvvhv
nqrzq wr eh xvhg lq sudfwlfh1 Zh vkrz lq Vhfwlrq 715 wkdw wkh fkrvhq
uxohv zloo eh pruh sur�wdeoh wkdq dg krf uxohv xvhg lq suhylrxv vwxglhv +h1j1
Eurfn hw do1, dqg vlqfh wkh| duh fkrvhq lq d uhdvrqdeoh dqg urexvw zd|/ wkh|
duh dovr vxemhfw wr ohvv vhulrxv gdwd0plqlqj fulwlflvpv +Vhfwlrq 714,1 Wdnlqj
wkhvh idfwv lqwr dffrxqw/ zh vxjjhvw wkdw errwvwuds edvhg prgho vshfl�fdwlrq
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whvwv edvhg rq uxoh uhwxuqv dv slrqhhuhg e| Eurfn hw do1 +4<<5, vkrxog eh
dxjphqwhg zlwk duwl�fldoo| lqwhooljhqw djhqwv lq wkh vslulw ri Vdujhqw +4<<6,1

Lq Vhfwlrq 8 zh dwwhpsw wr irupdolvh wkh lghd wkdw wkh h!fdf| ri whfkql0
fdo dqdo|vlv dqg wkh h!flhqf| ri �qdqfldo pdunhwv pxvw eh lqyhuvho| olqnhg1
Wr gr wklv/ zh ehjlq zlwk wkh revhuydwlrq wkdw li wkh htxloleulxp ri d prgho
lv vxfk wkdw djhqwv zrxog eh ehwwhu r� xvlqj whfkqlfdo wudglqj uxohv/ wkhq wkh
htxloleulxp lv qrw h!flhqw lq Odwkdp*v +4<;9, H0h!flhqf| vhqvh1 Xvlqj gdlo|
gdwd rq wkh GMLD zh fkdudfwhulvh d fodvv ri djhqwv +gh�qhg e| suhihuhqfhv
dqg wudqvdfwlrq frvwv, zkr �qg wkh fkrlfhv ri dq Duwl�fldo Whfkqlfdo Dqd0
o|vw ydoxdeoh1 Xqghu dssursuldwh dvvxpswlrqv/ wkh vl}h ri wklv fodvv +zklfk
lqfoxghv phdq0yduldqfh djhqwv idflqj wudqvdfwlrq frvwv orzhu wkdq 3139(,
pd| eh lqwhusuhwhg dv d phdvxuh ri wkh ghjuhh ri h!flhqf| ri wkh Q\VH
+Vhfwlrq 8,1

Wkhuh duh pdq| qdwxudo h{whqvlrqv ri wklv zrun vr zh uhvwulfw rxuvhoyhv wr
vrph lqglfdwlyh vxjjhvwlrqv1 Iluvwo|/ wkh Duwl�fldo Whfkqlfdo Dqdo|vw frxog
eh pdgh cpruh lqwhooljhqw* e| pdnlqj klv ohduqlqj pruh vrsklvwlfdwhg dqg e|
zlghqlqj wkh vsdfh ri wudglqj uxohv iurp zklfk kh fkrrvhv1 Iru h{dpsoh/ lw lv
srvvleoh wr h{whqg wkh lqirupdwlrq vhw vr wkdw uxohv fdq frqglwlrq rq yduldeohv
rwkhu wkdq sdvw sulfhv +lqglfdwlqj wkdw wkh Duwl�fldo Whfkqlfdo Dqdo|vw lv
fdsdeoh hyhq ri ixqgdphqwdo dqdo|vlv$,1 Vhfrqgo|/ lw zrxog eh lpsruwdqw wr
wu| dqg �qg vwdwlvwlfdo surfhvvhv ghvfulelqj uhwxuqv wkdw duh frqvlvwhqw zlwk
wkh Duwl�fldo Whfkqlfdo Dqdo|vw*v sur�wv1 Ilqdoo|/ iru dssolfdwlrqv zkhuh
pdunhw h!flhqf| lv ri fhqwudo uhohydqfh/ lw zrxog eh ydoxdeoh wr ghyhors d
zd| ri frqvwuxfwlqj g|qdplf dvvhw sulflqj prghov zklfk duh frqvlvwhqw erwk
zlwk wkh gdwd +h1j1 Kdqvhq ) Ulfkdug +4<;:,, dqg zlwk wkh ghjuhh ri pdunhw
lqh!flhqf| dv txdqwl�hg e| wkh h!fdf| ri Whfkqlfdo Dqdo|vlv1
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41: Dsshqgl{hv

Surriv ri sursrvlwlrqv dqg Fruroodulhv

Surri ri Sursrvlwlrq 4141 Lq wh{w1
Surri ri Sursrvlwlrq 4151 Wkh dvvxpswlrq pd| eh uhzulwwhq dv=

HiH^X+Z|+4 . dWg+S|,U|n�,,mS|`j A HiH^X+Z|+4 . d
W

U|n�,,mS|`j>

zklfk lpsolhv wkdw wkhuh h{lvwv d vhw T lq U&

n vxfk wkdw Su +S| 5 T, A 3
dqg iru doo S| 5 T=

H^X+Z|+4 . d
W

g+S|,U|n�,,mS|` A H^X+Z|+4 . d
W

U|n�,,mS|`=

Qrz gh�qh=

d
WW @

�
dWg+S|, li S| 5 T

dW rwkhuzlvh

�
=

Fohduo|/

H^X+Z|+4 . d
WW

U|n�,,mS|` A H^X+Z|+4 . d
W

U|n�,,mS|` ; S|>

dqg wkh lqhtxdolw| lv vwulfw li S| 5 T zklfk phdqv dW fdqqrw eh rswlpdo iru

wkh frqglwlrqdo lqyhvwphqw ghflvlrq1

Surri ri Sursrvlwlrq 4161 Sduw +d,

Gh�qh g� �
�

,
g�> l @ 4> 5

Wkh dvvxpswlrq lpsolhv H+g�U|n�, A H+oU|n�, � 3 vr

H+g�U|n�, A H+U|n�, � 3

Qrwlfh wkdw g� @
�
�r

,
> 3> 4

�
dqg e| dvvxpswlrq o � v vr

�
g�

�2
� 4=

Khqfh +g�U|n�,
2 � +U|n�,

2

Xvlqj wkh idfw wkdw Y +{, @ H
�
{2
�
�H +{,2 lw iroorzv wkdw=

Y
�
g�U|n�

�
? Y +U|n�,

Iurp zklfk lw dovr iroorzv gluhfwo| wkdw

Y +g�U|n�, ? Y +U|n�,

Sduw +e,

Gh�qh g� �
�
�

,

�
g�> l @ 4> 5

Wkhq wkh dvvxpswlrq H+g�U|n�, A H+g2U|n�, � 3 lpsolhv

H+g�U|n�, A H+g2U|n�, � 3
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Qrwlfh wkdw g� @ i�4> 4j vr
�
g�
�2

@ 4=

Khqfh +g�U|n�,
2 @ +U|n�,

2
> l @ 4> 5

Xvlqj wkh idfw wkdw Y +{, @ H
�
{2

�
�H +{,

2 lw iroorzv wkdw=

Y
�
g�U|n�

�
? Y

�
g2U|n�

�

Khqfh dovr=

Y +g�U|n�, ? Y +g2U|n�,

Surri ri Fruurodu| 4141 H{ k|srwkhvl wkh uhwxuqv ri wkh wudglqj uxoh

duh odujhu wkdq wkh srvlwlyh pdunhw uhwxuqv=

H+U_

|n�, A H+U|n�, � 3

Vr e| Sursrvlwlrq 6=

Y +U_

|n�, ? Y +U|n�,

Wkhvh wzr lqhtxdolwlhv lpso| dovr wkdw iru dq| d=

H+Z|+4 . dU_

|n�,, A H+Z|+4 . dU|n�,,

Y du+Z|+4 . dU_

|n�,, ? Y du+Z|+4 . dU|n�,,

zklfk lpsolhv wkdw iru doo phdq0yduldqfh xwlolw| ixqfwlrqv X =

HX+Z|+4 . dWU_

|n�,, A HX+Z|+4 . dWU|n�,,

Surri ri Sursrvlwlrq 4171 Lq qrupdo hqylurqphqwv vhfrqg rughu

vwrfkdvwlf grplqdwlrq lv htxlydohqw wr phdq0yduldqfh grplqdwlrq +Kdqrfk )

Ohy| 4<9<,1 Wklv wrjhwkhu zlwk Sursrvlwlrq 6d |lhog wkh ghvluhg frqfoxvlrq1

Surri ri Sursrvlwlrq 4181 Dv lv zhoo nqrzq/ wkh dvvxpswlrq rq

P +�, lv d vx!flhqw frqglwlrq iru=

HX+U_

|n�, A HX+U|n�, ; frqfdyh X

Qrwlfh qrz wkdw zkhq H+U|n�, � 3 wkhq wkh rswlpdo sursruwlrq ri lqyhvwhg

zhdowk dW lv srvlwlyh iru doo zhdowk ohyhov dqg vr X+Z|+4 . dW{,, lv frqfdyh

lq {> vlqfh=

C

C{
X+Z|+4 . dW{,, @ Z|d

WX
�

� 3

C2

C{2
X+Z|+4 . dW{,, @ +Z|d

W,2X �� ? 3

Wkhuhiruh lw pxvw dovr eh wkdw

HX+Z|+4 . dWU_

|n�,, A HX+Z|+4 . dWU|n�,,
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Dx{loldu| Uhvxowv

Uxoh Q+ex|, Q+vhoo, Ex| Vhoo Ex|A3 VhooA3 ex|0vhoo

Dozd|v orqj 948: 3 3133356 0 0 0 0

EOO Dyhudjh 313336: 03133344 313337;

DWD +Q@583, 6646 5983 31333<8 0313339: 31866: 3179:8 3133495

+61<8366, +0718:<7<, +:167;7;,

DWD uhvwulfwhg 6796 5734 313338477 0313333;749 318557 317:<7 313336554

DWD +Q@558, 66:5 59<: 31333<88; 031333:74< 3186; 3178<; 31333;749

DWD +Q@533, 66:7 5:36 31333<5; 0313339<99 3186: 317965 31333;4

Wdeoh 417= Frpsduh wr Wdeoh 4 lq wkh wh{w1 Zh kdyh hvwlpdwhg vwdwlvwlfv

iru wkh Duwl�fldo Whfkqlfdo Dqdo|vw xvlqj ydu|lqj vdpsoh vl}hv +Q, dqg iru

d cuhvwulfwhg* vsdfh ri uxohv zkhuh wkh Dqdo|vw lv frqvwudlqhg wr fkrrvh rqo|

dprqj wkh vl{ uxohv ri Eurfn hw do1 ghvfulehg lq Wdeoh 41

Zh frqfoxgh wkdw d zlgh vsdfh ri uxohv iurp zklfk wr fkrrvh lv lpsruwdqw

iru wkh shuirupdqfh ri wkh Duwl�fldo Whfkqlfdo Dqdo|vw exw wkdw wkh suhflvh

ydoxhv ri Q duh qrw +dv orqj dv Q lv odujh hqrxjk iru vrph vwdelolw| wr

h{lvw,1 Wkhvh uhvxowv duh xqvxusulvlqj exw zh surylgh wkhp dv hpslulfdo

frq�updwlrq ri zkdw zh vxvshfwhg zdv wkh fdvh1
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Fkdswhu 5

Ulvn Qhxwudo Iruhfdvwlqj

VXPPDU\

Wklv fkdswhu dqdo|vhv rswlpdo srlqw iruhfdvwlqj lq d vlpsoh lqyhvwphqw

frqwh{w1 Wkh uhodwlrq ehwzhhq wkh frqglwlrqdo glvwulexwlrq ri uhwxuqv dqg

rswlpdo srlqw iruhfdvwv iru d ulvn qhxwudo lqyhvwru lv fkdudfwhulvhg lq ghwdlo

dqg lw lv vkrzq wkdw dq| pdsslqj wkdw kdv wkh vdph vljq dv wkh frqglwlrqdo

phdq ri uhwxuqv lv d ulvn qhxwudo lqyhvwru*v ehvw suhglfwru1 Lw pd| wkhuhiruh

eh gl!fxow wr prgho wkh frqglwlrqdo phdq |hw hdv| wr prgho d culvn qhxwudo

ehvw suhglfwru*/ iru zklfk vrph qhz phwkrgv duh sursrvhg1 Xvlqj d vlpsoh

vlpxodwlrq zh vkrz wkdw wkh sursrvhg dssurdfk pd| eh ehwwhu wkdq vwdq0

gdug frpshwlwruv hyhq lq vhhplqjo| xqidyrxudeoh vlwxdwlrqv1 Wkh iruhfdvwv

wkxv rewdlqhg kdyh pd{lpdo hfrqrplf ydoxh +dffruglqj wr wkh xvxdo gh�ql0

wlrq, dqg duh vx!flhqw iru wkh frqvwuxfwlrq ri phdq0yduldqfh rswlpdo elqdu|

lqyhvwphqw uxohv1

514 Lqwurgxfwlrq

Wkh ghvluh wr suhglfw uhwxuqv ri �qdqfldo vhulhv lv wr vrph h{whqw uhvsrq0

vleoh iru wkh jhqhvlv ri Hfrqrplf Vflhqfh= Mrkq Odz/ Ulfkdug Fdqwloorq/

Khqu| Wkruqwrq dqg Gdylg Ulfdugr ghyhorshg wkhlu lqwhuhvw iru hfrqrplf

v|vwhpv wkurxjk wkhlu dfwlylwlhv dv �qdqfldo vshfxodwruv14 Iru uhdvrqv wkdw

duh reylrxv/ lqwhuhvw lq wklv wrslf kdv qrw zdqhg15

Wkh remhfwlyh ri wklv sdshu lv wr vwxg| Ulvn Qhxwudo Iruhfdvwlqj 0 wkh

iruhfdvwlqj sureohp ri d ulvn qhxwudo lqyhvwru lq �qdqfldo pdunhwv1 Irfxv rq

wklv djhqw*v ghflvlrq sureohp lv prwlydwhg e| d qxpehu ri uhodwhg frqvlghu0

dwlrqv zklfk duh zruwk h{dplqlqj lq vrph ghwdlo1

3
Dq ryhuylhz ri wkh uhvxowv lq wklv sdshu dsshdu lq cDq Lqwurgxfwlrq wr Ulvn Qhxwudo

Iruhfdvwlqj*/ Dex0Prvwdid/ \1V1/ E1 OhEdurq/ D1Z1 Or dqg D1V1 Zhljhqg/ 4<<</ Frpsx0

wdwlrqdo Ilqdqfh/ PLW Suhvv
4
Vhh/ iru h{dpsoh/ Wyhgh +4<<:,1

5
Vhh Fdpsehoo/ Or ) PdfNlqod| +4<<:, iru dq ryhuylhz ri wkh vwdwh ri wkh duw1

66
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Wkh lpsruwdqfh ri wkh ulvn qhxwudo lqyhvwru*v iruhfdvwlqj sureohp

Wkh �uvw uhdvrq iru zklfk wkh ulvn qhxwudo lqyhvwru*v iruhfdvwlqj sureohp lv

ri fhqwudo lpsruwdqfh lq dqdo|vlqj rswlpdo iruhfdvwv lq lqyhvwphqw frqwh{wv

lv wkdw ulvn0qhxwudo lqyhvwruv duh suredeo| wkh rqo| h{shfwhg xwlolw| pd{0

lplvlqj djhqwv zkr fdq dfw rq wkh edvlv ri d srlqw iruhfdvw1 Iru h{dpsoh/ d

phdq0yduldqfh djhqw zloo eh lqwhuhvwhg lq d mrlqw iruhfdvw ri erwk wkh phdq

dqg yduldqfh ri d �qdqfldo dvvhw1 Pruh jhqhudoo|/ ulvn dyhuvh djhqwv zloo eh

lqwhuhvwhg lq glvwulexwlrq iruhfdvwv iru uhwxuqv1 Zh zloo uhwxuq wr wklv iru0

pdoo| dqg lq pruh ghwdlo lq Vhfwlrq 515 exw iru qrz lw vkrxog eh dssuhfldwhg

wkdw wr wkh h{whqw wkdw ulvn qhxwudolw| r�huv d frqyhqlhqw vwduwlqj srlqw iru

xqghuvwdqglqj krz rswlpdo srlqw iruhfdvwv iru lqyhvwruv gl�hu iurp cjhqhulf*

suhglfwruv1

Shukdsv iru uhodwhg uhdvrqv/ wkh orvv ixqfwlrq fruuhvsrqglqj wr wkh ulvn

qhxwudo ghflvlrq sureohp zh vwxg| kdv ehfrph wkh vwdqgdug phwulf e| zklfk

wr txdqwli| zkdw lv riwhq uhihuuhg wr dv wkh chfrqrplf ydoxh* ri �qdqfldo

iruhfdvwv1 Iru h{dpsoh/ Khqulnvvrq ) Phuwrq +4<;4, ghyhors d irupdo pdu0

nhw wlplqj whvw iru phdvxulqj hfrqrplf ydoxh dqg Ohlwfk ) Wdqqhu +4<<4,

hydoxdwh wkh iruhfdvw shuirupdqfh ri surihvvlrqdo iruhfdvwhuv dffruglqj wr

wklv phwulf1 Wkhuh kdyh dovr ehhq dwwhpswv wr txdqwli| wkh hfrqrplf ydoxh

ri �qdqfldo wlph0vhulhv prghov +Shvdudq ) Wlpphupdqq 4<<8/ Shvdudq )

Wlpphupdq 4<<;,/ vwuxfwxudo prghov +Euhhq hw do1 4<;<,/ whfkqlfdo wudglqj

uxohv +Vxoolydq hw do1 4<<<, dqg djqrvwlf cprqh|0pdfklqhv* vxfk dv qhxudo

qhwv +OhEdurq 4<<;d,1 Ulvn Qhxwudo Iruhfdvwlqj fdq wkhuhiruh dovr eh vhhq

dv wkh wdvn ri irupxodwlqj iruhfdvwv zklfk duh rswlpdo lq whupv ri hfrqrplf

ydoxh1

Ixuwkhupruh/ vxfk iruhfdvwv fdq eh xvhg wr frqvwuxfw elqdu| lqyhvwphqw

uxohv +l1h1 ghflvlrq uxohv uhvwulfwlqj dq lqyhvwru*v fkrlfh vhw wr wzr srvlwlrqv

0 xvxdoo| ri rssrvlwh vljq, wkdw duh rswlpdo iru d zlgh fodvv ri djhqwv1 Lq0

yhvwphqw uxohv zlwk wklv vwuxfwxuh/ lqfoxglqj whfkqlfdo wudglqj uxohv +Eurfn

hw do1 4<<5, dqg pdunhw wlplqj uxohv +Khqulnvvrq ) Phuwrq 4<;4, kdyh uh0

fhlyhg h{whqvlyh dwwhqwlrq lq wkh olwhudwxuh/ shukdsv ehfdxvh wkh| uhsuhvhqw

d erxqghgo| udwlrqdo prgh ri ehkdylrxu zklfk qrw rqo| uhvxowv lq d frqvlg0

hudeoh vlpsol�fdwlrq ri lqyhvwphqw ghflvlrqv exw lv dovr hpslulfdoo| revhuyhg1

Wkhvh uxohv vlpsoli| ghflvlrqv e| doorzlqj d eurdg fodvv ri djhqwv wr uhgxfh

wkhlu ghflvlrq sureohp wr d sureohp ri Ulvn Qhxwudo Iruhfdvwlqj1 Wklv rf0

fxuv ehfdxvh ri d uhpdundeoh surshuw| ri elqdu| lqyhvwphqw uxohv hqvxulqj

wkdw wkh uxoh zklfk pd{lpl}hv h{shfwhg sur�wv dovr plqlpl}hv wkh yduldqfh

ri sur�wv +vhh Sursrvlwlrq 6/ Fkdswhu 4,1 Khqfh/ wkh vdph uxoh lv rswlpdo

iru doo phdq0yduldqfh djhqwv dqg wkh| zloo wdnh srvlwlrqv lghqwlfdo wr wkrvh

ri d ulvn qhxwudo lqyhvwru1 Wkdw elqdu| lqyhvwphqw uxohv fdq surylgh xvhixo

lqirupdwlrq iru ulvn dyhuvh djhqwv lv d urexvw idfw wkdw kdv ehhq vkrzq wr

krog lq jhqhudo vhwwlqjv +Phuwrq 4<;4,1

Pruh jhqhudoo|/ jrrg Ulvn Qhxwudo Iruhfdvwlqj prghov fdq vhuyh dv qru0
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pdwlyh prghov ri krz d uhvwulfwhg fodvv ri djhqwv vkrxog hvwlpdwh iruhfdvwv

iru uhwxuqv1 Lqghhg/ wkhuh lv vrph hylghqfh vxjjhvwlqj wkdw fhuwdlq lqvwlwx0

wlrqdo lqyhvwruv dqg vrph lqglylgxdov zkr lqyhvw d vpdoo sursruwlrq ri wkhlu

zhdowk ehkdyh lq d idvklrq zhoo dssur{lpdwhg e| ulvn qhxwudolw|1 Ixuwkhu0

pruh/ wkhvh whfkqltxhv dovr vhuyh dv srvlwlyh prghov ri krz djhqwv gr ohduq

wr iruhfdvw zklfk lq fhuwdlq fdvhv pd| eh yhu| xvhixo16 Krzhyhu/ vlqfh ixqgv

lqyhvwhg dffruglqj wr dq dssur{lpdwho| ulvn qhxwudo remhfwlyh ixqfwlrq frq0

vwlwxwh d idluo| vpdoo sursruwlrq ri wrwdo lqyhvwhg ixqgv/ d srvlwlyh prgho ri

wklv irup lv suredeo| ri olplwhg lqwhuhvw1

Ilqdoo|/ dq lpsruwdqw/ frpsolfdwhg dqg riwhq qhjohfwhg lvvxh lq surgxf0

lqj jrrg sdudphwulf prgho edvhg iruhfdvwv iru h{shfwhg xwlolw| pd{lplvhuv

lv dffrxqwlqj iru sdudphwhu xqfhuwdlqw| +h1j1 Eduehulv +4<<<,,1 Wklv lv sdu0

wlfxoduo| fkdoohqjlqj lq qrq0Ed|hvldq iudphzrunv zklfk duh wkh qrup iru

prghoolqj uhodwlyho| kljk iuhtxhqf| �qdqfldo vhulhv +iru d uhylhz ri dydlodeoh

phwkrgv/ vhh Emruqvwdg +4<<3,,1 Zkloh lw pd| eh xqvxusulvlqj/ lw lv fhu0

wdlqo| frqyhqlhqw wkdw lq vrph fdvhv wkh lqyhvwruv* ulvn qhxwudolw| uhqghuv

sdudphwhu xqfhuwdlqw| lvvxhv luuhohydqw1

Lq vxp/ wkh ulvn qhxwudo iruhfdvwlqj sureohp vkrxog eh ylhzhg dv dq

h{wuhpho| frqyhqlhqw ehqfkpdun wkdw lv qhyhuwkhohvv lqwhuhvwlqj shu vh1

Rujdqlvdwlrq ri fkdswhu

Lq Vhfwlrq 5 zh lqwurgxfh wkh ulvn qhxwudo lqyhvwphqw ghflvlrq dqg irupdolvh

wkh dvvrfldwhg rswlpdo suhglfwruv/ zklfk duh wkh wdujhw ri prghov iru Ulvn

Qhxwudo Iruhfdvwlqj1 Lq Vhfwlrq 6 zh wkrurxjko| fkdudfwhulvh wkh uhodwlrqvkls

ehwzhhq rswlpdo ulvn qhxwudo iruhfdvwv dqg wkh frqglwlrqdo glvwulexwlrq ri

uhwxuqv1 Lq sduwlfxodu/ zh ghyhors uhodwlrqv zlwk wkh frqglwlrqdo phdq ri

uhwxuqv dqg zlwk frqglwlrqdo txdqwlohv ri wkh vljq ri uhwxuqv1 Pdsslqjv wkh

vljq ri zklfk lv wkh vdph dv wkh vljq ri wkh frqglwlrqdo phdq ri uhwxuqv duh

rswlpdo iruhfdvwv iru wkh ulvn qhxwudo lqyhvwru1

Wklv lv h{sorlwhg lq Vhfwlrq 7 zkhuh zh glvfxvv krz Ulvn Qhxwudo Iruh0

fdvwlqj prghov pljkw eh ghyhorshg1 Jlyhq wkdw lq dssolhg �qdqfldo iruhfdvw0

lqj plvvshfl�hg prghov duh d idfw ri olih/ zh zrxog olnh wr dgrsw d prghoolqj

vwudwhj| wkdw lv urexvw zlwk uhvshfw wr plvvshfl�fdwlrq1 Zh wkhuhiruh dgrsw

d svhxgr rswlpdo prghoolqj vwudwhj| +Vnrxudv 5333, vlqfh svhxgr rswlpdo

prghov kdyh d qxpehu ri ghvludeoh surshuwlhv iru h{shfwhg xwlolw| pd{lplvhuv

xvlqj srwhqwldoo| plvvshfl�hg prghov1 Lq sduwlfxodu/ wkh| pd| eh rswlpdo

hyhq zkhq wkh prgho lv vxevwdqwldoo| plvvshfl�hg dqg zkhq wklv lv qrw wkh

fdvh/ wkh| zloo eh wkh ehvw prgho lq wkh fodvv lq dq dyhudjh vhqvh1 Wklv sdshu

lv wkh �uvw wr dsso| d svhxgr rswlpdo prghoolqj dssurdfk wr d vxevwdqwlyh

sureohp1

6Vhh Pdulprq +4<<9, dqg Vdujhqw +4<<6, iru d glvfxvvlrq ri wkh vfrsh ri ohduqlqj prghov

lq Hfrqrplfv1
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Lw lv dovr vkrzq wkdw d frqvlvwhqw hvwlpdwru iru d svhxgr rswlpdo Ulvn

Qhxwudo Iruhfdvwlqj prgho lv surylghg e| dq hvwlpdwru +glvfxvvhg lq ghwdlo

lq Fkdswhu 7, iru wkh vljq ri d frqglwlrqdo phdq1 Wklv hvwlpdwru lv d vdp0

soh dqdorj ri dq xqfrqglwlrqdo yhuvlrq ri wkh lqyhvwruv* remhfwlyh ixqfwlrq

0 khqfh lv forvho| uhodwhg wr wkh lghd ri hvwlpdwlqj prghov dffruglqj wr wkh

cuhohydqw orvv ixqfwlrq* +Zhlvv 4<<9,1 Zkloh lw kdv ehhq dujxhg wkdw vxfk

hvwlpdwruv duh cjrrg*/7 qhlwkhu wkhruhwlfdo qru hpslulfdo mxvwl�fdwlrqv kdyh

qrw ehhq iruwkfrplqj1 Lq wklv sdshu/ zh surylgh uhdvrqv iru zklfk vxfk hvwl0

pdwruv pd| eh jrrg lq wkh frqwh{w ri wkh Ulvn Qhxwudo Iruhfdvwlqj sureohp1

Ixuwkhupruh/ vlpxodwlrq hylghqfh lv surylghg lq d vwxg| wkdw frpsduhv wkh

uhodwlyh shuirupdqfh ri wkh sursrvhg hvwlpdwru wr d pd{lpxp olnholkrrg

hvwlpdwru1

Vhfwlrq 8 frqfoxghv> dq Dsshqgl{ iroorzv/ frqwdlqlqj surriv ri fhuwdlq

sursrvlwlrqv1

515 Suhglfwlrq dqg Lqyhvwphqwv

51514 Ehvw suhglfwlrq ri uhwxuqv

Uhwxuqv U|n� wr kroglqj d �qdqfldo dvvhw iurp wkh fxuuhqw shulrg w wr w. 4

pd| eh ghvfulehg dv=

U|n� @ �-+[|, . X|n� +514,

H +X|n�m{, @ 3>

zkhuh [| lv d udqgrp yduldeoh zlwk uhdolvdwlrqv { lq [ � U& / �- = [ $ U lv

d srvvleo| qrq0olqhdu ixqfwlrq/ X|n� lv d vfdodu glvwxuedqfh whup dqgH +�m[|,

lv wkh h{shfwdwlrq ixqfwlrq ri d udqgrp yduldeoh frqglwlrqdo rq uhdolvdwlrqv

ri [|1

Wkh remhfwlyh ri dq| iruhfdvwhu ri U|n� revhuylqj +rqo|, hyhqwv lq [

fdq eh irupdolvhg dv wkh ghwhuplqdwlrq ri wkh ixqfwlrqdo irup ri d cehvw

suhglfwru* ri U|n� frqglwlrqdo rq [|/ l1h1 ri d ixqfwlrq zklfk plqlplvhv wkh

iruhfdvwhuv* h{shfwhg orvv zkhq xvhg lq khu ghflvlrq sureohp1

Gh�qlwlrq 514 D ehvw suhglfwru lv d pdsslqj s = [ $ U wkdw vdwlv�hv

iru doo { 5 [ =

s +{, 5 duj plq
eo|n�MU

]
O+U|n�> eu|n�,gI-|n�

m{ +515,

zkhuh I-|n�
m{ lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri U|n� frqglwlrqdo rq

[| @ { dqg O = U2 $ U lv d orvv ixqfwlrq zklfk iru hdfk uhdolvdwlrq ri U|n�

dvvljqv d orvv dw w. 4 wr d suhglfwlrq eu|n� +dw wlph w, iru U|n�1

7Wr txrwh Judqjhu +4<<6, cli zh eholhyh wkdw d sduwlfxodu fulwhulrq111 vkrxog eh xvhg

wr hydoxdwh iruhfdvwv wkhq lw vkrxog dovr eh xvhg dw wkh hvwlpdwlrq vwdjh ri wkh prghoolqj

surfhvv*1
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Reylrxvo| wkh ehkdylrxu ri wkh vhw ri vroxwlrqv wr +515, zloo ghshqg

vwurqjo| rq wkh fkrlfh ri orvv ixqfwlrq +iru h{dpsohv looxvwudwlqj wklv gh0

shqghqfh/ vhh Fkulvwr�huvrq ) Glherog +4<<9,,1 Zkhq wkh frqwh{w lq zklfk

iruhfdvwv zloo eh xvhg lv xqnqrzq/ wkh frqyhqwlrq lv wr doorz fhuwdlq cvwdq0

gdug* phdvxuhv ri orfdwlrq vxfk dv wkh frqglwlrqdo phdq ru phgldq wr eh

lqwhusuhwhg dv iruhfdvwv1 Vwdqgdug iruhfdvwv pd| eh cjrrg* suhglfwruv iru

vrph fodvv ri orvv ixqfwlrqv +li wkh| vdwlvi| vrph urexvwqhvv surshuw|8,/ exw

zloo eh ehvw rqo| iru d yhu| uhvwulfwhg fodvv ri orvv ixqfwlrqv19

51515 Suhglfwlrq ri uhwxuqv lq wkh frqwh{w ri d vlpsoh lqyhvw0

phqw ghflvlrq

Frqvlghu wkh vlpsoh rqh shulrg fdvk0vlqjoh dvvhw doorfdwlrq ghflvlrq frqgl0

wlrqdo rq [| @ {=

pd{
@Md3rc,o

H iX+Z|n�,m{j +516,

v=w= Z|n� @ dZ|+4 .U|n�, . +4� d,Z|

zkhuh d +wkh iudfwlrq ri zhdowkZ| lqyhvwhg lq wkh dvvhw, lv frqvwudlqhg wr eh

�qlwh ydoxhg wr fdswxuh +elqglqj, eruurzlqj dqg vkruw0vhoolqj frqvwudlqwv1 Lw

lv zruwk qrwlqj wkdw zkloh zh devwudfw iurp wkhvh lvvxhv khuh/ sursruwlrqdwh

wudqvdfwlrq frvwv dqg d ulvnohvv dvvhw fdq hdvlo| eh dffrpprgdwhg lq wkh

Ulvn Qhxwudo Iruhfdvwlqj sureohp +vhh Fkdswhu 7/ Vhfwlrq 715,1

D qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri d ehvw suhglfwru fruuhvsrqglqj

wr wklv lqyhvwphqw ghflvlrq sureohp lv wkdw wkh vroxwlrq ri +516, pd| eh gh0

vfulehg dv dq dfwlrq uxoh d = U $ ^�v> o` pdsslqj suhglfwlrqv eu|n� iru U|n�

wr rswlpdo lqyhvwphqwv/ h{suhvvhg dv iudfwlrqv ri zhdowk1 Wkh uhdvrq iru wklv

lv wkdw d +�, pxvw eh xvhg wr frqvwuxfw d orvv ixqfwlrq O 0 zlwkrxw zklfk

d ehvw suhglfwru fdqqrw eh gh�qhg1 Krzhyhu/ lw lv zhoo nqrzq wkdw xqohvv

uhvwulfwlyh dvvxpswlrqv duh lpsrvhg rq h{shfwhg xwlolw|/ +srlqw, iruhfdvwv iru

uhwxuqv gr qrw surylgh vx!flhqw lqirupdwlrq iru xwlolw| pd{lplvlqj lqyhvw0

phqw ehkdylrxu +wkh vroxwlrq wr +516, fdqqrw eh ghvfulehg e| d pdsslqj

vxfk dv d +�,, vr vxfk d orvv ixqfwlrq grhv qrw h{lvw dqg wkhuhiruh +srlqw,

iruhfdvwlqj lv qrw zhoo gh�qhg1 Lqghhg/ wklv revhuydwlrq lv dw ohdvw lq sduw

uhvsrqvleoh iru wkh gluhfwlrq ri uhfhqw uhvhdufk h�ruw wrzdugv frqglwlrqdo

glvwulexwlrq iruhfdvwlqj +Glherog/ Kdkq ) Wd| 4<<</ Glherog/ Jxqwkhu )

Wd| 4<<;/ Kdqvhq 4<<7,1

Dssursuldwh dvvxpswlrqv rq iX>I-|n�
m{j dqg rq wkh lqyhvwru*v nqrzo0

hgjh ri I-|n�
m{ fdq hqvxuh wkdw d iruhfdvw eu|n� vxppdulvhv wkh lqirupdwlrq

8
Exw Jhlvho ) ]hooqhu +4<9;, dqg ]hooqhu +4<:6,dujxh wkdw vxfk urexvwqhvv surshuwlhv

duh xqolnho|1
9
Wkhvh phdvxuhv ri orfdwlrq duh ehvw suhglfwruv iru dssursuldwho| fkrvhq orvv ixqfwlrqv1

Lq sduwlfxodu/ wkh diruhphqwlrqhg h{dpsohv duh rswlpdo iru vtxduhg huuru uEo|n�c eo|n�� '
Eo|n� 3 eo|n��

2
dqg devroxwh huuru orvv ixqfwlrqv uEo|n�c eo|n�� ' �o|n� 3 eo|n�� uhvshfwlyho|1
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qhfhvvdu| iru xwlolw| pd{lplvlqj lqyhvwruv wr vroyh +516,1 Lq sduwlfxodu/ li

lqyhvwruv nqrz fhuwdlq fduhixoo| fkrvhq surshuwlhv ri I-|n�
m{ exw qrw lwv

phdq: srlqw iruhfdvwv duh vx!flhqw iru xwlolw| pd{lplvdwlrq dqg wkh rswl0

pdo lqyhvwphqw fdq eh ghvfulehg e| d ixqfwlrq d +�, +zklfk lq vrph fdvhv fdq

hyhq eh ghwhuplqhg dqdo|wlfdoo|;,1 Krzhyhu/ vxfk dvvxpswlrqv duh kljko|

duwl�fldo qrw rqo| ehfdxvh wkh| lpsrvh yhu| duelwudu| uhvwulfwlrqv rq zkdw

wkh lqyhvwru nqrzv/ exw dovr ehfdxvh h{wuhph dvvxpswlrqv rq I-|n�
m{ duh

uhtxluhg1 Rq wkh rwkhu kdqg/ li dq lqyhvwru lv ulvn qhxwudo vxfk duwl�fldo dv0

vxpswlrqv duh xqqhfhvvdu| ehfdxvh khu ghflvlrq zloo ghshqg rqo| rq kljko|

uhvwulfwhg ihdwxuhv ri wkh ehkdylrxu ri I-|n�
m{1 E| uhvwulfwlqj wkh fodvv ri

xwlolw| ixqfwlrqv zh duh lqwhuhvwhg lq wr wklv qduurz fdvh/ zh duh deoh wr gh0

whuplqh d +�, zlwkrxw pdnlqj dq| dvvxpswlrqv rq I-|n�
m{ ru wkh lqyhvwru*v

nqrzohgjh ri lw1< Zh zloo irfxv rq wklv fdvh dqg wkhuhiruh pdlqwdlq wkh

iroorzlqj dvvxpswlrq wkurxjkrxw=

Dvvxpswlrq 514 Lqyhvwruv duh ulvn0qhxwudo/ l1h1 X +Z , @ �� . �2Z=

Doo reylrxv wlph vxevfulswv zloo khqfhiruwk eh ljqruhg1

51516 Ehvw suhglfwlrq ri uhwxuqv e| d ulvn qhxwudo lqyhvwru

Ulvn Qhxwudo Ehvw Suhglfwruv

D qhfhvvdu| dqg vx!flhqw frqglwlrq iru d +�, wr eh d ixqfwlrq vroylqj +516,

zkhq X +Z , @ �� . �2Z lv wkdw iru doo { =

d+{, @ +o . v, � L ^H +Um{,`� v +517,

zkhuh L lv d vljq lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4 li wkh ydoxh lq eudfnhwv

lv srvlwlyh dqg 3 rwkhuzlvh1 Zh pdnh wkh qdwxudo dvvxpswlrq wkdw wkh ulvn

qhxwudo lqyhvwru xvhv Ed|hv* uxohv zlwk uhvshfw wr khu iruhfdvwv1 Li wkh ulvn

qhxwudo lqyhvwru*v iruhfdvw iru U lv eu vkh zloo wdnh d srvlwlrq jlyhq e|=

d +eu, @ +o . v, � L ^eu`� v

:Iru h{dpsoh/ xqghu vwdqgdug dvvxpswlrqv pdnlqj xwlolw| d ixqfwlrq ri wkh frqglwlrqdo

phdq dqg yduldqfh/ lw lv vx!flhqw wkdw wkh frqglwlrqdo yduldqfh lv nqrzq1 Dqdorjrxvo|/
Zhvw hw do1 +4<<6, ghulyh d orvv ixqfwlrq iru suhglfwlrqv ri wkh frqglwlrqdo yduldqfh ri
uhwxuqv e| dvvxplqj phdq0yduldqfh xwlolw| dqg wkdw wkh frqglwlrqdo phdq lv nqrzq1

;Vhh Fdpsehoo ) Ylfhlud +4<<<, iru h{dpsoh1
<Dq dowhuqdwlyh zrxog eh wr ghsduw iurp wkh remhfwlyh ri suhglfwlqj uhwxuqv dqg wr

irfxv lqvwhdg rq gluhfw suhglfwlrq ri wkh rswlpdo ghflvlrq pdsslqj xvlqj d qrq0sdudphwulf

hvwlpdwlrq whfkqltxh +vhh h1j1 Eudqgw +4<<<,,1 Eudqgw*v +4<<<, dssurdfk zklfk uholhv
rq hvwlpdwlrq ri vroxwlrqv wr Hxohu htxdwlrqv lv qrw dssolfdeoh iru d ulvn qhxwudo lqyhvwru
ehfdxvh wkh vroxwlrq wr wkh ghflvlrq sureohp ri lqwhuhvw grhv qrw vdwlvi| d �uvw rughu

frqglwlrq1
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Lq wklv fdvh/ khu orvv lv wkh gl�huhqfh ehwzhhq wkh xwlolw| +dw wlph w.4, ri d

fruuhfw iruhfdvw dqg wkdw rewdlqhg jlyhq wkdw wkh iruhfdvw lv eu1 Wklv orvv lv

d udqgrp ixqfwlrq jlyhq e|=

O+U> eu, @ ++o . v, � L ^U`� v,U +518,

� ++o . v, � L ^eu`� v,U

Dv lv hylghqw iurp wkh gh�qlwlrq ri d ehvw suhglfwru +515,/ d orvv ixqfwlrq

fdq eh uhsodfhg zlwk dq| lqfuhdvlqj olqhdu wudqvirupdwlrq zlwkrxw d�hfwlqj

wkh vhw ri ehvw suhglfwruv1 Zh pd| pxowlso| dqg vxewudfw srvlwlyh frqvwdqwv

wr rewdlq d vlpsohu htxlydohqw orvv ixqfwlrq=

O+U> eu, @ �U � L ^eu` +519,

Hylghqwo|/ wkh eruurzlqj dqg vkruw0vhoolqj frqvwudlqwv ri d ulvn qhxwudo

djhqw vroylqj +516, gr qrw lq xhqfh khu orvv ixqfwlrq lq d zd| wkdw d�hfwv

rswlpdo suhglfwlrq +dv orqj dv wkh| duh �qlwh,1 Zh pd| wkhuhiruh xvh wkh

pruh vxfflqfw orvv ixqfwlrq dvvrfldwhg zlwk dq djhqw frpsohwho| xqdeoh wr

eruurz +o @ 4, ru vkruw0vhoo +v @ 3, wr fkdudfwhulvh ehvw suhglfwruv ri doo

ulvn qhxwudo djhqwv vroylqj +516,1 Vxfk suhglfwruv duh fdoohg ulvn qhxwudo ehvw

suhglfwruv1

Gh�qlwlrq 515 D ulvn qhxwudo ehvw suhglfwru 43 +UQES, lv d pdsslqj

s = [ $ U vdwlvi|lqj=

s +{, 5 duj plq
eoMU�

�

]
U � L ^eu`gI-m{> { 5 [ +51:,

516 Uhodwlrq ri ulvn qhxwudo ehvw suhglfwruv wr wkh

frqglwlrqdo glvwulexwlrq ri uhwxuqv

Lq wklv vhfwlrq zh ghulyh vrph surshuwlhv ri UQESv wkdw fdq eh xvhg wr

uhodwh wkhp wr pruh idploldu suhglfwruv1

51614 UQESv dqg wkh frqglwlrqdo phdq ri uhwxuqv1

Vlpsoh pdqlsxodwlrqv ri d ulvn qhxwudo ehvw suhglfwru*v gh�qlwlrq irupdolvh

lwv uhodwlrq wr wkh frqglwlrqdo phdq ri uhwxuqv1 Wkh iroorzlqj sursrvlwlrq

vkrzv wkdw dq| suhglfwru ri uhwxuqv zlwk wkh vdph vljq dv wkh frqglwlrqdo

phdq zloo eh ehvw iru d ulvn qhxwudo lqyhvwru1 Wklv lv lqwxlwlyh vlqfh wklv

djhqw*v dfwlrq rqo| ghshqgv rq wkh vljq ri wkh frqglwlrqdo phdq dqg khqfh

vxfk d suhglfwlrq zloo dozd|v ohdg wr rswlpdo dfwlrqv1

43Iru uhdvrqv wkdw zloo ehfrph reylrxv/ zh zloo vrphwlphv uhihu wr wklv dv dq h{ srvw

ulvn qhxwudo ehvw suhglfwru1
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Sursrvlwlrq 514 D pdsslqj s = [ $ U lv d ulvn qhxwudo ehvw suhglfwru li

dqg rqo| li=

+d, Lw vdwlv�hv=

s +{, 5 dujplq
eoMU

��- +{, � L ^eu` > { 5 [ +51;,

Htxlydohqwo|/

+e, Lw lv d vljq0suhvhuylqj wudqvirupdwlrq ri wkh frqglwlrqdo phdq/

l1h1 lw vdwlv�hv=

s +{, @ � +�- +{,, > { 5 [

iru vrph � 5 W � i� = � +|, A 3 / | A 3j

Surri1 +d, Wkh gh�qlwlrq ri d ulvn qhxwudo ehvw suhglfwru +51:, lv htxly0

dohqw wr +51;,1

+e, Wkh vhw ri vroxwlrqv wr +51;, lv wkh vhw ri ixqfwlrqv i� +�-, = � 5 Wj1
Vlqfh/ e| gh�qlwlrq/ s lv lq wklv vroxwlrq vhw/ rxu frqfoxvlrq iroorzv lpphgl0

dwho|1

Sursrvlwlrq 4+d, vwdwhv wkh wulyldo idfw wkdw wkh frqglwlrqdo phdq �- +�,
lv d UQES/ zklfk lv qrw vxusulvlqj vlqfh lw lv reylrxv iurp +517, wkdw ulvn qhx0

wudo lqyhvwruv fdq pdnh rswlpdo ghflvlrqv rq wkh edvlv ri frqglwlrqdo phdqv1

D olwwoh ohvv reylrxv lv sduw +e, dffruglqj wr zklfk dq| vljq0suhvhuylqj wudqv0

irupdwlrq ri �- +�, lv dovr d UQES1 Wkh lpsruwdqfh ri wklv ghulyhv iurp wkh

idfw wkdw wkh vsdfh ri ixqfwlrqv lqfoxghg lq W lv odujh/44 dv looxvwudwhg lq

Iljxuh 5141 Khqfh lw pd| eh wkdw zkloh �- +�,glvsod|v luuhjxodu ihdwxuhv

zklfk pdnh lw gl!fxow wr hvwlpdwh +iru h{dpsoh/ lw pd| kdyh glvfrqwlqx0

lwlhv ru pd| eh fkdqjlqj ryhu wlph,/ wkhuh lv d � 5 W vxfk wkdw � +�- +�,,
lv uhjxodu +h1j1 frqwlqxrxv dqg frqvwdqw ryhu wlph, dqg wkhuhiruh hdv| wr

hvwlpdwh dffxudwho|1 Lq wklv fdvh/ wkh ulvn qhxwudo lqyhvwru fdq srwhqwldoo|

hvwlpdwh d ehvw suhglfwru hyhq zkhq lw lv lpsrvvleoh lq sudfwlfh wr hvwlpdwh

wkh frqglwlrqdo phdq1

44
Pdqvnl +4<;;e/ s1:6:, surylghv d fkdudfwhulvdwlrq ri d vpdoo exw lpsruwdqw vxevhw ri

W�
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Iljxuh 514 Vrph vljq suhvhuylqj wudqvirupv

51615 UQESv dqg wkh frqglwlrqdo glvwulexwlrq ri wkh vljq ri

uhwxuqv1

Udwkhu wkdq wklqnlqj ri eu dv d suhglfwlrq iru U rqh pd| dovr wklqn ri +dq

lqglfdwru ri, wkh vljq ri wkh suhglfwlrq L
eo
@ L ^eu` dv d suhglfwlrq iru +dq

lqglfdwru ri, wkh vljq ri uhwxuqv L- � L ^U`1 Wklv lqwhusuhwdwlrq fdq eh

xvhixo dv orqj dv wkh uhodwlrqvkls ehwzhhq wkh vljq ri wkh UQES dqg wkh

glvwulexwlrq ri wkh vljq ri uhwxuqv lv xqghuvwrrg1

Lq wkh �uvw lqvwdqfh rqh pljkw wklqn wkdw wkh vljq ri wkh UQES lv d

iruhfdvw zklfk pd{lplvhv wkh suredelolw| ri fruuhfwo| iruhfdvwlqj wkh vljq ri

uhwxuqv +iru h{dpsoh/ wkh pdunhw wlplqj whvw ri Khqulnvvrq ) Phuwrq +4<;4,

phdvxuhv lqyhvwruv* iruhfdvwlqj delolw| dffruglqj wr wklv phwulf,1 Krzhyhu/

wklv lv qrw wkh fdvh= D suhglfwru wkdw grhv qrw pd{lplvh wkh suredelolw| ri

fruuhfwo| iruhfdvwlqj wkh vljq ri uhwxuqv exw zklfk lv jrrg dw suhglfwlqj wklv

vljq zkhq cwkh vwdnhv duh kljk* zloo eh suhihuuhg e| d ulvn qhxwudo lqyhvwru1

Lw lv hdv| wr vkrz wkdw wkh frqglwlrq wkdw wkh phdq dqg phgldq ri I-m{

kdyh gl�huhqw vljqv lv qhfhvvdu| dqg vx!flhqw iru d iruhfdvw pd{lplvlqj wkh

suredelolw| ri d fruuhfw vljq wr ohdg wr zurqj ghflvlrqv1

H{dpsoh 514 Vxssrvh U lv d glvfuhwh udqgrp yduldeoh vxfk wkdw Su +U @ 3=4, @

3=5> Su +U @ �3=334, @ 3=;= D srvlwlyh frqvwdqw eu� lv d ulvn qhxwudo ehvw

suhglfwru e| Sursrvlwlrq 4/ vlqfh H +U, @ 3=34<5 A 31 Frqvlghu qrz wkh

suhglfwlrq eu2 ? 31 Wklv kdv dq ;3( suredelolw| ri fruuhfwo| iruhfdvwlqj wkh

vljq ri uhwxuqv exw lw lqgxfhv d ulvn qhxwudo lqyhvwru wr eh vkruw dqg khqfh

lqfxu h{shfwhg orvvhv1 Rq wkh rwkhu kdqg/ d suhglfwlrq eu� A 3 kdv rqo| d 53(

fkdqfh ri jhwwlqj wkh vljq uljkw exw uhvxowv lq d orqj srvlwlrq dqg h{shfwhg

sur�wv1
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Lw lv wkhuhiruh fohdu wkdw wkh ulvn qhxwudo ehvw suhglfwru pdnhv d frpsur0

plvh ehwzhhq fruuhfwo| suhglfwlqj wkh vljq ri uhwxuqv dqg pd{lplvlqj wkh

uhodwlyh pdjqlwxgh ri uhwxuqv zkhq wkh| duh uljkw frpsduhg wr zkhq wkh|

duh zurqj1 Wkh iroorzlqj sursrvlwlrq irupdolvhv wklv wudgh0r�1

Sursrvlwlrq 515 Gh�qh D = [ $ ^3> 4` dv=

D +{, �
H +mUm mL- @ 4> {,

H +mUm mL- @ 4> {, .H +mUm mL- @ 3> {,
> { 5 [ +51<,

D pdsslqj s = [ $ U lv d ulvn qhxwudo ehvw suhglfwru li dqg rqo| li=

s +{, 5 duj plq
eoMU�

�L ^eu` � +D +{,� Su +L- @ 3m{,, > { 5 [ +5143,

Surri1 Vhh Dsshqgl{ D1

Sursrvlwlrq 515 uhyhdov wkh uhodwlrqvkls ehwzhhq wkh ehvw suhglfwru dqg

wkh frqglwlrqdo glvwulexwlrq ri wkh vljq ri uhwxuqv +wkh elqdu| udqgrp ydul0

deoh L-,1 Rqh pd| wklqn ri D dv d phdvxuh ri wkh pdjqlwxgh ri uhwxuqv

zkhq wkh| duh srvlwlyh +mUm mL- @ 4, lq uhodwlrq wr wkhlu pdjqlwxgh zkhq

wkh| duh qhjdwlyh +mUm mL- @ 3,1 Wkh sursrvlwlrq lpsolhv wkdw li wkh glvwul0

exwlrq ri U lv vx!flhqwo| vnhzhg wrzdugv wkh uljkw/ wkhq wkh ulvn qhxwudo

lqyhvwru vkrxog eh orqj hyhq li Su +L- @ 3m{, A 3=8 dqg D txdqwl�hv zkdw

lv vx!flhqw lq uhodwlrq wr Su +L- @ 3m{,1 Dqrwkhu zd| ri h{suhvvlqj wkh uh0

odwlrq ehwzhhq wkh f1g1i1 ri wkh vljq ri uhwxuqv dqg UQESv lv surylghg e|

Sursrvlwlrq 6/ vkrzlqj wkdw L
eo pxvw eh d sduwlfxodu +ghwhuplqhg e| D +�,,

qrq0frqvwdqw frqglwlrqdo txdqwloh ri L-1

Sursrvlwlrq 516 Ohw Tk +{, eh wkh �*wk txdqwloh ri L-m{ vr wkdw=

Tk +{, � plq
lMdfc�o

� = Su +L- � �m{, � �> { 5 [ +5144,

Ohw T� +{, eh wkh D +{,*wk txdqwloh ri L-m{ vr wkdw=

T� +{, � plq
lMdfc�o

� = Su +L- � �m{, � D +{, > { 5 [ +5145,

D pdsslqj s = [ $ U lv d UQES li dqg rqo| li=

T� +{, @ L^s +{,`> { 5 [

l1h1 lw lv srvlwlyh li dqg rqo| li wkh D +[,*wk txdqwloh ri L-m{ lv 41

Surri1 Iurp wkh f1g1i1 ri L- lw lv hdv| wr yhuli| wkdw =

T� +{, @

�
4/ D +{, A Su +L- @ 3,
3/ D +{, � Su +L- @ 3,

�
> { 5 [
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Lw iroorzv iurp Sursrvlwlrq 5 wkdw=

L^s +{,` @

�
4/ D +{, A Su +L- @ 3,
3/ D +{, � Su +L- @ 3,

�
> { 5 [

Frpelqlqj wkhvh idfwv zh rewdlq wkh ghvluhg uhvxow1

Dv vlpsoh dv wklv sursrvlwlrq pd| eh/ lw lv vrphzkdw vxusulvlqj wkdw

wkh ulvn qhxwudo ehvw suhglfwlrq sureohp lv htxlydohqw wr ghwhuplqlqj d qrq0

frqvwdqw txdqwloh ri wkh vljq ri uhwxuqv +ghshqglqj rq wkh uhdolvdwlrq ri

[,1 Dqrwkhu zd| ri wklqnlqj derxw wklv lv wkdw wkh vljq ri wkh UQES

plqlplvhv d olq0olq orvv ixqfwlrq zlwk vorshv ghwhuplqhg e| D +{,1 Wklv idfw
fdq frqvlghudeo| vlpsoli| wkh sureohp ri ehvw suhglfwlrq zkhq lw lv eholhyhg

wkdw wkh GJS glvsod|v fhuwdlq surshuwlhv1 Khuh lv dq h{dpsoh ri vxfk d fdvh1

H{dpsoh 515 Vxssrvh lw kdv ehhq hvwdeolvkhg wkdw IU- m{ lv vxfk wkdw iru doo

{

H +mUm mL- @ 4> {, @ H +mUm mL- @ 3> {, =

Wkhq D +{, @ �

2
iru doo { dqg khqfh T� +{, lv wkh phgldq ri IU- m{1 Nqrzo0

hgjh ri wkh phgldq ri wkh frqglwlrqdo glvwulexwlrq ri wkh vljq ri uhwxuqv lv

vx!flhqw iru d ulvn qhxwudo lqyhvwru wr pdnh khu rswlpdo ghflvlrqv145

Lw pd| eh lqvwuxfwlyh wr wklqn lqwxlwlyho| derxw wkh ghjuhh wr zklfk wkh

ehkdylrxu ri I-m{ pxvw eh nqrzq lq rughu wr rewdlq wkh ulvn qhxwudo ehvw

suhglfwru1 Dvvxplqj wkdw D +�, lv nqrzq/ d orzhu erxqg lv surylghg e| wkh

frqglwlrqdo txdqwlohv T@ +�, ri wkh vljq ri uhwxuqv ryhu wkh udqjh ri D +�,=
zlwkrxw wklv/ wkh rswlpdo ghflvlrq zloo eh xqnqrzq/ dw ohdvw iru vrph {1 Dq

reylrxv xsshu erxqg lv wkh frqglwlrqdo phdq/ exw d wljkwhu xsshu erxqg lv

jlyhq e| L- wkh frqglwlrqdo glvwulexwlrq ri wkh vljq ri uhwxuqv1

517 Prghoolqj Ulvn Qhxwudo Iruhfdvwv

Kdylqj fkdudfwhulvhg ulvn qhxwudo ehvw suhglfwruv dqg wkhlu uhodwlrq wr wkh

frqglwlrqdo glvwulexwlrq ri uhwxuqv I-m{/ zh qrz wxuq wr wkh sureohp ri prg0

hoolqj wkhp zkhq I-m{ lv xqnqrzq/ exw dq hpslulfdo glvwulexwlrq ixqfwlrq

I� frqvlvwlqj ri gudzv iu?> {?j
�

?'�
iurp I lv revhuyhg1 Wkh remhfwlyh lv qrz

wr gh�qh d cjrrg* suhglfwlrq uxoh t = U
��[��[$ Updsslqj wkh revhuyhg

vdpsoh dqg frqglwlrqlqj yduldeoh lqwr d iruhfdvw eu/ l1h1 eu @ t +I� > {,1

Wr surfhhg/ vrph ixuwkhu vwuxfwxuh lv xvxdoo| lpsrvhg rq wkh irup ri

srwhqwldo suhglfwlrq uxohv1 Khuh zh zloo irfxv rq wkh vlwxdwlrq zkhuh d sr0

whqwldoo| plv0vshfl�hg sdudphwulf prgho J iru It m{ lv srvwxodwhg/ wdnlqj wkh

45
Pruh jhqhudoo|/ zkhq � lv htxdo wr d frqvwdqw @/ Ulvn Qhxwudo Ehvw Suhglfwruv fdq eh

irxqg e| ghwhuplqlqj wkh @*wk txdqwloh ri wkh elqdu| uhvsrqvh U-1 Txdqwloh uhjuhvvlrqv ri

elqdu| uhvsrqvhv kdyh ehhq vwxglhg e| Pdqvnl ) Wkrpsvrq +4<;<,1
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irup=

J @

q
J-m ^{> f` > f 5 E � U&

r

Lw lv cqdwxudo* wr xvh I� wr fkrrvh d sdudphwhu ef� +dqg khqfh d prgho,

dqg dvvxph wkdw d UQES zlwk uhvshfw wr J-m ^{>ef� ` zloo eh d jrrg ds0

sur{lpdwlrq wr wkh UQES zlwk uhvshfw wr I-m{ 0 sduwlfxoduo| li sdudphwhu

xqfhuwdlqw| dqg wkh dssursuldwh orvv ixqfwlrq duh dffrxqwhg iru lq hvwlpd0

wlrq ri f +vhh h1j1 ]hooqhu +4<:;,,1 Lq wklv fdvh iruhfdvwv duh jlyhq e| ghflvlrq

uxohv ri wkh irup t = E � [ $ U zlwk eu @ t +ef� > {,1 Ri frxuvh/ wkhuh duh

rwkhu zd|v ri frqvwuxfwlqj suhglfwlrq uxohv +vhh h1j1 Jhlvvhu +4<<6,, exw zh

zloo uhvwulfw rxu dwwhqwlrq wr wklv w|sh ri uxohv lq zkdw iroorzv1

Lq wkh uhvw ri wklv vhfwlrq zh zloo sursrvh d qryho zd| ri rewdlqlqj ef� dqg

glvfxvv wkh uhdvrqv iru zklfk lw pd| eh suhihudeoh wr vwdqgdug hvwlpdwruv ri

wkh svhxgr0pd{lpxp olnholkrrg/ ohdvw vtxduhv dqg Ed|hvldq ydulhw|1

51714 Svhxgr0rswlpdo ulvn qhxwudo iruhfdvwlqj prghov

Li wkh prgho lv plv0vshfl�hg 0 dv lv olnho| wr eh wkh fdvh lq prvw dssolfdwlrqv

0 zh kdyh qr jxdudqwhh wkdw vwdqgdug hvwlpdwruv ohdg wr jrrg iruhfdvwlqj

uxohv +ohw dorqh ehvw suhglfwruv, hyhq dv|pswrwlfdoo|1 Lq sduwlfxodu/ vwdqgdug

hvwlpdwruv jhqhudoo| frqyhujh wr svhxgr0wuxh sdudphwhuv +plqlplvlqj wkh

Nxooedfn0Ohleohu glvfuhsdqf| iurp I , dqg lw lv qrw fohdu wkdw wkh lqyhvwru

zloo gr zhoo xvlqj d suhglfwru edvhg rq d svhxgr0wuxh prgho1 Lq sduwlfxodu/

wkhuh pd| eh d prgho lq J wkdw ohdgv wr suhglfwlrqv ri juhdwhu xwlolw| wr wkh

lqyhvwru1

Vnrxudv +5333, h{dplqhv wklv lvvxh lq wkh frqwh{w ri jhqhudo h{shfwhg

xwlolw| pd{lplvdwlrq sureohpv wkdw qhvw wkh Ulvn Qhxwudo Iruhfdvwlqj sure0

ohp frqvlghuhg khuh1 Lw lv dvvxphg wkdw djhqwv xvh Ed|hv* uxohv zlwk uhvshfw

wr prghov +dv zh gr khuh, dqg prghov duh frpsduhg lq whupv ri wkh sd|r�v

ri wkh Ed|hv* uxohv wkh| jhqhudwh1 D svhxgr0rswlpdo prgho lq J lv gh�qhg dv

wkh prgho lq J wkdw jhqhudwhv wkh odujhvw +xqfrqglwlrqdo, h{shfwhg xwlolw|

+hydoxdwhg zlwk uhvshfw wr I , iru lwv xvhuv1 Lq wkh frqwh{w ri wkh ulvn qhxwudo

lqyhvwphqw ghflvlrq ri lqwhuhvw/ wkh svhxgr0rswlpdo ulvn qhxwudo iruhfdvwlqj

prgho lq J pd| eh gh�qhg e| d svhxgr0rswlpdo ulvn qhxwudo iruhfdvwlqj sd0

udphwhu e vxfk wkdw=

e 5 dujplq
SM�

�

]
U � L ^p+[> f,`gI> +5146,

zkhuh I lv wkh mrlqw f1g1i1 ri +U>[, dqg

p +{> f, @

]
U � gJ-m ^{> f`

lv wkh frqglwlrqdo phdq ri wkh prgho zlwk sdudphwhu f1
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Svhxgr0rswlpdo prghov duh suhihudeoh wr svhxgr0wuxh prghov iru wzr uhd0

vrqv1 Wkh �uvw dulvhv iurp wkh revhuydwlrq wkdw svhxgr0rswlpdo prghov pd|

eh dv jrrg dv wkh wuxh frqglwlrqdo glvwulexwlrq I-m{ iru wkh sxusrvhv ri d

sduwlfxodu ghflvlrq0pdnhu hyhq zkhq J lv plvvshfl�hg1 Lq wkh frqwh{w ri wkh

ulvn qhxwudo lqyhvwphqw ghflvlrq/ wklv zloo eh wkh fdvh zkhq J lv plvvshfl�hg

|hw wkhuh lv d e 5 E vxfk wkdw p +�> e, lv d vljq0suhvhuylqj wudqvirup ri wkh

frqglwlrqdo phdq �- +�,1 Lq rughu wr fkdudfwhulvh doo ixoo| rswlpdo prghov/

zh vkrz wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru p +�> e, wr eh d UQES

lv wkdw wkhuh lv dq rswlpdo prgho lq J dqg wkdw e vdwlv�hv +5146,1

Sursrvlwlrq 517 Ohw p = [ �E $ U eh wkh frqglwlrqdo phdq ri d prgho
J-m ^�> �` iru I-m{ vxfk wkdw p +{> e, > e 5 E lv d UQES1 Wkhq J-m ^�> e`
lv dq rswlpdo ulvn qhxwudo iruhfdvwlqj prgho doprvw hyhu|zkhuh rq [ li dqg
rqo| li J-m ^�> e` lv svhxgr0rswlpdo +l1h1 e vdwlv�hv +5146,,1

Surri1 Vhh Dsshqgl{1

Wkh vhfrqg dgydqwdjh ri svhxgr0rswlpdo prghov lv wkdw hyhq zkhq lw lv

qrw wkh fdvh wkdw svhxgr0rswlpdo prghov duh lq idfw rswlpdo/ Ed|hv* uxohv

zlwk uhvshfw wr wkh svhxgr0rswlpdo prgho zloo eh ehwwhu lq lqgh�qlwh uhshwl0

wlrqv ri wkh xwlolw| pd{lplvdwlrq sureohp wkdq dq| rwkhu Ed|hv* uxohv zlwk

uhvshfw wr prghov lq J1 Wklv lv ehfdxvh wkhvh Ed|hv uxohv rswlplvh dq xq0

frqglwlrqdo yhuvlrq ri wkh h{shfwhg xwlolw| pd{lplvdwlrq sureohp ri lqwhuhvw1

Htxlydohqwo|/ zkloh wkhuh pd| h{lvw d ehwwhu prgho zlwk uhvshfw wr zklfk wr

irup Ed|hv* uxohv iru vrph { 5 [ / lw zloo qhyhuwkhohvv eh rswlpdo rq dyhudjh
+zkhuh hdfk uhdolvdwlrq ri [ lv zhljkwhg e| lwv ghqvlw|,1

Lq rxu frqwh{w/ d ulvn qhxwudo ehvw suhglfwru lv wkh ulvn qhxwudo lqyhvwruv*

Ed|hv* uxoh zlwk uhvshfw wr wkh wuxwk I-m{= Lw vroyhv dq h{suhvvlrq htxlydohqw

wr=

pd{
@Md3rc,o

H iZ| � +4 . d �U|n�, m{j > { 5 [

Rq wkh rwkhu kdqg/ wkh ulvn qhxwudo ehvw suhglfwru zlwk uhvshfw wr wkh

svhxgr0rswlpdo ulvn qhxwudo iruhfdvwlqj prgho lq J lv d ixqfwlrqp +�> e, vxfk
wkdw e vroyhv=

pd{
SM�

H iZ| � ^4 . ++o . v, � L ^p +[> f,`� v, �U|n�`j

E| frqwudvw/ Ed|hv* uxohv zlwk uhvshfw wr svhxgr0wuxh prghov gr qrw vdw0

lvi| dq| surshuw| wkdw pdnhv wkhp vxlwdeoh iru xvh e| dq h{shfwhg xwlolw|

pd{lplvhu dqg khqfh wkhuh lv qr jurxqg rq zklfk wr h{shfw wkh vwdqgdug
prghoolqj dssurdfk wr eh cjrrg* iru d ulvn qhxwudo lqyhvwru146 Zh zloo wkhuh0

iruh dsso| wkh Svhxgr0rswlpdo prghoolqj dssurdfk ri Vnrxudv +5333,1 Lw lv

46Svhxgr0wuxh prghov riwhq plqlplvh wkh ohdvw0vtxduhv glvwdqfh ri d prgho iurp wkh frq0

glwlrqdo phdq1 Wkh surshuwlhv ri vxfk dssur{lpdwlrqv duh riwhq plvxqghuwrrg dv glvfxvvhg

e| Zklwh +4<;3,1
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zruwk qrwlqj wkdw zlwklq wklv dssurdfk J qhhg rqo| vshfli| prghov iru wkh

frqglwlrqdo phdq �-m{ ri U> li wklv lv wkh fdvh/ J vkrxog eh lqwhusuhwhg dv d

vhpl0sdudphwulf prgho iru I-m{1

51715 Hvwlpdwlqj Ulvn Qhxwudo Iruhfdvwlqj prghov

Zh qrz wxuq wr wkh lvvxh ri hvwlpdwlqj d svhxgr0rswlpdo ulvn qhxwudo iruh0

fdvwlqj prgho1 Lq Fkdswhu 7 zh sursrvh jhqhudo frqglwlrqv xqghu zklfk

ydulrxv hvwlpdwruv dv|pswrwlfdoo| frqyhujh wr e jlyhq e| +5146,1 Wkh prvw

jhqhudo frqglwlrqv duh iru wkh hvwlpdwru e� jlyhq e|=

e� 5 dujplq
SM�

�

]
U � L ^p+[> f,` gI� > +5147,

vlqfh lw grhv qrw uhtxluh fruuhfw vshfl�fdwlrq ri p +�> �, iru wkh vljq ri wkh

frqglwlrqdo phdq +Dvvxpswlrq 714,1 Dvvxplqj wkhvh frqglwlrqv krog/ xvh

ri iruhfdvwv jlyhq e| p+�> e� , zloo eh dv|pswrwlfdoo| svhxgr0rswlpdo1 Wkh

uhdvrq iru wklv gl�huhqfh lv wkh idfw wkdw e� lv d vdpsoh dqdorjxh ri +5146,>

zh zloo uhihu wr wkh deryh hvwlpdwru dv wkh VDPH hvwlpdwru ri d UQES dv

lw lv frqvwuxfwhg iurp wkh Vdpsoh Dqdorjxh Prphqw H{wuhpxp frqglwlrq

vdwlv�hg e| wkh UQES1 Lq Fkdswhu 7/ zh vwxg| wkh vwdwlvwlfdo dqg frpsxwd0

wlrqdo surshuwlhv ri wklv hvwlpdwru1 Lq wklv Fkdswhu zh frqvlghu lwv surshuwlhv

dv d zd| ri hvwlpdwlqj d ulvn qhxwudo iruhfdvwlqj prgho147

Lq rughu wr frpsduh hvwlpdwhg iruhfdvwlqj prghov lq �qlwh vdpsohv/ zh

zloo uhtxluh wkdw wkh| shuirup zhoo lq whupv ri ulvn zklfk lv d phdvxuh ri

wkhlu shuirupdqfh zkhq wkh| xvh d sduwxfodu iruhfdvwlqj uxoh t +ef� > {, dqg

hvwlpdwru ef� 1 Iru wkh ulvn qhxwudo lqyhvwru/ wkh frqglwlrqdo ulvn zlwk uhvshfw

wr { zkhq I lv wkh wuxh glvwulexwlrq lv jlyhq e|=

U ^+I>ef� , m{` @ �

]
U � L ^p+{>ef� ,`gI-ceS� m{ +5148,

zkhuh I-ceS� m{ lv wkh mrlqw f1g1i1 ri U dqg ef� frqglwlrqdo rq { +ghulydeoh

iurp I / wkh mrlqw f1g1i1 ri U dqg [,1 Dq xqfrqglwlrqdo phdvxuh ri ulvn lv

jlyhq e| lqwhjudwlqj ryhu [ lq +5148, wr rewdlq=

U ^+I>ef� ,` @ �

]
U � L ^p+[>ef� ,`gI-cfceS� 1 +5149,

Zkloh zh nqrz wkdw wkh VDPH hvwlpdwru zloo dv|pswrwlfdoo| plqlplvh

wkh xqfrqglwlrqdo phdvxuh ri ulvn xqghu jhqhudo frqglwlrqv rq I / lw lv xq0

uhdvrqdeoh wr h{shfw dq| hvwlpdwru wr plqlplvh hlwkhu phdvxuh ri ulvn iru

doo srvvleoh I lq �qlwh vdpsohv1 Udwkhu zkdw zh duh diwhu duh hvwlpdwruv

wkh shuirupdqfh ri zklfk lv idluo| urexvw zlwk uhvshfw wr I +Ehujhu 4<;8,1

47Wklv hvwlpdwru lv dq dssolfdwlrq ri wkh lghd ri hvwlpdwlqj d prgho xvlqj wkh uhohydqw

orvv ixqfwlrq +Zhlvv 4<<9/ Judqjhu 4<<6/ Pdqvnl 4<<4,1
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Yhul�fdwlrq ri vxfk d surshuw| lv d gl!fxow wdvn dqg wkhuh duh ihz jhqhudo

uhvxowv/ sduwlfxoduo| zkhq hvwlpdwruv duh edvhg rq plvvshfl�hg prghov1

Lq wkh iroorzlqj Vhfwlrq zh frqgxfw d vlpxodwlrq h{shulphqw ri olplwhg

exw lpsruwdqw vfrsh1 Wkh jrdo lv wr frpsduh wkh shuirupdqfh ri wkh VDPH

hvwlpdwru dqg d vwdqgdug pd{lpxp olnholkrrg hvwlpdwru lq d flufxpvwdqfh

wkdw zrxog vhhp wr idyrxu wkh odwwhu1

51716 Vlpxodwhg Ulvn ri hvwlpdwruv iru Ulvn Qhxwudo Iruh0

fdvwlqj

Frqvlghu wkh iroorzlqj GJS=

U|n� @ ef . e�U| . X|n�

X � Q
�
3> �2

�
llg

Uf � Q

�
ef

4� e�
> �2 +4� e�,

3�

�
ef @ 3=33348> e� @ 3=3663> � @ 3=343;

Wkh sdudphwhuv ri wklv GJS zhuh ghwhuplqhg xvlqj ROV wr hvwlpdwh dq

DU+4, prgho rq d vhulhv ri uhwxuqv gudzq iurp wkh hpslulfdo glvwulexwlrq ri

LEP gdlo| forvlqj sulfhv48 iurp 4vw Mdqxdu| 4<<3 wkurxjk wr 9wk Qryhpehu

4<<: +537< revhuydwlrqv,1

Vxssrvh wkh sdudphwulf irup ri wkh GJS lv nqrzq/ exw wkdw wkh ydoxhv

ri wkh sdudphwhuv duh qrw= Iru uhdvrqv glvfxvvhg lq pruh ghwdlo lq Fkdswhu

7/ rxu hvwlpdwru fdq rqo| surylgh d frqvlvwhqw hvwlpdwh ri wkh vfdoh ri wkh

sdudphwhuv ri d olqhdu prgho1 Khqfh/ wkh prgho wr eh hvwlpdwhg wdnhv wkh

irup=49

p+[> f, @ f.[

Dq hvwlpdwh iru Kf

K�
lv e� vdwlvi|lqj=4:

e� 5 dujplq
S
�

]
U|n� � L ^f.U|` gI� +514:,

Zh wrrn W @ 43
e gudzv iurp wkh f1g1i1 IK�

ri e� wr rewdlq wkh vlpxodwhg

glvwulexwlrq eIK� dqg uhshdwhg iru ydulrxv vdpsoh vl}hv1 Lq sduwlfxodu/ zh

vhw= Q @
�
433 � 5

,3�
�.

,'�
= Wkh vl}h ri W zdv fkrvhq vr wkdw wkh vwdqgdug

48Rewdlqhg iurp GDWDVWUHDP rq wkh odvw gd| lq wkh gdwdvhw1
49Vwulfwo| vshdnlqj/ zh vkrxog dovr hvwlpdwh wkh prgho r E-c S� ' S3- xqohvv zh nqrz

wkh vljq ri K�/ exw +iru vlpsolflw|, zh zloo dvvxph khuh +dqg zkhqhyhu zh hvwlpdwh olqhdu

prghov, wkdw wklv lv lqghhg nqrzq1 Riwhq hlwkhu wkhru| ru uhodwhg hpslulfdo hylghqfh

vxjjhvw wklv vljq1 Uhod{lqj wklv dvvxpswlrq zrxog lqyroyh vljql�fdqw frpsxwdwlrqdo h�ruw

dqg lv xqolnho| wr eh lpsruwdqw iru rxu frqfoxvlrqv1
4:Wr �{ K� dw d sduwlfxodu srlqw/ zh wrrn +erwk khuh dqg odwhu, wkh ydoxh forvhvw wr }hur

vdwlvi|lqj +71<,1
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ghyldwlrq e�K� ri eIK� glg qrw fkdqjh cpxfk* ehwzhhq A
2
dqg W iru dq| Q 1

Wkh glvwulexwlrq eIK� zdv wkhq xvhg wr vwxg| wkh ulvn dvvrfldwhg zlwk wklv

hvwlpdwru1

Lq wklv vhwwlqj/ pd{lpxp olnholkrrg vxjjhvwv lwvhoi dv d vwurqj frpshwlwru

wr wkh sdudphwulvdwlrq rewdlqhg xvlqj wkh VDPH hvwlpdwru/ vlqfh vwdwlvwlfdo

wkhru| vxjjhvwv lw zloo kdyh d qxpehu ri ghvludeoh surshuwlhv +dv|pswrwlf

qrupdolw|/ h!flhqf|/ txdgudwlf frqyhujhqfh udwhv hwf1,1 Pd{lpxp olnholkrrg

hvwlpdwhv fdq eh rewdlqhg dv=

�
e6,
f > e6,

�

�
� duj plq

ESfcS��

]
+U|n� � ff � f�U|,

2
gI� +514;,

vr lw lv uhdglo| vhhq wkdw wkh| duh dovr ohdvw vtxduhv hvwlpdwhv1 Zh pljkw

h{shfw wkh dwwudfwlyh wudfwdeoh surshuwlhv ri PO hvwlpdwlrq dv zhoo dv wkh

dgglwlrqdo dvvxpswlrqv zh frqyhqlhqwo| lpsrvh wr surylgh d cehwwhu* iruh0

fdvwlqj prgho1 Krzhyhu/ wkh uhohydqw frpsdulvrq lv lq whupv ri wkh Ulvn

dvvrfldwhg zlwk xvlqj hdfk hvwlpdwru1

Frqglwlrqdo Ulvn frpsdulvrq ri hvwlpdwruv

Wkh ulvn frqglwlrqdo rq u| iru wkh iruhfdvwv edvhg rq hvwlpdwhv eff>ef� lv d
ixqfwlrq ri wkh irupU ^+ef> e�> �>eff>ef�, mu|`1 Jlyhq wkdw +ef> e�> �, duh �{hg lq

wklv vlpxodwlrq/ zh pd| vxssuhvv wkhp lq rxu qrwdwlrq iru wkh ulvn ixqfwlrq

vr wkdw lw wdnhv wkh irup=

U +eff>ef�mu|, @ �

]
U|n� � L ^eff . ef�u|`gI-|n�ceSfceS� mu| +514<,

@ �

]
H +U|n�mu|, � L ^eff . ef�u|`gIeSfceS� mu| +5153,

Zh zloo pdnh wkh dvvxpswlrq wkdw iru wkh hvwlpdwruv zh frqvlghu ef � eSf
eS�

dqg U| duh lqghshqghqw
4; dqg ixuwkhupruh wkdw ef� A 3/ vr wkdw=

U +efmu|, @ � +ef . e�u|, � +4� I
eS
+�u|,, +5154,

Ohw
�
e6,

f
> e6,

�

�
dqg eh sdudphwhu hvwlpdwhv rewdlqhg e| pd{lpxp olnhol0

krrg1 Wkh dvvrfldwhg iruhfdvwv duh jlyhq e|=

eu6, @ e6,

f . e6,

� u|= +5155,

Lw pd| eh zruwk qrwlqj wkdw wkh pd{lpxp olnholkrrg iruhfdvwv duh dovr

rswlpdo srlqw Ed|hv iruhfdvwv iru wklv ghflvlrq sureohp zkhq sulruv duh gli0

ixvh1 Ixuwkhupruh/ lw pd| eh yhul�hg wkdw wdnlqj sdudphwhu xqfhuwdlqw| lqwr

4;Wklv dvvxpswlrq lv uhdvrqdeoh zkhq wkh vhulhv grhv qrw h{klelw ghshqghqfh/ ru zkhq

wkh vdpsoh xvhg iru hvwlpdwlrq lv vx!flhqwo| glvwdqw wr | zlwk uhvshfw wr wkh ghshqghqfh

lq wkh vhulhv1
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dffrxqw zloo qrw d�hfw wkh irup ri wkhvh iruhfdvwv/ ehfdxvh ulvn qhxwudolw|

lpsolhv rswlpdo hvwlpdwhv duh d ixqfwlrq rqo| ri H +U|n�mu|, zlwk xqfhuwdlqw|

derxw wklv ehlqj luuhohydqw1

Wkh ulvn frqglwlrqdo rq u| iru wkh pd{lpxp olnholkrrg iruhfdvwv lv=

U
�
e6,mu|

�
@ � +ef . e�u|, � +4� I

K
6, +�u|,, +5156,

zkhuh I
K
6, lv wkh f1g1i1 ri e6, � Kf

K�
1

Dqdorjrxvo|/ wkh VDPH iruhfdvwv duh jlyhq e|=

eu� @ e� . u|= +5157,

zlwk ulvn=

U +e� mu|, @ � +ef . e�u|, � +4� IK� +�u|,, +5158,

zkhuh I
K�

lv wkh f1g1i1 ri e� 1

Zh fdq jhw dq lghd ri krz wkhvh ulvn phdvxuhv frpsduh e| xvlqj wkh

vlpxodwhg glvwulexwlrqv eI� dqg eI
K
6, rewdlqhg lq rxu vlpxodwlrq wr sorw wkh

frqglwlrqdo ulvn ixqfwlrqv ri hdfk iruhfdvwlqj prgho iru hdfk Q +Iljxuh 515,1

-0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02 0.025
0

0.2

0.4

0.6

0.8

1

1.2
x 10-4

r(t)

Lo
ss

Iljxuh 514+d,1 Wklv lv d sorw ri +qrupdolvhg, frqglwlrqdo ulvn iru hdfk vdpsoh vl}h

Q ri wkh VDPH hvwlpdwru iruhfdvwv1 Dv wkh vdpsoh vl}h lqfuhdvhv dqg hvwlpdwhv

ehfrph pruh dffxudwh/ ulvn ghfuhdvhv dqg wkh ulvn ixqfwlrq ehfrphv vprrwkhu1
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ss

 fr
om

 M
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fo
re

ca
st

s

Iljxuh 514+e,1 Wklv lv d sorw ri +qrupdolvhg, ulvn iru hdfk vdpsoh vl}h Q ri wkh

PO hvwlpdwru iruhfdvwv1

Lw lv fohdu iurp +5154, wkdw wkh shuirupdqfh ri dq hvwlpdwru ghshqgv

rq krz forvho| wkh glvwulexwlrqv I
K
6, dqg I

K�
duh frqfhqwudwhg durxqg wkh

udwlr Kf

K�
1 Lw wxuqv rxw wkdw wkh PO hvwlpdwru surylghv yhu| edg hvwlpdwhv iru

wklv udwlr lq phglxp0vl}hg vdpsohv ehfdxvh zkhq e
6,

�
wdnhv rq vpdoo ydoxhv/

wkh pd{lpxp olnholkrrg hvwlpdwh
K
6,

f

K
6,

�

h{sorghv4< dqg dv d frqvhtxhqfh/ wkh

VDPH iruhfdvwv duh ehwwhu iru doo u| lq uhdolvwlf vdpsoh vl}hv1 Wklv sureohp

lv suredeo| gxh wr wkh idfw wkdw lq �qdqfldo vhulhv/ ef dqg e� duh olnho| wr eh

vpdoo uhodwlyh wr � vxjjhvwlqj wkh vljq ri Kf

K�
zloo riwhq eh zurqj1 Wkh forvh

frqqhfwlrq ehwzhhq wkh pd{lpxp olnholkrrg hvwlpdwhv dqg Ed|hv* hvwlpdwhv

vxjjhvwv wkdw wkh| duh dgplvvleoh/ phdqlqj wkdw iru vrph +ef> e�> �, wkh| zloo
qrw eh grplqdwhg e| wkh VDPH hvwlpdwru1 Krzhyhu/ wklv pljkw eh iru dq

luuhohydqw uhjlrq lq wkh sdudphwhu vsdfh1

Iru vx!flhqwo| odujh vdpsohv/ wkh idfw wkdw wkh e6, frqyhujhv dw d idvwhu

udwh wkdq e� +vhh Fkdswhu 7, ohdgv wkh PO iruhfdvwv wr ehfrph ehwwhu iru

prvw u| +sduwlfxoduo| wkrvh forvh wr wkh phdq ri wkh pdujlqdo glvwulexwlrq

I-|
ri U|,1

Xqfrqglwlrqdo Ulvn frpsdulvrq ri hvwlpdwruv

Zkhq qhlwkhu hvwlpdwru shuirupv ehwwhu iru doo u|/ d udqnlqj zklfk lv

qrw frqglwlrqdo rq u| fdq eh surylghg e| wkh phdvxuh lq +5149,1 Iru wklv

vlpxodwlrq/ lw pd| eh h{suhvvhg dv=

U

�
e6,

�
@ �

]
+ef . e�U, � +4� IK6, +�U,, gI- +5159,

4<Wklv lv uhodwhg wr sureohpv dgguhvvhg lq wkh vwdwlvwlfdo olwhudwxuh rq clqyhuvh uhjuhvvlrq*

0 vhh iru h{dpsoh Nuxwkfnr� +4<9:,1
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dqg

U +e� , @ �

]
+ef . e�U, � +4� IK� +�U,,gI- +515:,

Dqdo|wlfdo h{suhvvlrqv iru wkhvh Ulvn ixqfwlrqv frqglwlrqdo rq sduwlfxodu

ydoxhv ri e� ru e6, fdq eh hydoxdwhg xvlqj irupxodh surylghg lq Dsshqgl{

E1 Xvlqj wkh vlpxodwhg glvwulexwlrqv eI
K
6, dqg eIK

�
dv hvwlpdwhv iru I

K
6,

dqg IK
�

lq wkh h{suhvvlrqv deryh/ zh rewdlq vlpxodwhg hvwlpdwhv ri wkh

xqfrqglwlrqdo Ulvn53 iru hdfk hvwlpdwru dqg hdfk Q 1 Wkhvh dsshdu lq Wdeoh

514 dqg Iljxuh 515 ehorz1

Q 433 533 733 ;33 4933 6533 9733 4

�43e � U
�
e
6,

�
31<<7:4 414753 416566 418734 41;359 513733 514<<7 51675;

�43e � U +e� , 41:438 41:65; 41;37; 41;::5 41<:;7 5138<5 51473; 51675;

Wdeoh 514 Hdfk froxpq fruuhvsrqgv wr d vdpsoh vl}h Q iru zklfk zh frpsxwh

wkh xqfrqglwlrqdo Ulvn ri hdfk hvwlpdwru1 Wkh froxpq fruuhvsrqglqj wr 4 jlyhv

wkh sur�wv rewdlqhg zkhq wkh wuxh prgho lv xvhg1

�

� � �

�

� � �

�

� � �

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�
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�
�
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3 U R I LW V R I S U R S R V H G H V W LP D W R U 3 U R I LW V R I 2 / 6 � 0 / H V W LP D W R U

Iljxuh 5151 Sorw ri hvwlpdwruv* xqfrqglwlrqdo Ulvn dv d ixqfwlrq ri vdpsoh vl}h1

Zh frqfoxgh wkdw wkh VDPH hvwlpdwru shuirupv ehwwhu xs wr yhu| odujh

vdpsoh vl}hv dffruglqj wr wklv phwulf1 Wklv vxjjhvwv wkdw iru vhulhv wkdw duh

eholhyhg wr eh vx!flhqwo| vwdeoh ryhu wlph wr pdnh lw uhdvrqdeoh wr xvh odujh

vdpsohv lq hvwlpdwlrq/ lw pd| eh d jrrg lghd wr vzlwfk wr wkh pd{lpxp

olnholkrrg hvwlpdwru lq odujh vdpsohv1 Krzhyhu/ wklv lv frqglwlrqdo rq wkh

prgho ehlqj fruuhfwo| vshfl�hg/ vlqfh rwkhuzlvh zh nqrz wkdw wkh VDPH

hvwlpdwru lv olnho| wr eh gr ehwwhu lq odujh vdpsohv ehfdxvh lw frqyhujhv wr

wkh svhxgr0rswlpdo sdudphwhu1

53
Lq Fkdswhu 6 zh dovr uhsruw phdq vtxduhg huuruv iru wkh hvwlpdwruv lq wklv vlpxodwlrq1
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Pruh jhqhudoo|/ fdxwlrq lv zduudqwhg lq gudzlqj jhqhudolvdwlrqv iurp uh0

vxowv rewdlqhg zlwklq wklv qduurz hqylurqphqw1 Lw lv zruwk qrwlqj wkdw wkh

shuirupdqfh ri vwdqgdug hvwlpdwruv lq whupv ri xqfrqglwlrqdo ulvn fdq eh

lpsuryhg e| xvlqj prgl�fdwlrqv wkdw wdnh lqwr dffrxqw sdudphwhu xqfhu0

wdlqw| dqg wkh qdwxuh ri wkh uhohydqw ulvn ixqfwlrq +vhh h1j1 ]hooqhu +4<:;,

iru rqh dssurdfk wr wklv sureohp, hyhq wkrxjk wkh vdph lv qrw wuxh iru wkh

frqglwlrqdo sureohp1

518 Frqfoxvlrq

Zh kdyh fkdudfwhulvhg wkh iruhfdvwlqj sureohp ri d ulvn qhxwudo lqyhvwru

dqg sursrvhg dq hvwlpdwru iru prghov ri khu rswlpdo iruhfdvwv1 Uhvwulfwlqj

dwwhqwlrq wr wklv w|sh ri lqyhvwru olplwv wkh vfrsh ri uhvxowv rewdlqhg exw

doorzv xv wr ghyhors= +4, D frqyhqlhqw vwduwlqj srlqw iru irupxodwlqj d

ghflvlrq wkhruhwlf irxqgdwlrq iru �qdqfldo iruhfdvwlqj +exw vhh dovr Judqjhu

) Shvdudq +iruwkfrplqj, dqg Judqjhu ) Shvdudq +5333,,/ +5, Dq dwwhpsw

wr surylgh d udwlrqdolvdwlrq ri chfrqrplf ydoxh* dv d shuirupdqfh phwulf dqg

hvwlpdwlrq whfkqltxhv wkdw fdq eh xvhg wr lpsuryh iruhfdvw shuirupdqfh

dffruglqj wr wklv phwulf/ +6, D vhw ri uhvxowv wkdw pd| eh xvhg iru d irupdo

wuhdwphqw ri clqyhvwphqw uxoh* hvwlpdwlrq/ dssolfdeoh iru h{dpsoh wr wkh

hvwlpdwlrq ri whfkqlfdo wudglqj uxohv dqg pdunhw wlplqj uxohv1

Wkh culvn qhxwudo ehvw suhglfwru* lv d irupdolvdwlrq ri wkh qrwlrq ri dq

crswlpdo srlqw iruhfdvw iru d ulvn qhxwudo lqyhvwru*1 Vlqfh dq| ixqfwlrq zklfk

kdv wkh vdph vljq dv wkh frqglwlrqdo phdq lv d ulvn qhxwudo ehvw suhglfwru/

lw iroorzv wkdw Ulvn Qhxwudo Iruhfdvwlqj lv chdvlhu* wkdq frqglwlrqdo phdq

iruhfdvwlqj lq wkh vhqvh wkdw ohvv vwulqjhqw dvvxpswlrqv rq prgho vshfl�fd0

wlrq dffxudf| duh uhtxluhg iru rswlpdo suhglfwruv wr eh whqdeoh1 Wklv rffxuv

ehfdxvh wkh frqglwlrqdo phdq lv rqo| rqh ri dq lq�qlw| ri ulvn qhxwudo ehvw

suhglfwruv dq| ri zklfk vroyhv wkh iruhfdvwlqj sureohp ri wkh ulvn qhxwudo

lqyhvwru1 Wkxv wkh hvwlpdwru sursrvhg iru ohduqlqj ulvn qhxwudo ehvw suh0

glfwruv zloo ohdg wr prghov wkdw duh rswlpdo iru wklv lqyhvwru xqghu zhdn

dvvxpswlrqv rq prgho vshfl�fdwlrq1

Pruh jhqhudoo|/ wkh hvwlpdwlrq phwkrg sursrvhg zloo ohdg wr d svhxgr

rswlpdo prgho1 Wkdw lv/ lw zloo ohdg wr wkh prgho lq wkh fkrvhq fodvv wkdw

pd{lplvhv wkh xqfrqglwlrqdo h{shfwhg xwlolw| ri d ulvn qhxwudo lqyhvwru zkhq

xvhg dv wkh edvlv rq zklfk eholhiv dqg iruhfdvwv duh iruphg1 Ixuwkhupruh/ rxu

vlpxodwlrq kdv vkrzq wkdw hyhq lq frqglwlrqv wkdw vhhplqjo| idyrxu vwdqgdug

hvwlpdwruv wklv hvwlpdwru pd| eh ehwwhu iru wkh ulvn qhxwudo lqyhvwru1 Lw lv

qrw hqwluho| fohdu zkdw gulyhv wklv lqwhuhvwlqj uhvxow1

D qxpehu ri wulyldo exw lqwhuhvwlqj h{whqvlrqv kdyh ehhq glvfxvvhg vxfk

dv lqfoxglqj wudqvdfwlrq frvwv lq wkh ghflvlrq sureohp ri wkh ulvn qhxwudo

djhqw> rwkhuv duh ihdvleoh qr grxew1 Wkh h{sorudwlrq ri frpsohphqwdulhv

zlwk rwkhu olqhv ri uhvhdufk lq �qdqfldo iruhfdvwlqj pd| dovr eh dq dyhqxh
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iru iuxlwixo zrun1 Iru h{dpsoh/ lw zrxog eh lqwhuhvwlqj wr xvh rxu uhvxowv

wr prgli| Or ) PdfNlqod|*v +4<<:, phwkrgv iru frqvwuxfwlqj pd{lpdoo|

suhglfwdeoh sruwirolrv wr rewdlq sruwirolrv wkh suhglfwdelolw| ri zklfk zrxog

eh ri pd{lpdo hfrqrplf vljql�fdqfh1

Lw zrxog eh xvhixo wr frqvlghu krz rwkhu vwdjhv ri wkh prghoolqj surfhvv

+lq dgglwlrq wr hvwlpdwlrq, vkrxog eh prgl�hg wr dffrpprgdwh wkh vshfl�f

sureohp ri Ulvn Qhxwudo Iruhfdvwlqj1 Iru h{dpsoh/ ghulylqj wkh glvwulexwlrq

ri rxw ri vdpsoh shuirupdqfh ri hvwlpdwhg Ulvn Qhxwudo Iruhfdvwlqj prghov

frxog eh xvhg iru prgho vhohfwlrq dqg hydoxdwlrq +vhh Zhvw +4<<7,,1 Krsh0

ixoo| rxu fkdudfwhulvdwlrq ri rswlpdo iruhfdvwv lq wklv frqwh{w zloo eh xvhixo

lq grlqj vr1 Wkh qhhg iru vxfk uhvxowv lv dffhqwxdwhg e| wkh idfw wkdw wkh

surshuwlhv ri wkh sursrvhg hvwlpdwru duh xqghuvwrrg rqo| lpshuihfwo| +vhh

Fkdswhu 7,1

Doo wkhvh gluhfwlrqv duh lpsruwdqw exw wkh pdlq sulrulw| iru ixwxuh uh0

vhdufk lv hpslulfdo1 Wkh uhvxowv ghyhorshg shuplw hvwlpdwlrq ri d Ulvn Qhx0

wudo Iruhfdvwlqj prgho wkdw fdq frpelqh wkh vwuxfwxuh ri hfrqrphwulf prghov

iru uhwxuqv zlwk wkh sur�wdelolw| ri wkh prvw vxffhvvixo lqyhvwphqw uxohv1 D

k|eulg prgho ri wklv irup vkrxog surylgh qhz lqvljkwv lqwr wkh vwuxfwxuh

ri �qdqfldo vhulhv lq jhqhudo dqg pd| eh sduwlfxoduo| xvhixo lq ghwhfwlqj

uhjxodulwlhv zklfk h{huw d vwurqj lq xhqfh rq lqyhvwphqw ehkdylrxu1
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519 Dsshqgl{hv

Dsshqgl{ D= Surriv ri ohqjwk| sursrvlwlrqv

Surri ri Sursrvlwlrq 51 Vlqfh iru { 5 [ =

�- +{, @ Su+L- @ 3m{,H +UmL- @ 3> {, . Su+L- @ 4m{,H +UmL- @ 4> {,

Lw iroorzv wkdw iru { 5 [ =

�- +{, @ �Su+L- @ 3m{,H +mUm mL- @ 3> {,.Su+L- @ 4m{,H +mUm mL- @ 4> {,

@ H +mUm mL- @ 4> {,�Su+L- @ 3m{, ^H +mUm mL- @ 3> {, .H +mUm mL- @ 4> {,`

+515;,

Gh�qh k = [ $ Un vxfk wkdw=

k+{, �
4

H +mUm mL- @ 3> {, .H +mUm mL- @ 4> {,
+515<,

Li s +{, lv d ulvn qhxwudo ehvw suhglfwru/ e| Sursrvlwlrq +4d, lw vdwlv�hv=

s +{, 5 duj plq
eoMU�

�L ^eu` � �- +{, > { 5 [

Vlqfh iru doo { 5 [ > k+{, A 3 wklv lv htxlydohqw wr=

s +{, 5 duj plq
eoMU�

�L ^eu` � �- +{, � k +{, > { 5 [

E| vxevwlwxwlqj +515;, dqg +515<, lqwr wklv h{suhvvlrq/ zh rewdlq +5143,1

Surri ri Sursrvlwlrq 71

Vxssrvh p +�> e, lv d UQES doprvw hyhu|zkhuh rq [ 1 E| gh�qlwlrq=

p +{> e, 5 duj plq
eoMU�

�

]
U � L ^eu`gI m{> d1h1 [

vr lw pxvw eh wkdw iru doo f 5 E =

�

]
U � L ^p +[> e,`gI m{ � �

]
U � L ^p +[> f,`gI m{> d1h1 [

Lqwhjudwlqj ryhu doo lqhtxdolwlhv lq [ zlwk wkh suredelolw| phdvxuh ri { =

�

]
U � L ^p +[> e,` gI � �

]
U � L ^p +[> f,`gI> ;f 5 E>

Vr +5146, lv lqghhg d qhfhvvdu| frqglwlrq1

+
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Qrwlfh wkdw=

�

]
U � L ^p +[> f,` gI @ �

]
�- +[, � L+[> f,,gI

� �

]
�- +[, � L+[> f, � L>

-
+[,gI

� �

]
�- +[, � L>

-
+[,gI=

iru doo f 5 E=

Vlqfh wkh prgho lv fruuhfwo| vshfl�hg/ wkhuh h{lvwv d e3 wkdw vdwlv�hv

p +[> e�, @ �-+[, vr

�

]
U � L ^p +[> f,` gI � �

]
�- +[, � L+p

�
[> e�

�
,gI

Li e plqlplvhv +5146, wkhq lw pxvw eh wkdw L ^p +[> e,` @ L+p +[> e�,, doprvw

vxuho|1 Wkhq e| Sursrvlwlrq 4 p +[> e, lv d UQES doprvw vxuho|1

Dsshqgl{ E= Wkh glvwulexwlrq ri sur�wv zkhq iruhfdvwv dqg uhwxuqv

kdyh d mrlqw qrupdo glvwulexwlrq

Khuh zh ghulyh jhqhudo h{suhvvlrqv iru wkh glvwulexwlrq ri d ulvn qhxwudo

lqyhvwru*v sur�wv +gh�qhg dv �4 wlphv wkh orvv ixqfwlrq lq +519,, xqghu wkh

frqglwlrq wkdw suhglfwlrqv dqg uhwxuqv duh mrlqwo| qrupdo154 Wkhvh uhvxowv

duh xvhg lq Vhfwlrq 716 wr ghulyh orvvhv ri VDPH dqg PO hvwlpdwruv1

Ohw=

�
\ �

�

\ �

2

�
� Q

��
��
�2

�
>

�
�� ��2
��2 �2

��

Vxssrvh \ �

2
lv d iruhfdvw iru \ �

�
dqg ohw [ eh wkh sur�wv rewdlqhg e| d

ulvn qhxwudo lqyhvwru iurp wkh xvh ri wklv iruhfdvw1 Wkhq/

[ @ \ �

� � 4
�
\ �

2 A 3
�

Ohw

\� �
\ �

�
� ��
��

> \2 �
\ �

2
� �2
�2

> � @
��2

+���2,
�

2

Wkhq

�
\�
\2

�
� Q

��
3

3

�
>

�
4 �

� 4

��

54Dfdu +4<<;, kdv ghulyhg wkh h{suhvvlrq iru wkh phdq ri d forvho| uhodwhg glvwulexwlrq1
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Vr

[m\�c\2 @

�
�� . ��\� li \2 A �>

2

j2

3 rwkhuzlvh

�
>

zklfk lpsolhv=

H +[, @ �� Su

�
\2 A �

�2
�2

�
. ��H

�
\� � 4

�
\2 A �

�2
�2

��

@ ��

�
4��

�
�
�2
�2

��
. ��

]
"

3"

]
"

3

>2

j2

\� � it�ct2g|2g|�

zkhuh � lv wkh f1g1i1 ri wkh vwdqgdug qrupdo dqg it�ct2 lv wkh s1g1i1 ri

+\�> \2,1

Mrkqvrq ) Nrw} +4<:5/ s1 446, uhsruw uhvxowv zklfk lpso|=]
"

3"

]
"

3

>2

j2

\� � it�ct2g|2g|� @
�

s
5�

h{s

#
�3=8

�
�2
�2

�
2
$

Khqfh=

H +[, @ ��

�
4��

�
�

�2
�2

��
. ��

�s
5�

h{s

#
�
�
�2
�2

�2
$

+5163,

Wkh Yduldqfh ri wklv vwudwhj| fdq dovr eh fdofxodwhg/ e| xvlqj wkh idfw

wkdw Y du +[, @ H
�
[2
�
� H +[,2 > +5163, dqg dq h{suhvvlrq iru H

�
[2
�

surylghg e| Mrkqvrq ) Nrw} +4<:5/ s1 446,1

H{dpsoh= Xvh ri dq DU+4, prgho wr iruhfdvw dq DU+4, qrupdo

surfhvv1

Vxssrvh wkdw=

\ �

� @ U|n� @ ef . e�U| . X|n�> X|n� � Q +3> �L ,

\ �

2 @ ff . f�U|

Wkhq lw iroorzv wkdw=�
\ �

�

\ �

2

�
� Q

3
C% Kf

�3K�

ff . f�
Kf

�3K�

&
>

5
7 j2

L

�3K2
�

f�e�
j2
L

�3K2
�

f�e�
j2
L

�3K2
�

f2
�

j
2

L

�3K2
�

6
8
4
D

Vxevwlwxwlqj wklv edfn lqwr +5163,/ zh fdq rewdlq h{dfw ydoxhv iru wkh phdq

sur�wv rewdlqhg iurp xvlqj dq DU+4, iruhfdvw iru dq DU+4, vhulhv=

H +[, @
ef

4� e�

%
4��

#
�

�
ff

mf�m
.

ef

4� e�

�s
4� e2

�

�L

$&

.
�Le�t

5�
�
4� e2

�

� h{s
#
�

�
ff

mf�m
.

ef

4� e�

�2
e2
�
� 4

�2
L

$



5191 DSSHQGL[HV 8:

Iru wkh sdudphwhuv lq Vlpxodwlrq 714/ +ef @ 3=3348> e� @ 3=3663> �L @
3=343;, wkh sur�wv iurp dq rswlpdo iruhfdvwlqj prgho +ef @ f�> ef @ f�, duh=

H +[, @ 5=675; � 433e
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Fkdswhu 6

Ohduqlqj wr sur�w zlwk

glvfuhwh lqyhvwphqw uxohv

VXPPDU\

Lq wklv fkdswhu zh dwwhpsw wr h{sodlq wkh zlghvsuhdg xvh ri glvfuhwh lq0

yhvwphqw uxohv vxfk dv whfkqlfdo wudglqj dqg pdunhw wlplqj uxohv edvhg rq

wkh idfw wkdw jrrg uxohv ri wklv irup duh uhodwlyho| hdvlhu wr ohduq1 Zh vkrz

wkdw d vlpsoh ehkdylrxudo ohduqlqj prgho +edvhg rq dq hvwlpdwru glvfxvvhg

lq ghwdlo lq Fkdswhu 7, surylghv d jrrg dojrulwkp +iurp erwk d qrupdwlyh

dqg srvlwlyh shuvshfwlyh, zlwk zklfk lqyhvwruv* pljkw ohduq jrrg lqyhvwphqw

ghflvlrq uxohv1 Lq wkh frqwh{w ri wklv prgho dqg lq d phdq0yduldqfh rswlpl0

vdwlrq iudphzrun zh vkrz irupdoo| wkdw lqyhvwphqw uxoh glvfuhwlvdwlrq erwk

vlpsol�hv dqg urexvwl�hv ohduqlqj1 Uhvxowv duh vrphzkdw vshfl�f wr wkh sdu0

wlfxoduv ri wkh sursrvhg prgho/ exw duh lqwhqghg sulpdulo| wr rujdqlvh lghdv

iru ixuwkhu ghyhorsphqw lq ixwxuh uhvhdufk1

614 Lqwurgxfwlrq

Lw lv d idfw wkdw pdq| srsxodu lqyhvwphqw ghflvlrq uxohv duh glvfuhwh lq

qdwxuh1 Dv glvfxvvhg lq Fkdswhu 4/ pdq| whfkqlfdo wudglqj uxohv duh elqdu|

dv duh ydulrxv pdunhw wlplqj uxohv1 Wklv lv sx}}olqj vlqfh lw lv kdug wr eholhyh

wkdw vxfk uxohv duh lqghhg rswlpdo iru d eurdg udqjh ri lqyhvwruv dqg lw lv

qrw reylrxv zk| ghyldwlrqv iurp rswlpdolw| lq wklv gluhfwlrq pljkw dulvh1

Lq wklv Fkdswhu zh dujxh wkdw wkhvh ghyldwlrqv duh txlwh qdwxudo ehfdxvh

wkh| vxevwdqwldoo| idflolwdwh d sduwlfxodu prgh ri ohduqlqj dw olwwoh frvw wr

wkh lqyhvwru1 Ixuwkhupruh/ zh dujxh wkdw wklv prgh ri ohduqlqj lv d jrrg

ghvfulswlrq ri krz lqyhvwruv dfwxdoo| ohduq/ qrw rqo| ehfdxvh lw lv hyroxwlrq0

du| +dqg khqfh forvhu wr wkh zd| kxpdqv dfwxdoo| ohduq wkdq ohduqlqj colnh

3Dq hduo| yhuvlrq ri wklv sdshu dsshduv lq wkh Surfhhglqjv ri wkh Vl{wk Lqwhuqdwlrqdo

Frqihuhqfh rq Iruhfdvwlqj Ilqdqfldo Pdunhwv1 Wkh fxuuhqw yhuvlrq lv vwloo suholplqdu|1

8<
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dq hfrqrphwulfldq*, exw dovr ehfdxvh lw lv srwhqwldoo| ehwwhu wkdq vwdqgdug

hfrqrphwulf ohduqlqj phwkrgv lq lqyhvwphqw frqwh{wv1

Sxw pruh devwudfwo|/ rxu jrdo lv wr xvh d ohduqlqj prgho wr h{sodlq d

sx}}olqj hpslulfdo idfw shuwdlqlqj wr lqglylgxdov* revhuyhg ehkdylrxu1 Wklv lv

lq frqwudvw wr wkh vwdqgdug xvh ri ohduqlqj prghov zklfk lv wr surylgh ehwwhu

h{sodqdwlrqv ri ydulrxv djjuhjdwh hfrqrplf skhqrphqd +Vdujhqw 4<<6, vxfk

dv wkh ehkdylrxu ri �qdqfldo wlph0vhulhv1 Wr wkh ehvw ri rxu nqrzohgjh/

wklv lv wkh �uvw dwwhpsw wr xvh ohduqlqj prghov iru wklv sxusrvh dqg wklv

phwkrgrorjlfdo frqwulexwlrq surylghv ixuwkhu prwlydwlrq iru wklv Fkdswhu1

Dv d vlgh0surgxfw/ zh dovr gholyhu qrupdwlyh uhvxowv lq wkh irup ri dq h�hfwlyh

ohduqlqj prgho iru glvfuhwh ghflvlrq uxohv wkdw pd| eh ri xvh wr lqyhvwruv

+vxfk dv whfkqlfdo dqdo|vwv, zkr duh frpplwwhg wr wkh xvh ri vxfk uxohv1

Lq rughu wr rewdlq rxu uhvxowv/ zh uhvwulfw rxu dwwhqwlrq wr d vshfl�f

ghflvlrq hqylurqphqw1 Zh frqvlghu djhqwv xvlqj elqdu| ghflvlrq uxohv wr

rswlplvh phdq0yduldqfh remhfwlyh ixqfwlrqv1 Zh sursrvh wkdw djhqwv ohduq

wr fkrrvh wkhlu uxoh zlwkrxw h{solflw eholhiv derxw wkh hqylurqphqw lq zklfk

wkh| rshudwh1 Lqvwhdg/ djhqwv ohduq e| xvlqj wkh uxoh wkdw zrxog kdyh ohg

wkhp wr pd{lplvh wkhlu xwlolw| kdg wkh| xvhg lw lq wkh sdvw1 Wklv lv frq0

vlvwhqw zlwk dq hvwlpdwlrq phwkrg dqdo|vhg lq Fkdswhu 7 dqg xvhg e| wkh

Duwl�fldo Whfkqlfdo Dqdo|vw lq Fkdswhu 41 Lw lv forvho| uhodwhg wr wkh eh0

kdylrxudo ohduqlqj prghov dqdo|vhg e| +Hdvoh| ) Uxvwlfklql 4<<<, zklfk

duh lpsruwdqw ehfdxvh wkh| frph forvh wr ehlqj frqvlvwhqw zlwk ihdwxuhv ri

revhuyhg ohduqlqj ehkdylrxu1

Lq wkh frqwh{w ri d phdq0yduldqfh xwlolw| pd{lplvhu frqvwudlqhg wr xvh

elqdu| ghflvlrq uxohv4 ohduqhg xvlqj rxu ehkdylrxudo2hyroxwlrqdu| phwkrg/

zh vkrz wkdw= +d, Wklv ohduqlqj phwkrg lv jrrg +jhqhudoo| ehwwhu, uhodwlyh

wr wkh vwdqgdug ehqfkpdun ri ohdvw0vtxduhv ohduqlqj> dqg +e, Wkh elqdu|

ghflvlrq uxohv hfrqrplvh lq cudwlrqdolw| uhvrxufhv* uhodwlyh wr wkh xvh ri frq0

wlqxrxv ghflvlrq uxohv1

Wkh qh{w vhfwlrq lqwurgxfhv rxu vlpsoh prgho iru lqyhvwphqw ghflvlrqv1

Lq Vhfwlrq 6 zh uhsruw uhvxowv ri vlpxodwlrqv zlwk zklfk wkh sur�wdelolw| ri

dowhuqdwlyh ohduqlqj phwkrgv duh frpsduhg dqg lq Vhfwlrq 7 zh glvfxvv wkh

phulwv ri wkh ohduqlqj phwkrg zh sursrvh1 Wkh sdshu lv frqfoxghg zlwk d

vxppdu| ri rxu pdlq uhvxowv dqg vrph frqmhfwxuhv wkh| vxjjhvw1

4Wkh vwxg| ri elqdu| +orqj0vkruw, ghflvlrq uxohv lv frpprq> iru h{dpsoh/ wkh| dulvh

lq vwxglhv ri whfkqlfdo wudglqj +Vxoolydq/ Wlpphupdqq ) Zklwh 4<<;, dqg pdunhw wlplqj

uxohv +Khqulnvvrq ) Phuwrq 4<;4, dqg duh frqvwuxfwhg iurp iruhfdvwv edvhg rq d ydulhw|

ri hfrqrphwulf prghov +vhh iru h{dpsoh Euhhq hw do1 +4<;<, dqg Shvdudq ) Wlpphupdqq

+4<<8,,1
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615 Phdq0yduldqfh lqyhvwphqwv zlwk elqdu| sdud0

phwulf ghflvlrq uxohv

Frqvlghu dq djhqw vroylqj wkh iroorzlqj vlqjoh0shulrg fdvk0dvvhw doorfdwlrq

sureohp dw wlph w=

pd{

@M�
H ^Z|n�m{`� �Y ^Z|n�m{` +614,

Z|n� @ Z| � d � +4 .U|n�, .Z| � +4� d,

zkhuh H ^�m{` dqg Y ^�m{` ghqrwh pdwkhpdwlfdo h{shfwdwlrq dqg yduldqfh ri

d udqgrp yduldeoh frqglwlrqdo rq uhdolvdwlrqv { 5 [ ri wkh clqirupdwlrq*

udqgrp yduldeoh [|/ Z| lv zhdowk lq shulrg w/ U|n� duh uhwxuqv wr wkh ulvn|

dvvhw +ru sruwirolr ri dvvhwv, dqg � A 3 lv d sdudphwhu ghwhuplqlqj wkh ghjuhh

wr zklfk wklv djhqw lv dyhuvh wr ulvn +yduldqfh,1 Wkh dfwlrq d lv uhvwulfwhg e|

wkh djhqwv* exgjhw frqvwudlqw wr olh lq d vxevhw D ri U1

Lq zkdw iroorzv/ zh pdnh wkh iroorzlqj dvvxpswlrqv=

Dvvxpswlrq 614 Wkh djhqw nqrzv ri d sdudphwulf cdfwlrq uxoh* prgho d =
[ �E $ D vxfk wkdw iru vrph e 5 E/ d +�> e, lv wkh vroxwlrq wr +614, doprvw

hyhu|zkhuh rq [ 1

Dvvxpswlrq 615 Wkh djhqw glvfuhwlvhv klv fkrlfh vhw e| uhvwulfwlqj D wr d

elqdu| vhw ri v|pphwulf srvlwlrqv/ D @ i�n> nj15

Dv zh kdyh qrwhg/ pdq| djhqwv dfwxdoo| gr glvfuhwlvh wkhlu fkrlfh vhwv

dqg zh zloo surylgh dq h{sodqdwlrq iru wklv lq Vhfwlrq 71 Iru qrz qrwh wkdw

dvvxplqj d elqdu| fkrlfh vhw lv sduwlfxoduo| frqyhqlhqw vlqfh lw doorzv xv wr

rewdlq dq xwlolw|0edvhg shuirupdqfh phdvxuh iru dfwlrq uxohv wkdw grhv qrw

ghshqg rq � 0 dqg khqfh lv frpprq wr doo phdq0yduldqfh djhqwv/ uhjdugohvv

ri wkhlu ghjuhh ri ulvn dyhuvlrq1

61514 Lqwhusuhwdwlrq ri ghflvlrq uxohv

Rq wkh edvlv ri Dvvxpswlrqv 4 dqg 5/ zh pd| zulwh d dv d ixqfwlrq=

d +{> f, � vljq +p +{> f,, � +5 � L ^p +{> f,`� 4, � n/ { 5 [ +615,

zkhuh L ^�` lv d vljq lqglfdwru ixqfwlrq wdnlqj wkh ydoxh rqh li wkh ydoxh lq

wkh eudfnhwv lv srvlwlyh dqg }hur rwkhuzlvh1

Wzr lpsruwdqw lqwhusuhwdwlrqv zh pd| jlyh wr p +�> �, duh=

� D sdudphwulf iruhfdvwlqj prgho iru uhwxuqv1

� D whfkqlfdo wudglqj uxoh ru pdunhw wlplqj uxoh1

5Qrwh wkdw li wkh djhqw lv ulvn qhxwudo +k ' f lq +614,, zh fdq zhdnhq wklv dvvxpswlrq

wr rqh ri v|pphwu| ri � durxqg }hur zlwkrxw d�hfwlqj wkh vroxwlrqv ri +614,1
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61515 D frpprq xwlolw|0edvhg shuirupdqfh phdvxuh iru gh0

flvlrq uxohv

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh odz ri lwhudwhg h{shfwdwlrqv dqg Dv0

vxpswlrq 4 lpso| wkdw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru d +�> e, wr eh

d vroxwlrq wr +614, lv wkdw =

e 5 dujpd{
SM�

H ^Z|n�`� �Y ^Z|n�` +616,

Z|n� @ Z| � d +[> f, � +4 .U|n�, .Z| � +4� d +[> f,,

zkhuh H ^�` dqg Y ^�` uhvshfwlyho| ghqrwh wkh xqfrqglwlrqdo h{shfwdwlrq dqg

yduldqfh ri d udqgrp yduldeoh1

Sursrvlwlrq 6 ri Fkdswhu 4 vkrzv wkdw zkhq H +U|n�, A 3/ Dvvxpswlrq

5 lpsolhv=

dujpd{
SM�

H ^Z|n�`� �Y ^Z|n�` @ dujpd{
SM�

H ^Z|n�` +617,

Z|n� @Z| � d +[> f, � +4 .U|n�, .Z| � +4� d +[> f,,

Khqfh/ xvlqj dovr wkh olqhdulw| ri wkh h{shfwdwlrqv rshudwru/ lw iroorzv

wkdw d +�> e, lv d vroxwlrq wr +614, li dqg rqo| li=

e 5 dujpd{
SM�

H iU � L ^p +[> f,`j = +618,

Vr xqghu rxu dvvxpswlrqv/ wkh shuirupdqfh ri d sdudphwulf ghflvlrq uxoh

iru dq| phdq0yduldqfh djhqw fdq eh h{suhvvhg dv d ixqfwlrq ri d frpprq

sur�wdelolw| phdvxuh � iru hdfk sdudphwhu f vxfk wkdw=

�+f, @ H iU � L ^p +[> f,`j = +619,

616 Ohduqlqj wr sdudphwulvh glvfuhwh ghflvlrq uxohv

Ohw xv qrz dvvxph wkdw djhqwv pxvw pdnh ghflvlrqv rq wkh edvlv ri d �qlwh

klvwru| ri revhuydwlrqv ri wkh vwdwh yduldeohv1

Dvvxpswlrq 616 D vhtxhqfh ri gudzv iu?> {?j
�

?'�
iurp wkh glvwulexwlrq ri

+U>[, duh dydlodeoh wr dq djhqw zkr zlvkhv wr vroyh +614, exw kdv qr sulru

eholhiv uhjduglqj wklv glvwulexwlrq1

Wklv vhfwlrq glvfxvvhv frpshwlqj phwkrgv iru irupxodwlqj ghflvlrq uxohv

g = [�
�
U�[�

�
$D lqwhusuhwhg dv phwkrgv iru ohduqlqj wkh rswlpdo dfwlrq

uxoh d +�> e,1 Vxfk phwkrgv fdq eh ylhzhg dv vwdwlvwlfdo ghflvlrq ixqfwlrqv dv

gh�qhg e| Zdog +4<:4, dqg wkhlu xvh fdq eh dvvrfldwhg zlwk zkdw Qh|pdq

+4<6;, uhihuuhg wr dv lqgxfwlyh ehkdylrxu1
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61614 Shuirupdqfh ri chfrqrphwulf*/ ohdvw vtxduhv ohduqlqj1

Lw lv srvvleoh wr hvwlpdwh p +�> f, dv d iruhfdvwlqj prgho iru H +Um�, dqg

xvh wkh iruhfdvwv wkxv ghulyhg lq wkh ghflvlrq uxoh g1 Iru h{dpsoh/ wkh

srsxodu cohdvw vtxduhv ohduqlqj* prgho xvhg iru h{dpsoh e| Eud| ) Vdylq

+4<;9,/ Irxujhdxg/ Jrxulhurx{ ) Sudgho +4<;9, dqg Pdufhw ) Vdujhqw

+4<;<, lv suhflvho| lq wklv vslulw1 Li wkh prgho lv fruuhfwo| vshfl�hg6/ l1h1

p +{> e, @ �- +{, iru vrph e 5 E dqg iru doo { 5 [ / wkhq vwdqgdug uhjxodulw|

frqglwlrqv hqvxuh wkdw wkh ROV hvwlpdwru e,r zloo frqyhujh wr e dv Q whqgv

wr lq�qlw|1 Wkh iroorzlqj lv d vlpsoh vlpxodwlrq ghvljqhg wr phdvxuh wkh

sur�wdelolw| ri wklv ohduqlqj phwkrg lq �qlwh vdpsohv1

Vlpxodwlrq 614

Frqvlghu wkh iroorzlqj GJS xvhg dovr lq Vlpxodwlrq 814 ri Fkdswhu 5=7

U|n� @ 3=33348 . 3=3663 �U| .X|n� +61:,

X|n�

��_
� Q+3> 3=343;,1

Wkh sdudphwulf prgho wr eh ohduqhg e| ROV lv

p+U|> f, @ ff . f�U|=

Zh zloo ghqrwh wkh ROV hvwlpdwhg sdudphwhuv
�
e,r
f
> e,r
�

�
= Wkh prgho xvhg

lq wkh glvfuhwh ghflvlrq uxoh ri dq djhqw rshudwlqj e| ohdvw vtxduhv ohduqlqj

lv=

g
�
U|> e

,r

�
@ L

k
e,rf . e,r� �U|

l
+61;,

Dvvxplqj e,r
�
A 3 dqg wkdw e,r �

K
,r

f

K,r
�

lv lqghshqghqw ri U/ wkh h{shfwhg

sur�wv � ri wklv uxoh duh jlyhq e| +vhh +619, dqg +61:,,=

�
�
e,r

�
@

]
"

3K,r

+3=33348 . 3=3663 �U|, � gI-|
+61<,

zkhuh I-|
lv wkh pdujlqdo f1g1i1 ri U|1 Dq h{dfw dqdo|wlfdo h{suhvvlrq

iru +61<, lq whupv ri wkh xqghuo|lqj sdudphwhuv lv jlyhq lq Dsshqgl{ E ri

Fkdswhu 51

Hylghqwo|/ wkh sur�wdelolw| ri dq hvwlpdwh
�
e,r
f
> e,r
�

�
ghshqgv rqo| rq e,r1

Wkh forvhqhvv ri e,r wr e � Kf

K�
+wkh wuxh sdudphwhu, wkhuhiruh vhuyhv dv d jrrg

6Qrwh wklv lv pxfk vwurqjhu wkdq Dvvxpswlrq 41
7Wkh sdudphwhuv ri wklv GJS zhuh �{hg xvlqj ROV wr hvwlpdwh dq DU+4, prgho rq

d vhulhv gudzq iurp wkh hpslulfdo glvwulexwlrq ri 537< revhuydwlrqv rq LEP gdlo| forvlqj

sulfhv iurp 4vw Mdqxdu| 4<<3 wkurxjk wr 9wk Qryhpehu 4<<:1 +Vrxufh= GDWDVWUHDP ,1
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lqglfdwru ri wkh sur�wdelolw| ri wklv hvwlpdwlrq whfkqltxh1 Xqiruwxqdwho|/ e,r

grhv qrw lqkhulw wkh qhdw frqyhujhqfh surshuwlhv ri
�
e,r
f
> e,r

�

�
ehfdxvh lw lv d

udwlr ri qrupdoo| glvwulexwhg udqgrp yduldeohv zklfk zloo wkhuhiruh kdyh dq

lq�qlwh yduldqfh18 Wkh h{shfwhg sur�wdelolw| iurp xvlqj wkh ohdvw vtxduhv

hvwlpdwru lv jlyhq e|

�
,r
@

]
�

�
e,r
�
gIK,r

zkhuh IK,r lv wkh f1g1i1 ri wkh ohdvw vtxduhv hvwlpdwru1

Zh wrrn 43333 gudzv iurp wkh glvwulexwlrq ri IK,r iru ydulrxv vdpsoh vl}hv

Q dqg frpsxwhg hvwlpdwhv iru wkh phdq dqg vwdqgdug ghyldwlrq ri IK,r dv

zhoo dv wkh dvvrfldwhg sur�wv �
,r iurp xvlqj wkh ohdvw vtxduhv hvwlpdwru1

Wkhvh duh jlyhq lq Wdeoh 6141

Q 433 533 733 ;33 4933 6533 9733 4

43
�
� e�K,r 047166; 0714474 0431<4; 417653 91<653 ;163:< 9155<5 718788

43
2
� e�K,r :<1798 7:13:: 941454 6;1363 661748 63195; 81;:;: 0

43
e
� e�

,r
31<<7:4 414753 416566 418734 41;359 513733 514<<7 51675;

Wdeoh 614 Hdfk froxpq fruuhvsrqgv wr d vdpsoh vl}h Q iru zklfk zh frpsxwh

wkh phdq e�K,r dqg vwdqgdug ghyldwlrq e�K,r ri wkh vlpxodwhg glvwulexwlrq ri e,r1

Wkh froxpq fruuhvsrqglqj wr 4 jlyhv wkh wuxh ydoxh e dqg wkh sur�wv rewdlqhg

li wklv ydoxh lv xvhg1

61615 Shuirupdqfh ri d cehkdylrxudo* ohduqlqj phwkrg1

Vxssrvh wkh djhqw xvhv wkh uxoh wkdw kdv shuiruphg ehvw lq whupv ri lq

vdpsoh sur�wdelolw| �+f,1 E| +619,/ wkh ghflvlrq uxoh wkxv rewdlqhg zloo eh

sdudphwulvhg e| e� vroylqj=

pd{
SM�

H� iU � L ^p +[> f,`j +6143,

zkhuh H� lv wkh hpslulfdo phdq jlyhq d vdpsoh ri vl}h Q 1

Wkh surshuwlhv ri wklv hvwlpdwru duh dqdo|vhg lq Fkdswhu 5 zkhuh zh vkrz

wkdw xqghu fhuwdlq uhjxodulw| frqglwlrqv +vdwlv�hg e| wkh GJS frqvlghuhg lq

rxu vlpxodwlrqv, wkh hvwlpdwru lv dv|pswrwlfdoo| frqvlvwhqw1 Ixuwkhupruh/

vlpxodwlrqv khuh vxjjhvwhg wkdw e� frqyhujhv dw fxeh0urrw udwh wr d qrq0

qrupdo glvwulexwlrq19

8Wklv sureohp lv h{dfhuedwhg e| wkh idfw wkdw Kf dqg K� duh vpdoo uhodwlyh wr wkh yduldqfh

ri L dqg wkhuhiruh wkhlu rzq yduldqfh1 Khqfh wkh udwlr K3

K4
lv sduwlfxoduo| loo0ehkdyhg vlqfh

zlwk odujh suredelolw| erwk Kf dqg K� zloo eh forvh wr }hur1 Vxfk sdudphwulvdwlrqv duh

qdwxudo lq �qdqfldo vhulhv ehfdxvh wkh| kdyh d yhu| orz vljqdo0wr0qrlvh udwlr1 Lw pd| eh

wkdw lq rwkhu hqylurqphqwv/ ohdvw vtxduhv ohduqlqj shuirupv vrphzkdw ehwwhu1
9Wklv lv shukdsv gxh wr lwv vwuxfwxudo vlplodulw| wr wkh pd{lpxp vfruh hvwlpdwru ri

+Pdqvnl 4<:8,1
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Zkloh wkh frqyhujhqfh udwh ri e� wr E lv vorzhu wkdq wkh udwh ri frq0

yhujhqfh ri
�
e,r
f
> e,r

�

�
wr +ef> e�,/ wklv grhv qrw phdq wkdw e,r frqyhujhv idvwhu

wkdq e� wr E1 Lw pd| wkhuhiruh eh wkh fdvh wkdw xvh ri wkh hvwlpdwru e� lv

pruh sur�wdeoh lq �qlwh vdpsohv1 Zh frq�up wklv lv wkh fdvh lq uhdvrqdeo|

vl}hg vdpsohv zlwk wkh iroorzlqj vlpxodwlrq1

Vlpxodwlrq 615

Xvlqj wkh vdph gudzv dv lq Vlpxodwlrq 614/ zh h{dplqh wkh glvwulexwlrq

ri e� dqg lwv sur�wdelolw| 0 zklfk lv jlyhq e| dq h{suhvvlrq dqdorjrxv wr

+61<,1 Uhvxowv duh uhsruwhg lq Wdeoh 615 zklfk frqvrolgdwhv Wdeoh 614 ri wklv

Fkdswhu dqg Wdeoh 514 ri Fkdswhu 51

Q 433 533 733 ;33 4933 6533 9733 4

43� � e�K,r 047166; 0714474 0431<4; 417653 91<653 ;163:< 9155<5 718788

43� � e�K� 415:<: 416835 51737; 51<;:: 61<37< 713<< 717;8; 718788

432 � e�
K,r

:<1798 7:13:: 941454 6;1363 661748 63195; 81;:;: 0

432 � e�K� 416936 4166:; 4159<7 4149<< 413495 31;958; 319<;93 0

43e � e�,r
31<<7:4 414753 416566 418734 41;359 513733 514<<7 51675;

43e ��K�
41:438 41:65; 41;37; 41;::5 41<:;7 5138<5 51473; 51675;

Wdeoh 615 Hdfk froxpq fruuhvsrqgv wr d vdpsoh vl}h Q iru zklfk zh frpsxwh

wkh phdq dqg vwdqgdug ghyldwlrq ri wkh vlpxodwhg glvwulexwlrq ri e� dqg e,r1

Wkh froxpq fruuhvsrqglqj wr 4 jlyhv wkh wuxh ydoxh e1

61616 Wkh qrupdwlyh dgydqwdjhv ri cehkdylrxudo* ohduqlqj

Rxu dqdo|vlv dqg vlpxodwlrqv vxjjhvw wkdw/ iru wkh uhvwulfwhg ghflvlrq sure0

ohp zh kdyh frqvlghuhg=

� Wkh hvwlpdwru edvhg rq sdudphwulvlqj ghflvlrq uxohv lv pruh sur�wdeoh

lq uhdvrqdeo| vl}hg vdpsohv1 D khxulvwlf dffrxqw ri zk| wklv rffxuv

lv wkdw/ zkloh lw pd| eh ohvv h!flhqw dw h{sorlwlqj wkh lqirupdwlrq lq

d vdpsoh iu?> {?j
�

?'�
/ lw frpsohphqwv wkh lqirupdwlrq lw grhv h{wudfw

zlwk lqirupdwlrq derxw wkh irup ri wkh ghflvlrq uxoh g +�> f, lq d zd|

wkdw pdnhv lw h�hfwlyh dw ghwhuplqlqj wkh rswlpdo ghflvlrq uxoh g +�> e,1

E| frqwudvw/ cvwdwlvwlfdo* iruhfdvwlqj phwkrgv fdq rqo| h{sorlw lqirupd0

wlrq lq iu?> {?j
�

?'�
dqg wkhuhiruh pd| eh dw d glvdgydqwdjh hyhq zkhq

wkh| shuirup wklv wdvn czhoo*1

� Ohduqlqj phwkrgv edvhg rq hvwlpdwruv ri sdudphwulf prghov ri wkh

xqghuo|lqj hqylurqphqw duh jhqhudoo| frqvlvwhqw zkhq wkhvh prghov

duh fruuhfwo| vshfl�hg1 Fruuhfw vshfl�fdwlrq ri d sdudphwulf ghflvlrq

uxoh iru dq rswlpdo ghflvlrq uxoh lv d zhdnhu frqglwlrq dv glvfxvvhg dovr

lq Fkdswhu 5 dqg wklv phdqv wkdw frqyhujhqfh wr wkh rswlpdo uxoh pd|

rffxu pruh jhqhudoo| zlwk ehkdylrxudo0w|sh ohduqlqj dojrulwkpv1
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� Zkhq wkh dvvxpswlrq ri fruuhfw vshfl�fdwlrq lv qrw vdwlv�hg/ wkh uxoh

ohduqhg lv qhyhuwkhohvv wkh cehvw* shuplwwhg e| wkh prgho fodvv/ l1h1 lw

plqlplvhv xqfrqglwlrqdo Ulvn +vhh Vhfwlrq 716 ri Fkdswhu 5,1 E| frq0

wudvw/ wkh uxoh rewdlqhg e| ohdvw vtxduhv kdv qr qdwxudo lqwhusuhwdwlrq1

� Wkh hvwlpdwru fdq vhuyh wr sdudphwulvh ghflvlrq uxohv edvhg rq whfk0

qlfdo wudglqj uxohv dqg pdunhw wlplqj uxohv zklfk gr qrw kdyh lqwhu0

suhwdwlrqv dv iruhfdvwv iru uhwxuqv dqg iru zklfk phwkrgv vxfk dv ohdvw

vtxduhv ohduqlqj duh lqdssolfdeoh1

Ixuwkhu vwxg| ri wkhvh lvvxhv lv ri frxuvh zduudqwhg/ sduwlfxoduo| wr frp0

sduh wkh shuirupdqfh ri wkhvh phwkrgv rq uhdo gdwd1

617 Dq h{sodqdwlrq ri wkh suhydohqfh ri glvfuhwh

ghflvlrq uxohv

Lw lv hdv| wr vhh krz djhqwv pd| frph wr xvh sdudphwulvhg ghflvlrq uxohv=

lw lv vx!flhqw wkdw wkurxjk h{shulhqfh wkh| rewdlq hqrxjk nqrzohgjh wr

uhgxfh xqfhuwdlqw| derxw wkhlu rswlpdo ghflvlrq uxoh wr xqfhuwdlqw| derxw

wkh ydoxh ri d �qlwh glphqvlrqdo sdudphwhu1 Lw lv pxfk kdughu wr h{sodlq

zk| wkh ghflvlrq uxohv wkh| xvh duh glvfuhwh/ hyhq wkrxjk wklv riwhq wxuqv

rxw wr eh wkh fdvh lq uhdolw|1

Khuh zh surylgh dq h{sodqdwlrq lq whupv ri cerxqghg udwlrqdolw|* e| du0

jxlqj wkdw wkh cudwlrqdolw| uhvrxufhv* frqvhuyhg xvlqj wkh glvfuhwlvdwlrq pd|

eh odujhu wkdq wkh xwlolw| orvvhv lqfxuuhg ehfdxvh ri lwv xvh1 Zkloh wkh h{0

sodqdwlrq qhfhvvdulo| uhpdlqv lqirupdo ehfdxvh ri wkh odfn ri dq dssolfdeoh

irupdo wkhru| ri cudwlrqdolw| uhvrxufhv*/ zh fdq pdnh d txdolwdwlyh frpsdu0

lvrq ri wkh h�hfwv ri wkh glvfuhwlvdwlrq lq wkh frqwh{w ri wkh ghflvlrq prgho

lqwurgxfhg lq Vhfwlrq 51

Dw �uvw vljkw/ rqh pd| revhuyh wkdw wkh xwlolw| orvv gxh wr glvfuhwlvdwlrqv

pd| eh cvpdoo* exw/ rq wkh rwkhu kdqg/ lw lv xqolnho| wkdw xvh ri frqwlqxrxv

ghflvlrq uxohv lv vxevwdqwldoo| pruh frvwo| wkdq wkh xvh ri glvfuhwh ghflvlrq

uxohv1 Krzhyhu/ zkhq ghflvlrq uxohv qhhg wr eh ohduqhg zh vkrz wkdw wkh

dgydqwdjhv wr xvlqj d glvfuhwh vhw ri dfwlrqv pd| eh vxevwdqwldo1 Wklv lv

vkrzq lq wkh frqwh{w ri wkh ehkdylrxudo prgho iru ohduqlqj lqwurgxfhg lq

Vhfwlrq 61 Zh kdyh douhdg| glvfxvvhg vrph ri wkh dgydqwdjhv ri wklv w|sh ri

prgho> wkh idfw wkdw lw khosv xv h{sodlq wkh revhuydwlrq ri glvfuhwh ghflvlrq

uxohv lv dq lpsruwdqw dgglwlrqdo dgydqwdjh1

Lq wkh frqwh{w ri rxu prgho/ glvfuhwlvdwlrq idflolwdwhv ohduqlqj ehfdxvh lw=

41 Uhgxfhv wkh glphqvlrqdolw| ri lqirupdwlrq uhtxluhg iru rswl0

pdo dfwlrq1 Lqirupdwlrq derxw wkh vwdwh yduldeoh*v glvwulexwlrq qhf0

hvvdu| iru wkh djhqw wr dfw rswlpdoo| pd| eh gudvwlfdoo| uhgxfhg dqg
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wklv pd| juhdwo| vlpsoli| wkh dvshfwv ri wkh hqylurqphqw wkdw qhhg wr

eh ohduqhg1 Wklv lv looxvwudwhg lq rxu prgho lq zklfk zh vkrz wkdw

glvfuhwlvdwlrq pdnhv wkh vroxwlrq wr +614, lqghshqghqw ri � dqg khqfh

pdnhv ohduqlqj derxw vhfrqg prphqwv xqqhfhvvdu|1

51 Urexvwl�hv wkh rswlpdo uxoh zlwk uhvshfw wr wkh remhfwlyh

ixqfwlrq1 Rswlpdo glvfuhwh uxohv pd| eh lqyduldqw zlwklq vrph odujh

fodvv ri remhfwlyh ixqfwlrqv1 Wklv lv dovr looxvwudwhg lq rxu prgho

ehfdxvh wkh vdph uxoh lv rswlpdo iru djhqwv zlwk gl�huhqw yduldqfh0

dyhuvlrq �1 Wklv idflolwdwhv ohduqlqj ehfdxvh=

+d, Lw idflolwdwhv cohduqlqj iurp rwkhuv*1 Lq sduwlfxodu/ lw pdnhv lw

srvvleoh iru dq djhqw wr dfw rswlpdoo| e| frs|lqj zkdw pruh h{0

shulhqfhg djhqwv zlwk xqnqrzq suhihuhqfhv duh grlqj ru kdyh

grqh1

+e, Lw phdqv wkdw wkh vdph uxohv uhpdlq rswlpdo hyhq li wkh djhqw*v

remhfwlyh ixqfwlrq fkdqjhv vr wkdw wkh djhqw grhv qrw qhhg wr

ohduq iurp vfudwfk1 Wklv pd| rffxu hlwkhu ehfdxvh ri fkdqjhv lq

wkh djhqw*v suhihuhqfhv ru ehfdxvh ri fkdqjhv d sulqflsdo pdnhv

wr klv lqfhqwlyhv1

61 Urexvwl�hv shuirupdqfh zlwk uhvshfw wr wkh GJS1 Wkh urexvw0

qhvv ri d uxoh lq uhodwlrq wr/ srvvleo| qrq vwdwlrqdu|/ xqnqrzq ru hyhq

xqnqrzdeoh dvshfwv ri wkh GJS +h1j1 lwv wdlov, lqwhudfw zlwk ghflvlrqv

pd| eh dowhuhg vr wkdw vpdoohu xwlolw| orvvhv duh lqfxuuhg e| wkh djhqw1

Iru h{dpsoh/ lq rxu prgho lw lv rqo| nqrzohgjh ri wkh udwlr Kf

K�
zklfk

lv qhfhvvdu| wr ghulyh dq rswlpdo ghflvlrq uxoh1 Dv orqj dv wklv fdq

eh ghwhuplqhg/ wkh suhflvh ydoxhv ri +ef> e�, duh xqqhfhvvdu|> phwk0

rgv zklfk dwwhpsw wr ghwhuplqh +ef> e�, vxfk dv ROV fdq ohdg wr srru

hvwlpdwhv iru Kf

K�
0 zklfk lv zkdw pdwwhuv1

Lw vkrxog eh qrwhg wkdw wkhvh dgydqwdjhv zhuh sduwlfxoduo| lpsruwdqw lq

wkh suh0frpsxwhu hud zkhq ohduqlqj zdv sduwlfxoduo| frvwo| dqg wkh surs0

huwlhv ri �qdqfldo vhulhv zhuh kdugo| xqghuvwrrg1 Rqfh wkh xvh ri glvfuhwh

ghflvlrq uxohv kdg ehhq hvwdeolvkhg/ wkhuh zdv olnho| wr eh orfn0lq wr wkhlu xvh1

Wkh uhdvrq iru wklv lv wkdw dffxpxodwhg nqrzohgjh zklfk lv xvhixo zlwklq

wkh glvfuhwlvhg ghflvlrq iudphzrun +dv ghwhuplqhg e| uhvwulfwlrq ri fkrlfh wr

d cqduurz* sdudphwulf fodvv ri ghflvlrq uxohv, pd| eh gl!fxow wr wudqvodwh

lqwr ydoxdeoh lqirupdwlrq iru ghflvlrq pdnlqj lq rwkhu vhwwlqjv1 Iru h{dp0

soh/ nqrzohgjh wkdw d whfkqlfdo wudglqj uxoh lv sur�wdeoh pd| qrw eh hdv|

wr wudqvodwh lqwr nqrzohgjh derxw wkh glvwulexwlrq ri uhwxuqv zklfk zrxog

eh xvhixo iru d Ed|hvldq djhqw xvlqj frqwlqxrxv ghflvlrq uxohv1 Khqfh zh

vkrxog qrw qhfhvvdulo| h{shfw lpsuryhg nqrzohgjh derxw surshuwlhv ri gh0

flvlrq uxohv wr qhfhvvdulo| zhdnhq wkh lqfhqwlyhv iru xvlqj wkh glvfuhwlvdwlrq

dqg zh gr qrw h{shfw glvfuhwlvdwlrq wr eh d whpsrudu| skhqrphqrq1
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61714 Rq ixuwkhu srvlwlyh dssolfdwlrqv ri ehkdylrxudo ohduq0

lqj prghov

Dv zh kdyh suhylrxvo| phqwlrqhg/ ehkdylrxudo ohduqlqj phwkrgv vxfk dv wkh

rqh sursrvhg lq Vhfwlrq 5 lv frqvlvwhqw zlwk zkdw duh eholhyhg wr eh vrph

ri wkh cvw|olvhg idfwv* ri krz shrsoh dfwxdoo| ohduq1 E| vhuylqj dv d prgho

ri krz djhqwv gr ohduq/ udwkhu wkdq dv dq dv li prgho iru djhqw ehkdylrxu/

lw fdq surylgh vkdushu fkdudfwhulvdwlrqv ri erwk plfr dqg pdfurhfrqrplf

dvshfwv ri wkh pdunhwv lq zklfk wkh| rshudwh1 Dw wkh pdfur ohyho/ iru h{dp0

soh/ lw fdq khos xv xqghuvwdqg krz lqirupdwlrq lv lqfrusrudwhg lqwr sulfhv

dqg txdqwli| wkh ghjuhh ri d pdunhw*v h!flhqf| +Vhfwlrq 8/ Fkdswhu 4,1 Dw

wkh plfur ohyho/ zh kdyh dujxhg wkdw lw fdq khos dqvzhu d ydulhw| ri csx}0

}ohv* frqfhuqlqj wkh ehkdylrxu ri lqyhvwruv vxfk dv zk| wkh| xvh glvfuhwh

uxohv/ vxfk dv whfkqlfdo wudglqj dqg pdunhw wlplqj uxohv1 Zh orrn ixuwkhu

dssolfdwlrqv lq wklv gluhfwlrq1

618 Frqfoxvlrq

Rxu jrdo kdv ehhq wr h{sodlq wkh zlghvsuhdg xvh ri glvfuhwh ghflvlrq uxohv

e| vkrzlqj wkdw lw idflolwdwhv ohduqlqj1 Wr gr wklv/ zh kdyh kdg wr xwlolvh dq

dssursuldwh prgho ri ohduqlqj lq d sduwlfxodu ghflvlrq vhwwlqj1 Rxu ohduqlqj

dojrulwkp lv edvhg rq wkh Ulvn Qhxwudo Iruhfdvwlqj hvwlpdwru ri Fkdswhu 5

zklfk zh hpskdvlvh lv dq dssursuldwh zd| ri ohduqlqj wkh sdudphwhu ri d

glvfuhwh ghflvlrq uxoh1 Xvlqj vlpsoh vlpxodwlrqv/ zh vkrz wkdw rxu hvwlpdwru

shuirupv zhoo dv d qrupdwlyh prgho iru ohduqlqj1 Zh dovr glvfxvv zk| lw lv

xvhixo lq srvlwlyh prghoolqj ri fhuwdlq dvshfwv ri lqyhvwphqw ehkdylrxu1

Zkloh rxu uhvxowv duh surylghg zlwklq wkh frqwh{w ri d idluo| qduurz

ghflvlrq prgho/ zh frqmhfwxuh wkdw vrph ri wkhp jhqhudolvh eurdgo|1 Lq

sduwlfxodu/ vxssrvh d ohduqlqj sureohp fdq eh uhgxfhg wr d csdudphwulf

ohduqlqj* sureohp/ l1h1 d sureohp ri ohduqlqj d sdudphwhu e ri wkh vwdwh

yduldeohv* GJS1 Wkhq lqvwhdg ri frqvwuxfwlqj d prgho iru wkh GJS/ lw pd|

eh suhihudeoh wr xvh wkh idfw wkdw wkh sdudphwhu e vroyhv wkh djhqw*v ghflvlrq

sureohp=

pd{
SM�

H ^X +[> g +[> f,, m[|` = +6144,

wr ghyhors d qdwxudo ohduqlqj phwkrg iru e lq wkh irup ri dq hvwlpdwru=

e� 5 dujpd{
SM�

H� ^X +[>g +[> f,,` +6145,

Fruuhvsrqglqjo|/ d qdwxudo ghflvlrq uxoh iru wklv djhqw lv g +�> e� ,1

Wkh uhdvrq wklv lv d cjrrg* ohduqlqj phwkrg lv ehfdxvh=

41 Lw ohdgv wr ghflvlrqv zklfk kdyh d ehkdylrxudo irxqgdwlrq/ l1h1 ohduq0

lqj lv cuhdolvwlf*/ dqg khqfh duh xvhixo dv srvlwlyh prghov ri lqyhvwruv*

ohduqlqj1
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51 e� lv dq dv|pswrwlfdoo| frqvlvwhqw hvwlpdwh iru e xqghu jhqhudo frqgl0

wlrqv1

61 Zh frqmhfwxuh wkdw iru vpdoo hqrxjk vdpsoh vl}hv +ru zkhq wkhuh lv

dssursuldwh qrq0vwdwlrqdulw| lq wkh GJS,=

H +X +[>g +[> e� ,,, A H
�
X
�
[> g

�
[>ee���

zkhuh ee lv d fodvvlfdo hvwlpdwh iru e rewdlqhg zlwk d ohduqlqj phwkrg

odfnlqj d cehkdylrxudo irxqgdwlrq* vxfk dv ROV1 Wklv lv ehfdxvh zkloh

rwkhu hvwlpdwruv pd| eh pruh h!flhqw dw h{sorlwlqj d vdpsoh*v lqiru0

pdwlrq derxw wkh glvwulexwlrq ri vwdwh yduldeohv/ wkh| gr qrw h{sorlw

lqirupdwlrq derxw krz wkh hvwlpdwhg sdudphwhu zloo eh xvhg/ zklfk lv

prvw uhohydqw1

71 Li +xqolnh lq wklv sdshu, g +�> e, lv d frqwlqxrxv ixqfwlrq ri e iru doo

{/ wklv ohduqlqj phwkrg uhgxfhv wr wkh dssolfdwlrq ri wkh phwkrg ri

prphqwv wr wkh �uvw rughu frqglwlrqv ri +6145,1 Wkh zhoo0xqghuvwrrg

uhjxodu surshuwlhv ri wklv hvwlpdwru zloo wkhuhiruh dovr dsso| wr wkh

ohduqlqj phwkrg dqg lwv dqdo|vlv zloo eh juhdwo| vlpsol�hg1 H!flhqf|

jdlqv pljkw eh rewdlqhg e| xvlqj wkh Jhqhudolvhg phwkrg ri prphqwv1

Wkhvh frqmhfwxuhv zloo eh vwxglhg lq ixwxuh zrun1 Ixuwkhupruh/ d prgho

ri d �qdqfldo pdunhw lq zklfk djhqwv ohduq xvlqj d phwkrg ri wklv irup zloo

eh ghyhorshg lq dq dwwhpsw wr uhsolfdwh vrph ri wkh rxwvwdqglqj ihdwxuhv ri

�qdqfldo vhulhv1
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Fkdswhu 7

Hvwlpdwruv iru wkh vljq ri d

uhjuhvvlrq pdsslqj

VXPPDU\

Lq wklv Fkdswhu zh vkrz wkdw wkhuh h{lvw d qxpehu ri lpsruwdqw dssol0

fdwlrqv lq zklfk wkh lqwhuhvw ri d vwdwlvwlfldq ru dq hfrqrplf djhqw irfxvhv

rq wkh vljq ri d +phdq, uhjuhvvlrq pdsslqj udwkhu wkdq wkh pdsslqj shu vh1

Zh sursrvh wkuhh uhodwhg hvwlpdwruv wkdw duh urexvw zlwk uhvshfw wr prgho

plv0vshfl�fdwlrq lq wkdw rqo| d zhdn vshfl�fdwlrq frqglwlrq lv uhtxluhg iru

frqvlvwhqf| lq wkh uhohydqw uhjuhvvlrq dwwulexwh1 Ixuwkhupruh/ wkh| duh dovr

pruh sduvlprqlrxv wkdq vwdqgdug hvwlpdwruv zklfk pd| eh srru hvwlpdwruv

ri d uhjuhvvlrq*v vljq1 Wkh uhodwlyh phulwv ri hdfk hvwlpdwru lv glvfxvvhg

dqg vlpxodwlrqv duh xvhg wr vwxg| vrph lqwudfwdeoh surshuwlhv ri rqh ri wkh

hvwlpdwruv1

714 Lqwurgxfwlrq

Frqvlghu wkh udqgrp yduldeohv \ dqg [ 5 [ uhodwhg e|=

\ @ �t +[, .X> +714,

H +X m{, @ 3>

zkhuh �t = [ $ U lv dq xqnqrzq dqg iru qrz xquhvwulfwhg phdq uhjuhvvlrq

pdsslqj/ X lv dq xqrevhuyhg vfdodu glvwxuedqfh whup dqg H +X m[, lv wkh

h{shfwdwlrq ixqfwlrq ri X frqglwlrqdo rq uhdolvdwlrqv { ri [1 Lw zloo eh xq0

qhfhvvdu| wr pdnh dq| ixuwkhu dvvxpswlrqv derxw wkh ehkdylrxu ri It m{/ wkh

frqglwlrqdo glvwulexwlrq ri \ jlyhq {1 Wkh cvljq ri wkh uhjuhvvlrq pdsslqj

:4
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�t +�,* lv dq lqglfdwru ixqfwlrq L>
t
+�, � L +�t +�,, zkhuh=4

L +}, �

�
4 li } A 3
3 rwkhuzlvh

�
=

Lq wklv sdshu zh ghdo zlwk wkh sureohp ri hvwlpdwlqj L>
t
xvlqj Q gudzv

i|?> {?j
�
?'� iurp wkh xqfrqglwlrqdo glvwulexwlrq I ri wkh yhfwru udqgrp

yduldeoh +\>[,1 Wkh hvwlpdwruv zh zloo sursrvh duh ehvw fkdudfwhulvhg dv

vhplsdudphwulf vlqfh wkh| uhtxluh uhvwulfwlrq ri xqfhuwdlqw| derxw L>
t
wr d

�qlwh sdudphwhu f/ |hw gr qrw uhtxluh sdudphwulf uhvwulfwlrqv rq X 1 Hyl0

ghqwo|/ wkh| zloo eh dssolfdeoh txlwh eurdgo|1

Wr wkh ehvw ri rxu nqrzohgjh/ zh duh wkh �uvw wr irfxv rq wklv sureohp/

vr zh ghyrwh vrph h�ruw wr glvfxvvlqj lwv lpsruwdqfh1 Zh vkrz wkdw wkhuh

duh d qxpehu ri dssolfdwlrqv lq zklfk wkh vljq ri d uhjuhvvlrq pdsslqj lv wkh

remhfw ri lqwhuhvw1 Lq sduwlfxodu/ pdq| ghflvlrq sureohpv zlwk glvfuhwh fkrlfh

vhwv ru glvfuhwh vroxwlrqv fdq eh vroyhg li wkh vljq ri d uhjuhvvlrq pdsslqj lv

nqrzq1 Zh surylgh d vlpsoh h{dpsoh ri d mre vhdufk ghflvlrq +dq rswlpdo

vwrsslqj sureohp, lq zklfk wkh fkrlfh vhw lv glvfuhwh +dffhsw ru uhmhfw d mre

dw d jlyhq zdjh, dqg wkh rswlpdo ghflvlrq lv d ixqfwlrq ri wkh vljq ri d

uhjuhvvlrq pdsslqj1 Zh dovr glvfxvv dq lpsruwdqw jhqhudolvdwlrq ri wkh ulvn

qhxwudo lqyhvwru ghflvlrq sureohp ri Fkdswhu 5 wr wkh fdvh zkhuh wkhuh lv dq

lqwhuhvw ehdulqj ulvnohvv dvvhw dqg wudqvdfwlrq frvwv1 Wkh vroxwlrqv ri wklv

sureohp duh ixqfwlrqv ri wkh vljq ri fhuwdlq uhjuhvvlrq pdsslqjv1 Ilqdoo|/ zh

vkrz wkdw fdoleudwlrq +Hlvhqkduw 4<6<, dqg hfrqrphwulf htxdwlrq lqyhuvlrq

+Khqgu| ) Hulfvvrq 4<<4, fdq eh vhhq dv sureohpv uhtxlulqj wkh hvwlpdwlrq

ri d uhjuhvvlrq pdsslqj*v }hurv dqg glvfxvv wkh dgydqwdjhv ri grlqj wklv

xvlqj wkh phwkrgv lqwurgxfhg lq wklv sdshu1

Hvwlpdwlrq ri wkh vljq ri d uhjuhvvlrq pdsslqj pd| dovr eh xvhixo wr dq

hfrqrphwulfldq zkhq wkh uhjuhvvlrq pdsslqj �t lv ri lqwhuhvw exw prghov

edvhg rq gl�huhqw dvvxpswlrqv ohdg wr gl�huhqw hvwlpdwhv iru �t 1 Lq wklv

fdvh/ lw fdq vhuyh dv dq lqirupdo vshfl�fdwlrq fkhfn ru prgho vhohfwlrq ful0

whulrq vlqfh lw fdq eh xvhg wr fkhfn zklfk hvwlpdwhv iru �t ehvw djuhh zlwk

dq hvwlpdwhg prgho iru lwv vljq15

Wkh vwdqgdug dssurdfk wr hvwlpdwlqj wkh vljq ri d phdq uhjuhvvlrq pds0

slqj zrxog eh wr ylhz wklv dv d sduwlfxodu ixqfwlrq ri wkh uhjuhvvlrq prgho sd0

udphwhuv1 Hvwlpdwlrq ri wkh vljq fdq wkxv eh wudqviruphg wr wkh sureohp ri

hvwlpdwlqj d ixqfwlrq ri prgho sdudphwhuv udwkhu wkdq wkh sdudphwhuv wkhp0

vhoyhv dqg d qxpehu ri +sulpdulo| Ed|hvldq, whfkqltxhv iru dfklhylqj wklv

jhqhudo remhfwlyh kdyh ehhq ghyhorshg +]hooqhu 4<:;/ Sdun ) ]hooqhu 4<:<,1

Wkh frqwulexwlrq ri wklv Fkdswhu lv wkh lqwurgxfwlrq ri qryho hvwlpdwruv

4Wklv gh�qlwlrq ri wkh vljq ri } glvwlqjxlvkhv rqo| ehwzhhq srvlwlyh dqg qrq0srvlwlyh

ydoxhv ri }1 Lq Vhfwlrq 7 zh zloo dovr frqvlghu vlwxdwlrqv zkhuh wkh ixuwkhu glvwlqfwlrq

ehwzhhq qhjdwlyh dqg }hur ydoxhv ri } pxvw eh pdgh1
5Dqdorjrxvo|/ Vwrnhu +4<;9, sursrvhv wr xvh hvwlpdwhv iru wkh vfdoh ri sdudphwhuv dv d

vshfl�fdwlrq fkhfn iru prghov xvhg wr hvwlpdwh wkh ydoxhv ri wkh sdudphwhuv1
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zlwk ghvludeoh surshuwlhv rewdlqhg e| h{sorlwlqj vshfldo surshuwlhv ri wkh

sduwlfxodu +vljq, ixqfwlrq ri wkh sdudphwhuv lq zklfk zh duh lqwhuhvwhg1

Hvwlpdwlrq ri wkh vljq lv forvho| uhodwhg wr hvwlpdwlrq ri wkh }hurv ri

d uhjuhvvlrq ixqfwlrq zklfk lv d sureohp wkdw kdv dwwudfwhg vrph lqwhuhvw1

Lq sduwlfxodu/ Kdhugoh ) Ql{grui +4<;:, dqg Wv|ednry +4<;;, kdyh ghulyhg

frpsxwdwlrqdoo| frqyhqlhqw uhfxuvlyh qrqsdudphwulf hvwlpdwruv iru wkh }h0

urv ri d uhjuhvvlrq ixqfwlrq1 Wkh| qrwh wkdw qrqsdudphwulf hvwlpdwlrq ri d

uhjuhvvlrq ixqfwlrq uhtxluhv d juhdw ghdo ri ohduqlqj zklfk lv uhgxqgdqw zkhq

rqo| lwv }hurv duh ri lqwhuhvw1 H{sorlwlqj wklv idfw/ wkh| surylgh hvwlpdwruv

zklfk ohduq rqo| derxw wkh uhjuhvvlrq ixqfwlrqv* }hurv dqg duh wkhuhiruh

frpsxwdwlrqdoo| fkhdshu1 Vlploduo|/ zh h{sorlw wkh idfw wkdw rxu lqwhuhvw

lv frqfhqwudwhg rq wkh vljq ri d uhjuhvvlrq pdsslqj wr ghyhors sdudphw0

ulf hvwlpdwruv wkdw uhtxluh olwwoh sulru lqirupdwlrq rq prgho vshfl�fdwlrq/

duh uhodwlyho| sduvlprqlrxv dqg gholyhu dffxudwh hvwlpdwhv ri wkh ghvluhg

dwwulexwh +wkh vljq,1

Wklv fkdswhu lv rujdqlvhg dv iroorzv1 Lq Vhfwlrq 5/ zh glvfxvv uhdvrqv

iru zklfk ohvv sulru lqirupdwlrq +lq d vhqvh wr eh irupdolvhg, lv uhtxluhg wr

fruuhfwo| vshfli| d prgho iru L>
t
wkdq iru �t dqg sursrvh wkuhh frqvlvwhqw

hvwlpdwruv iru L>
t
1 Lq Vhfwlrq 6/ zh glvfxvv ixuwkhu surshuwlhv ri rxu hvwl0

pdwruv dqg uhdvrqv iru zklfk wkh| pd| eh ehwwhu wkdq hvwlpdwruv ghulyhg

iurp d prgho iru �t hyhq zkhq lw lv fruuhfwo| vshfl�hg1 Lq Vhfwlrq 7 zh

prwlydwh rxu irfxv rq wkh vljq ri uhjuhvvlrq pdsslqjv e| glvfxvvlqj d qxp0

ehu ri vljql�fdqw dssolfdwlrqv lq zklfk nqrzohgjh ri d uhjuhvvlrq pdsslqj*v

vljq lv wkh remhfw ri lqwhuhvw1 Zh frqfoxgh zlwk d vxuyh| ri rxu uhvxowv dqg

d glvfxvvlrq ri sodqv iru ixwxuh uhvhdufk1 Dq Dsshqgl{ iroorzv frqwdlqlqj

doo ohppdwd xvhg lq wkh surriv ri rxu uhvxowv1

715 Hvwlpdwruv iru wkh vljq ri uhjuhvvlrq pdsslqjv

71514 Prgho vshfl�fdwlrq dvvxpswlrqv

Rxu dqdo|vlv zloo eh uhvwulfwhg wr wkh vlwxdwlrq zkhuh d srwhqwldoo| plv0

vshfl�hg sdudphwulf prgho J iru It m{ lv srvwxodwhg/ wdnlqj wkh irup=

J @

q
Jt m ^{> f` > f 5 E � U

&
r

Wkh frqglwlrqdo phdq ri wkh prgho zlwk sdudphwhu f lv=

p +{> f, @

]
\ � gJ-m ^{> f`

Rxu dqdo|vlv zloo eh uhvwulfwhg wr sdluv +J> It m{, vxfk wkdw p = [ �E $ U
�

lv fruuhfwo| vshfl�hg iru wkh vljq ri wkh frqglwlrqdo phdq rq E 0 wkdw lv/



:7 FKDSWHU 71 VLJQ RI D UHJUHVVLRQ

iru vrph e 5 E/ L +p +{> e,, @ L>
t
+{, iru doprvw doo {16 Zh irupdolvh rxu

vshfl�fdwlrq uhtxluhphqw lq wkh iroorzlqj dvvxpswlrq1

Dvvxpswlrq 714 Ohw p = [�E $ U
� eh d prgho vxfk wkdw iru vrph e 5 E>

p +{> e, kdv wkh vdph vljq dv �t +{, doprvw hyhu|zkhuh/ l1h1=

p +{> e,z +{, @ �t +{, d1h1/ +715,

iru vrph vwulfwo| srvlwlyh pdsslqj z = [ $ U
�
nn1

Dq h{dpsoh looxvwudwlqj wkh zhdn uhvwulfwlrq wklv lpsrvhv rq wkh uhodwlrq

ri p dqg �t lv jlyhq lq Iljxuh 714 ehorz1

J�[�

V�[ �E� [�E

[

Iljxuh 7141 Wzr ixqfwlrqv p +�> e, dqg �t +�, vdwlvi|lqj Dvvxpswlrq 7141

Fruuhfw vshfl�fdwlrq ri p +�, dv d prgho iru �t lv pxfk vwurqjhu wkdq

Dvvxpswlrq 714 lq wkdw lw uhtxluhv +715, wr krog iru z +{, @ 4 udwkhu wkdq iru

vrph z = [ $ U
�
nn1 Lw lv hdv| wr lpdjlqh d vlwxdwlrq zkhuh zh fdqqrw eh

frq�ghqw wkdw d sduvlprqlrxv prgho lv fruuhfwo| vshfl�hg iru wkh frqglwlrqdo

phdq |hw zh fdq srvwxodwh vxfk d prgho iru wkh vljq ri wkh frqglwlrqdo phdq1

Iru h{dpsoh/ li { lv d vfdodu dqg �t lv eholhyhg wr eh d kljko| qrqolqhdu dqg

glvfrqwlqxrxv ixqfwlrq vdwlvi|lqj d vlqjoh0furvvlqj frqglwlrq dw }hur +h1j1

Pdqvnl ) Wkrpsvrq 4<;<, zlwk olp%<3" �t +{, ? 3/ wkhq Dvvxpswlrq 714

lv vdwlv�hg iru p +{> f, @ f . {1 Li wkh vljq ri wkh uhjuhvvlrq pdsslqj lv ri

lqwhuhvw/ gluhfw hvwlpdwlrq ri wkh prgho L +{. f, zrxog eh suhihudeoh wr dq

hvwlpdwh iru L>
t
ghulyhg iurp d prgho iru �t wkdw zrxog eh plv0vshfl�hg

dqg pljkw wkhuhiruh ohdg wr lqfrqvlvwhqw hvwlpdwhv1

Lw vkrxog eh qrwhg wkdw jlyhq rxu zhdn vshfl�fdwlrq uhtxluhphqw/ prghov

lq J qhhg qrw eh vshfl�hg eh|rqg prghov iru p +�> �,1 Zh pd| wkhuhiruh

wdnh d vhpl0sdudphwulf shuvshfwlyh dqg wklqn ri rxu dqdo|vlv dv ehlqj wkh

prghoolqj ri frqglwlrqdo phdqv +lq zklfk fdvh zh zrxog wklqn lq whupv ri

6Wklv lv d uhtxluhphqw ri fruuhfw vshfl�fdwlrq iru d yhu| sduwlfxodu frqglwlrqdo dwwulexwh

ri d prgho1 Vhh Zklwh +4<<7, iru gh�qlwlrqv ri fruuhfw vshfl�fdwlrq lq rwkhu pruh vwdqgdug

frqglwlrqdo dwwulexwhv/ vxfk dv wkh phdq ru phgldq1
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wkh sdlu +p +�> �, > �t +�,,, ru hyhq wkh prghoolqj ri wkh vljqv ri frqglwlrqdo

phdqv +lq zklfk fdvh zh zrxog wklqn lq whupv ri wkh sdlu
�
L +p +�> �,, > L>

t

�
,1

Iru qrwdwlrqdo vlpsolflw|/ zh zloo ghqrwh L +p +{> f,, dv L +{> f,>

71515 Vx!flhqw frqglwlrqv iru hvwlpdwru frqvlvwhqf|

Zh qrz lqwurgxfh vrph ixuwkhu dvvxpswlrqv wr eh xvhg lq surylqj wkh

dv|pswrwlf frqvlvwhqf| ri rxu hvwlpdwruv1 Wkh hvwlpdwruv zh sursrvh duh

doo prphqw h{wuhpxp hvwlpdwruv/ edvhg rq frqglwlrqv nqrzq wr eh vdwlv0

�hg e| L>
t
1 Kdylqj lqwurgxfhg wkh hvwlpdwruv dqg kdylqj vkrzq wkh| duh

frqvlvwhqw/ zh zloo glvfxvv wkhlu uhodwlrqvklsv lq wkh qh{w Vhfwlrq1

Dvvxpswlrq 715 +Frpsdfwqhvv, Wkh sdudphwhu vsdfh E � U
& lv frp0

sdfw +ru glvfuhwh/ lq zklfk fdvh rqo| wkh qh{w dvvxpswlrq lv qhfhvvdu|,1

Dvvxpswlrq 716 +VOOQ, Wkh gudzv i|?> {?j
�
?'� iurp I vdwlvi| d vwurqj

odz ri odujh qxpehuv +d ydulhw| ri zklfk fdq eh irxqg lq Zklwh +4<;7,,1

Dvvxpswlrq 717 +Lghqwl�delolw|, Wkhuh h{lvwv d xqltxh e 5 E v1w1=

�

]
\ � L +[> e, gI @ plq

SM�

�

]
\ � L+[> f,gI

Zkhwkhu wklv lghqwl�delolw| dvvxpswlrq krogv zloo ghshqg rq wkh lqwhudfwlrq

ri ip>I>Ej dqg pxvw eh hqvxuhg rq d fdvh0e|0fdvh edvlv e| dssursuldwh

vshfl�fdwlrq ri p +�, dqg E jlyhq rxu sulruv uhjduglqj wkh ehkdylrxu ri I 1

Zh ghulyh vrph vx!flhqw frqglwlrqv iru wklv lq Dsshqgl{ E1

Dvvxpswlrq 718 +Htxlfrqwlqxlw|, Wkhuh h{lvwv d vwulfwo| srvlwlyh pds0

slqj z = [ $ U
�
nn vxfk wkdw z +{,p+{> f, lv htxlfrqwlqxrxv rq E/ l1h1 ;

� A 3>

< �k = md� fm ? �k , vxs
%Mc

mz +{,p+{> d,�z +{,p+{> f,m ? �> +d> f, 5 E �E

Htxlfrqwlqxlw| ri d jlyhq ixqfwlrq vxfk dv p +�> �, lv d gluhfwo| yhul�deoh

frqglwlrq> krzhyhu/ vlqfh z +�, zloo xvxdoo| eh xqnqrzq/ htxlfrqwlqxlw| lq0

yroyhv dq lpsolflw dvvxpswlrq derxw wkh irup z +�, fdq wdnh iru d jlyhq

vshfl�fdwlrq ri p +�> �,1 Vx!flhqw frqglwlrqv iru wklv frqglwlrq duh surylghg

e| Pdqvnl +4<;;d/ Ohppd :/ ss1 43<0443, uhsurgxfhg iru uhihuhqfh sxu0

srvhv lq Dsshqgl{ E1 Wkh uroh ri wklv dvvxpswlrq lv wr lqwurgxfh dssursuldwh

vprrwkqhvv lq
U
\ � L+[> f,gI wkdw grhv qrw ghshqg rq wkh ehkdylrxu ri I=

Dvvxpswlrq 719 +Erxqgdu|, Wkh iroorzlqj erxqgdu| frqglwlrq lv vdwlv0

�hg=

olp
k<f

vxs
SM�

]
m\ m � L +�� mp +[> f,m, gI @ 3>
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Wklv lv dq dvvxpswlrq wkdw hqvxuhv wkdw wkh suredelolw| ri gudzlqj {*v

vxfk wkdw p+{> f, lv forvh wr }hur iru doo f lv vpdoo lq dq dssursuldwh vhqvh1

Lw vhuyhv wr hqvxuh frqwlqxlw| ri
U
\ � L+[> f,gI=

Lw lv uhohydqw wr qrwh wkdw li p +�> f, lv olqhdu +iru h{dpsoh ehfdxvh zh

uhvwulfw rxu dwwhqwlrq wr ehvw olqhdu suhglfwlrq, D7170719 ehfrph lpphgldwho|

vdwlv�hg xqghu uhjxodulw| frqglwlrqv jlyhq lq Dsshqgl{ E/ exw lghqwl�fdwlrq

fdq rqo| eh wr vfdoh vr E pxvw qrw lqfoxgh f dqg f� vxfk wkdw f @ df� +zkhuh

d lv d srvlwlyh vfdodu,1 Zkhq rq wkh rwkhu kdqg p +�> f, lv qrq0olqhdu lw lv
gl!fxow wr ghulyh frqglwlrqv rq I hqvxulqj D709 zloo krog1 Zh qrwh wkdw

zkhq wkh sdudphwhu vhw E lv glvfuhwh +dv lq Fkdswhu 4 zkhuh wkh Duwl�fldo

Whfkqlfdo Dqdo|vw hvwlpdwhv whfkqlfdo wudglqj uxohv xvlqj wkh �uvw ri wkh

iroorzlqj hvwlpdwruv, frqvlvwhqf| rqo| uhtxluhv D61

71516 D vwhs ixqfwlrq P0hvwlpdwru

Wkh iroorzlqj sursrvlwlrq surylghv d vlpsoh hvwlpdwru iru wkh vljq ri d uhjuhv0

vlrq pdsslqj zklfk uhvhpeohv Pdqvnl*v +4<:8, pd{lpxp vfruh hvwlpdwru1

D wkhruhp ri Pdqvnl +4<;;d, lv h{sorlwhg wr hqvxuh frqvlvwhqf| ri wkh hvwl0

pdwru xqghu wkh dvvxpswlrqv zh kdyh lqwurgxfhg1 Wklv wkhruhp hvvhqwldoo|

h{whqgv vwdqgdug frqglwlrqv xqghu zklfk P0hvwlpdwruv +Kxehu 4<<9, duh

frqvlvwhqw wr wkh fdvh zkhuh wkh| duh vwhs ixqfwlrqv ri sdudphwhuv1

Sursrvlwlrq 714 Ohw

e� 5 dujplq
SM�

�

]
\ � L +[> f,gI� > +716,

zkhuh I� lv wkh hpslulfdo f1g1i1 ri i|?> {?j
�

?'�
1

Xqghu Dvvxpswlrqv 7140719/

Su

�
olp
�<"

me� � em @ 3

�
@ 4 +717,

zkhuh L +{> e, @ L>
t
+{, doprvw hyhu|zkhuh1

Surri1 Wkhruhp 6*/ Fkdswhu : ri Pdqvnl +4<;;d, dssolhv wr e� dqg

hqvxuhv

Su

�
olp
�<"

me� � em @ 3

�
@ 4

zlwk

e @ dujpd{
SM�

]
\ � L +[> f,gI=
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Ohppd 4 lq wkh Dsshqgl{ hqvxuhv wkdw wkh deryh lv d qhfhvvdu| dqg vx!flhqw

frqglwlrq iru

L +{> e, @ L>
t
+{, d1h1

Qrwlfh wkdw wkh hvwlpdwru e� lv gh�qhg dv dq hohphqw ri d vhw zklfk zh

vkrz frqyhujhv doprvw vxuho| wr d sdudphwhu e gh�qlqj d prgho lghqwlfdo

wr wkh vljq ri wkh uhjuhvvlrq pdsslqj doprvw hyhu|zkhuh1 Zh kdyh dyrlghg

phdvxudelolw| lvvxhv/ exw lw vkrxog eh qrwhg wkdw khuh zh pdnh wkh lpsolflw

dvvxpswlrq wkdw e� lv fkrvhq iurp wklv vhw lq d pdqqhu hqvxulqj e� lv d

phdvxudeoh ixqfwlrq ri +\>[,1 Dv qrwhg e| Dphpl|d +4<;8, wklv lv pdgh

srvvleoh e| d wkhruhp ri Mhqqulfk +4<9</ s1 96:,1

Wklv lv wkh hvwlpdwru wkdw kdv ehhq xvhg lq Fkdswhuv 4/5 dqg 6 wr hvwlpdwh

prghov wr eh xvhg lq lqyhvwphqw ghflvlrqv1 Lw lv d sduwlfxodu dwwudfwlyh

hvwlpdwru iru wkdw sxusrvh vlqfh hyhq zkhq Dvvxpswlrq 714 lv qrw vdwlv�hg/

wklv hvwlpdwru zloo frqyhujh wr prghov wkdw duh cjrrg* lq d suhflvho| gh�qhg

vhqvh1

71517 D txdvl jhqhudolvhg vwhs ixqfwlrq P0hvwlpdwru

D prgl�fdwlrq ri wkh suhylrxv hvwlpdwru |lhogv dqrwkhu frqvlvwhqw hvwlpdwru

zklfk lv yhu| forvho| uhodwhg wr zkdw Jrxulhurx{ ) Prqiruw +4<<8, uhihu wr

dv d ctxdvl jhqhudolvhg P hvwlpdwru* +Gh�qlwlrq ;15/ s1 547,1 Wkh glvwlq0

jxlvklqj ihdwxuh ri vxfk hvwlpdwruv lv wkdw wkh| rswlplvh remhfwlyh ixqfwlrqv

zklfk wkhpvhoyhv frqwdlq frqvlvwhqw hvwlpdwhv ri fhuwdlq qxlvdqfh sdudph0

whuv +lq wklv fdvh ixqfwlrqv,1 Wkh dqdo|vlv ri Jrxulhurx{ ) Prqiruw +4<<8,

grhv qrw dsso| wr rxu hvwlpdwru krzhyhu/ ehfdxvh lw lv d vwhs ixqfwlrq ri

wkh sdudphwhu1 Zlwk wkh iroorzlqj sursrvlwlrq zh hvwdeolvk wkh hvwlpdwru*v

frqvlvwhqf|1

Sursrvlwlrq 715 Ohw D = [ $ ^3> 4` eh d pdsslqj vxfk wkdw=

D +{, �
H +m\ m mL +\ , @ 4> {,

H +m\ m mL +\ , @ 4> {, .H +m\ m mL +\ , @ 3> {,
> { 5 [ = +718,

Ohw D� +{, eh dq hvwlpdwhg prgho iru D +{, vxfk wkdw=

Su

�
olp
�<"

vxs
%Mc

mD� +{,�D +{,m @ 3

�
@ 4=

Gh�qh e@� e|=

e@� 5 dujplq
SM�

�

]
+D� +{,� Lt , � L+{> f,gI� +719,
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Xqghu Dvvxpswlrqv 7140719/

Su

�
olp
�<"

me@� � em @ 3

�
@ 4 +71:,

zkhuh L +{> e, @ L>
t
+{, doprvw hyhu|zkhuh1

Surri1 Ohppdwd 6/ 7 dqg 8 ri Dsshqgl{ D lpso| wkdw=

Su

�
olp
�<"

me@� � em @ 3

�
@ 4

zkhuh

e @ dujplq
SM�

�

]
+D +{,� Lt , � L+{> f,gI=

Ohppd 5 hqvxuhv wkdw wkh deryh lv d qhfhvvdu| dqg vx!flhqw frqglwlrq

iru

L +{> e, @ L>
t
+{, d1h1

Lqwhusuhwdwlrq dv jhqhudolvhg elqdu| txdqwloh uhjuhvvlrq

Li wkh cqxlvdqfh ixqfwlrq* D +{, lv d nqrzq frqvwdqw +D� +{, @ D +{, @ d,
wklv hvwlpdwru lv lghqwlfdo wr d vwdqgdug hvwlpdwru xvhg lq elqdu| txdqwloh

uhjuhvvlrq/ l1h1 wr �w d prgho iru wkh d*wk txdqwloh ri Lt frqglwlrqdo rq {

+vhh h1j1 Pdqvnl ) Wkrpsvrq 4<;<,1 Wklv lv ehfdxvh L +{> e, zloo eh wkh d*wk
txdqwloh ri Lt 1 Pruh jhqhudoo|/ Sursrvlwlrq 516 ri Fkdswhu 5 lpsolhv wkdw

L +{> e, zloo eh wkh D +{,*wk txdqwloh ri Lt frqglwlrqdo rq {1 Fohduo| wkhq

hvwlpdwlqj wkh vljq ri d uhjuhvvlrq pdsslqj zkhq D +{, lv d nqrzq frqvwdqw

fdq eh dfklhyhg e| elqdu| txdqwloh uhjuhvvlrq1 Zkhq D +{, lv qrw d nqrzq

frqvwdqw/ rxu sureohp fdq eh dssurdfkhg xvlqj wkh hvwlpdwru lqwurgxfhg

khuh 0 zklfk pd| eh ylhzhg dv d jhqhudolvdwlrq ri elqdu| txdqwloh uhjuhvvlrq1

Rqh lqwhuhvwlqj dssolfdwlrq lq zklfk D +{, pd| eh d nqrzq frqvwdqw lv

zkhq \ duh �qdqfldo uhwxuqv U|n� lq shulrg w.4 dqg [ duh odjjhg uhwxuqv1

Wklv lv ehfdxvh lw vhhpv dffhswdeoh wr dvvxph wkdw mU|n�m lv lqghshqghqw ri
wkh vljq ri uhwxuqv L-|n�

+Judqjhu ) Glqj 4<<7d/ Khqulnvvrq )Phuwrq 4<;4,

lq zklfk fdvh D +{, @ �

2
dqg iru D� +{, @ D +{, @ �

2
rxu hvwlpdwru frlqflghv

zlwk wkh pd{lpxp vfruh hvwlpdwru1

Uhpdun 714 Li lw lv lqghhg eholhyhg wkdw D +{, @ d iru doo {/ wkhuh h{lvw

vwdwlvwlfdo whfkqltxhv +]khqj 4<<;, zklfk doorz xv wr mxgjh zkhwkhu p +�> �,
lv d fruuhfwo| vshfl�hg prgho iru wkh d*wk txdqwloh ri Lt dqg khqfh hydoxdwh

zkhwkhu Dvvxpswlrq 4 krogv1 Lw pd| eh srvvleoh wr h{whqg wkhvh uhvxowv wr
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wkh fdvh zkhuh D +{, ydulhv zlwk { wr surylgh d jhqhudo vshfl�fdwlrq whvw iru

prghov ri wkh vljq ri d uhjuhvvlrq pdsslqj1 Jlyhq wkdw pdq| rswlpdo ghfl0

vlrq uxohv ri lqwhuhvw fdq eh h{suhvvhg dv ixqfwlrqv ri wkh vljq ri d uhjuhvvlrq

pdsslqj/ zh zrxog wkxv dovr rewdlq vshfl�fdwlrq whvwv iru prghov ri rswlpdo

ghflvlrqv1

Ilqdqfldo uhwxuqv dovr surylgh vhulhv iru zklfk lw pd| eh srvvleoh wr

prgho D +{, yhu| h�hfwlyho| ehfdxvh wkh frqglwlrqdo h{shfwhg ydoxh ri devr0

oxwh uhwxuqv H +mU|n�m mU|>U|3�> ===U|3A , duh kljko| suhglfwdeoh +Wd|oru 4<;9/

Vfkzhuw 4<;</ Judqjhu ) Glqj 4<<7e/ Ploov 4<<9/ Iruqdul )Phoh 4<<7,1 Wklv

lqglfdwhv wkdw lw pd| eh ihdvleoh wr dffxudwho| prgho

H
�
mU|n�m mL-|n�

>U|>U|3�> ===U|3A

�

dqg khqfh dovr D +U|>U|3�> ===U|3A ,1 Wr eh suhflvh/ zkdw zh zrxog qhhg lv d

prgho frqyhujlqj wr D +U|> U|3�> ===U|3A , xqlirupo| rq +U|>U|3�> ===U|3A ,1

Zkloh wklv pd| eh dq h{wuhph dvvxpswlrq/ lw vhhpv uhdvrqdeoh wkdw zlwk

d jrrg prgho iru D +{, wklv hvwlpdwru pljkw eh dq lqwhuhvwlqj frpshwlwru

wr wkh vwhs ixqfwlrq P0hvwlpdwru ri wkh suhylrxv vhfwlrq1 Ri frxuvh wklv

uhpdlqv wr eh yhul�hg lq wkh frqwh{w ri d vshfl�f dssolfdwlrq1

71518 D vprrwkhg hvwlpdwru

Krurzlw} +4<<5, surylghv d vprrwkhg pd{lpxp vfruh hvwlpdwru zklfk kh

vkrzv kdv ydulrxv ghvludeoh wudfwdeoh surshuwlhv wkdw wkh pd{lpxp vfruh

hvwlpdwru grhv qrw1 Dqdorjrxvo|/ zh vprrwk rxu vlpsoh vwhs ixqfwlrq P0

hvwlpdwru wr rewdlq dqrwkhu frqvlvwhqw hvwlpdwru1

Sursrvlwlrq 716 OhwN = U$ U eh d frqwlqxrxv ixqfwlrq vdwlvi|lqj mN +y,m ?

4> olp�<3"N +y, @ 3> olp�<"N +y, @ 41

Ohw er
�

eh dq hvwlpdwru iru e gh�qhg e|=

e
r

� � dujplq
SM�

�

]
\ �N

�
p +[> f,

��

�
gI�

zkhuh i��j lv d vhtxhqfh v1w1 �� A 3 dqg olp�<" �� @ 31

Xqghu Dvvxpswlrqv 7140719/

Su

�
olp
�<"

mer� � em @ 3

�
@ 4 +71;,

zkhuh L +{> e, @ L>
t
+{, doprvw hyhu|zkhuh1
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Surri1 Ohw

i +f, �

]
\ � L+[> f,gI>

i� +f, �

]
\ � L+[> f,gI� >

V� +f, �

]
\ �N

�
p +[> f,

��

�
gI� =

Qrwlfh wkdw iru dq| � A 3 =

mV� +f,� i� +f,m �

] ����\ �

�
N

�
p+[> f,

��

�
� L+[> f,

������L +mp+[> f,m � �,gI�

.

] ����\ �

�
N

�
p+[> f,

��

�
� L+[> f,

����� � L ^�� mp+[> f,m`gI�

Vlqfh Su +p +[> f, @ 3, dqg e| rxu dvvxpswlrqv/ N lv erxqghg zlwk

olp
�<"

N

�
p+{> f,

��

�
@

�
4 li p +{> f, A 3

3 li p +{> f, ? 3

�

lw iroorzv wkdw wkh �uvw whup rq wkh UKV ri wkh suhylrxv h{suhvvlrq frqyhujhv

wr }hur xqlirupo| rq f dv Q $41

Wkh vhfrqg whup lv vpdoohu wkdq=

n

]
m\ m � L +�� mp+[> f,m,gI�

xqlirupo| ryhu f +zkhuh n lv vrph srvlwlyh frqvwdqw,1

E| htxlfrqwlqxlw|/ wkhuh h{lvwv d �qlwh �k vxfk wkdw iru doo d> f=

md� fm ? �k , mp+{> f,�p+{> d,m ? �

Il{ d A 3= Wkhq iru f 5 E vxfk wkdw md� fm ? �k

mp+{> f,,m ? �

, mp+{> f,m. mp+{> d,�p+{> f,m ? 5�

, mp+{> d,m ? 5�

Khqfh=

md� fm ? �k

,

]
m\ m � L +�� mp+[> f,m, gI� �

]
m\ m � L +5�� mp+[>d,m,gI�

Vlqfh E lv d frpsdfw vhw/ zh pd| gh�qh wkh �qlwh vhw Ek vxfk wkdw iru doo

f lq E wkhuh lv dq d lq Ek vxfk wkdw md� fm ? �k1
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Wkhq wkhuh h{lvwv dq d lq Ek vxfk wkdw iru doo f lq E =]
m\ m � L +�� mp+[> f,m, gI� �

]
m\ m � L +5�� mp+[>d,m,gI�

Vr iru doo f lq E =]
m\ m � L +�� mp+[> f,m,gI� � pd{

@M�k

]
m\ m � L +5�� mp+[>d,m, gI�

E| wkh Vwurqj Odz ri Odujh Qxpehuv/ dv Q $4>

pd{
@M�k

]
m\ m � L +5�� mp+[>d,m,gI� $ pd{

@M�k

]
m\ m � L +5�� mp+[>d,m, gI d1v1

Khqfh/ iru doo f lq E> iru Q A Qk

mV� +f,� i� +f,m � n pd{
@M�k

]
m\ m � L +5�� mp+[>d,m, gI

Vr iru Q A Qk

vxs
SM�

mV� +f,� i� +f,m � n pd{
@M�k

]
m\ m � L +5�� mp+[>d,m, gI

� n vxs
@M�

]
m\ m � L +5�� mp+[>d,m, gI

Vlqfh wkh deryh krogv iru doo �/ iru Q odujh hqrxjk=

vxs
SM�

mV� +f,� i� +f,m � n olp
k<f

vxs
@M�

]
m\ m � L +5�� mp+[>d,m, gI

zklfk e| wkh Erxqgdu| Frqglwlrq lpsolhv

Su

�
olp
�<"

vxs
SM�

mV� +f,� i� +f,m � 3

�
@ 4

Xvlqj dovr wkh idfw wkdw e| Pdqvnl*v +4<;;d, Ohppd 9/ s1439=

Su

�
olp
�<"

vxs
SM�

mi +f,� i� +f,m � 3

�
@ 4

lw iroorzv wkdw

Su

�
olp
�<"

vxs
SM�

mV� +f,� i +f,m � 3

�
@ 4

E| Ohppd 8 zh rewdlq wkdw

Su

�
olp
�<"

mer� � em @ 3

�
@ 4

Ohppd 4 qrz hqvxuhv wkdw wkh deryh lv d qhfhvvdu| dqg vx!flhqw frqglwlrq

iru

L +{> e, @ L>
t
+{, d1h1
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716 Ixuwkhu hvwlpdwru surshuwlhv

Lw zrxog eh yhu| frqyhqlhqw wr kdyh dqdo|wlfdo uhvxowv fkdudfwhulvlqj wkh

udwhv ri frqyhujhqfh dqg dv|pswrwlf glvwulexwlrq ri wkh hvwlpdwruv zh kdyh

lqwurgxfhg dv wklv zrxog/ iru h{dpsoh/ doorz xv wr pdnh frpsdulvrqv ehwzhhq

wkhp1 Dv zh kdyh ehhq xqdeoh wr rewdlq dqdo|wlfdo uhvxowv lq wklv gluhfwlrq/

zh qrz uhsruw wkh uhvxowv ri d vlpxodwlrq vwxg| ri wkh surshuwlhv ri wkh vwhs

ixqfwlrq P0hvwlpdwru dqg glvfxvv olnho| surshuwlhv ri wkh rwkhu hvwlpdwruv1

Zh xvh wkh vwhs ixqfwlrq P0hvwlpdwru dv d ehqfkpdun qrw rqo| ehfdxvh lw

lv vlpsohu/ exw dovr ehfdxvh lw lv lqwhuhvwlqj hyhq zkhq Dvvxpswlrq 714 lv

ylrodwhg +dqg lv wkhuhiruh rxu fkrvhq hvwlpdwru lq suhylrxv Fkdswhuv,1

71614 Vwhs ixqfwlrq P0hvwlpdwru

Nlp ) Sroodug +4<<3, vkrz wkdw d eurdg fodvv ri hvwlpdwruv rswlplvlqj vwhs

ixqfwlrqv frqyhujh dw fxeh0urrw udwh wr dq dqdo|wlfdoo| lqwudfwdeoh glvwulex0

wlrq1 Zh kdyh qrw ehhq deoh wr vkrz wkdw rxu vwhs ixqfwlrq P0hvwlpdwru

ehorqjv lq wklv fodvv exw lw vhhpv uhdvrqdeoh wr frqmhfwxuh wkdw lw ehkdyhv

lq d vlplodu zd| wr wkh hvwlpdwruv ri Nlp ) Sroodug +4<<3,7 jlyhq wkdw lwv

rqo| xqxvxdo ihdwxuh lv wkdw lw rswlplvhv d vwhs ixqfwlrq 0 zklfk dffruglqj wr

Nlp ) Sroodug +4<<3/ s14<7, �lv wkh pdlq glvwlqjxlvklqj ihdwxuh ri hvwlpd0

wlrq sureohpv wkdw h{klelw fxeh0urrw dv|pswrwlfv�1 Wkh iroorzlqj vlpxodwlrq

surylghv fruurerudwlqj hylghqfh iru wklv frqmhfwxuh1

VLPXODWLRQ 71614

Frqvlghu wkh iroorzlqj GJS/ xvhg dovr lq wkh vlpxodwlrqv ri Fkdswhuv 5

dqg 6=

U|n� @ ef . e�U| . X

X � Q
�
3> �2

�
llg

Uf � Q

�
ef

4� e�
> �2

k
4� +e�,

2

l
3�
�

ef @ 3=33348> e� @ 3=3663> � @ 3=343;

Wkh sdudphwhuv ri wklv GJS zhuh ghwhuplqhg xvlqj ROV wr hvwlpdwh dq

DU+4, prgho rq d vhulhv ri uhwxuqv gudzq iurp wkh hpslulfdo glvwulexwlrq ri

LEP gdlo| forvlqj sulfhv8 iurp 4vw Mdqxdu| 4<<3 wkurxjk wr 9wk Qryhpehu

4<<: +537< revhuydwlrqv,1

7Wkh vwuxfwxudoo| forvhvw hvwlpdwru wr wklv hvwlpdwru iru zklfk wkhuh h{lvwv vrph wkhru|

lv wkh pd{lpxp vfruh hvwlpdwru ri Pdqvnl +4<:8,1 Nlp ) Sroodug +4<<3, vkrz wkdw wkh

pd{lpxp vfruh hvwlpdwru frqyhujhv dw fxeh0urrw udwh wr wkh pd{lpxp ri d Jdxvvldq

surfhvv1
8Rewdlqhg iurp GDWDVWUHDP rq wkh odvw gd| lq wkh gdwdvhw1
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Vxssrvh wkh sdudphwulf irup ri wkh GJS lv nqrzq/ exw wkdw wkh ydoxhv

ri wkh sdudphwhuv duh qrw= Dv glvfxvvhg/ rxu hvwlpdwru fdq rqo| surylgh d

frqvlvwhqw hvwlpdwh ri wkh vfdoh ri wkh sdudphwhuv ri d olqhdu prgho1 Khqfh/

wkh prgho wr eh hvwlpdwhg wdnhv wkh irup=9

p+[> f, @ f.[=

Lw lv zruwk qrwlqj wkdw zh qrz kdyh d pruh sduvlprqlrxv ghvfulswlrq ri rxu

prgho1 Dq hvwlpdwh iru Kf

K�
lv e� vdwlvi|lqj=:

e� 5 dujplq
S
�

]
U|n� � L ^f.U|` gI� +71<,

Zh wrrn W @ 43e gudzv iurp wkh f1g1i1 IK�
ri e� wr rewdlq wkh vlpxodwhg

glvwulexwlrq eIK�
dqg uhshdwhg iru ydulrxv vdpsoh vl}hv1 Lq sduwlfxodu/ zh

vhw= Q @
�
433 � 5,3�

�.
,'�

= Wkh vl}h ri W zdv fkrvhq vr wkdw wkh vwdqgdug

ghyldwlrq e�K� ri eIK�
glg qrw fkdqjh cpxfk* ehwzhhq A

2
dqg W iru dq| Q 1

Wkh glvwulexwlrqv eIK�
zhuh wkhq xvhg wr lqyhvwljdwh ydulrxv surshuwlhv ri

IK�
wkdw duh ri lqwhuhvw1

Dv|pswrwlf frqvlvwhqf|

Dffruglqj wr Sursrvlwlrq 718/ e� lv dv|pswrwlfdoo| frqvlvwhqw vr lw pxvw

frqyhujh wr f�fff�D

f�f��f
@ 7=8788� 433� doprvw vxuho| dv Q ehfrphv odujh1 Wklv

lv frq�uphg lq Wdeoh 714/ zklfk looxvwudwhv wkh frqyhujhqfh ri eIK�
wr e1

Q 433 533 733 ;33 4933 6533 9733 4

43� � e�K� 415:<: 416835 51737; 51<;:: 61<37< 713<< 717;8; 718788

432 � e�K� 416936 4166:; 4159<7 4149<< 413495 31;958; 319<;93 0

Wdeoh 714 Hdfk froxpq fruuhvsrqgv wr d vdpsoh vl}h Q iru zklfk zh frpsxwh

wkh phdq e�K� dqg vwdqgdug ghyldwlrq e�K� ri wkh vlpxodwhg glvwulexwlrq ri e� 1

Wkh froxpq fruuhvsrqglqj wr 4 jlyhv wkh wuxh ydoxh e1

Ilqlwh vdpsoh eldv

Wdeoh 714 dovr lqglfdwhv wkdw e� lv eldvhg grzqzdugv1 Wklv phdqv wkdw

iruhfdvwv whqg wr ohdg wr orqj srvlwlrqv pruh riwhq wkdq wkh| vkrxog1 Wklv

rffxuv ehfdxvh wkh frvw ri ehlqj huurqhrxvo| orqj lv vpdoohu +rq dyhudjh,

wkdq wkh frvw ri ehlqj huurqhrxvo| vkruw iru wklv GJS +vlqfh H +U, A 3, dqg

wkh dv|pphwulf qdwxuh ri wkh ulvn qhxwudo iruhfdvwhuv* orvv ixqfwlrq lpsolhg

e| wklv lv uh hfwhg lq wkh gluhfwlrq ri wkh eldv1

9Vwulfwo| vshdnlqj/ zh vkrxog dovr hvwlpdwh wkh prgho 6 Efc S� ' S3- xqohvv zh nqrz

wkh vljq ri K�/ exw +iru vlpsolflw|, zh zloo dvxph khuh +dqg zkhqhyhu zh hvwlpdwh olqhdu

prghov, wkdw wklv lv lqghhg nqrzq1 Riwhq hlwkhu wkhru| ru uhodwhg hpslulfdo hylghqfh

vxjjhvw wklv vljq1
:Wr �{ K� dw d sduwlfxodu srlqw/ zh wrrn +erwk khuh dqg odwhu, wkh ydoxh forvhvw wr }hur

vdwlvi|lqj +71<,1
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Udwh ri frqyhujhqfh

Lq rxu suhfhglqj glvfxvvlrq zh frqmhfwxuhg wkdw e� zloo frqyhujh wr d

frpsolfdwhg dv|pswrwlf glvwulexwlrq G dw fxeh0urrw udwh/ l1h1 wkdw=

Q
�

�

�
e� �

ef

e�

�
@

� G +7143,

Li rxu frqmhfwxuh lv wuxh dqg �(/ wkh vwdqgdug ghyldwlrq ri G lv �qlwh/ dq

lpsolfdwlrq lv wkdw=

olp
�<"

Q
�

��K� @ �( +7144,

zkhuh �K� lv wkh vwdqgdug ghyldwlrq ri IK� 1 Zkloh idu iurp ehlqj d surri/

yhul�fdwlrq ri +7144, zrxog surylgh vwurqj vxssruwlyh hylghqfh iru rxu frq0

mhfwxuh1

Iljxuh 7151 lv d sorw ri +Q&,
�

� e�K� iru hdfk Q& zklfk vxssruwv +7144,

dqg surylghv dq hvwlpdwh iru �(/ +e�( * 3=46,1 Lq wklv �jxuh �( zloo eh wkh

dv|pswrwh wr zklfk Q
�

� e�K� whqgv1 Li frqyhujhqfh zdv qrw dw fxeh0urrw udwh/

wklv dv|pswrwh zrxog qrw h{lvw1
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Iljxuh 7151 Wklv �jxuh surylghv vxssruwlyh hylghqfh iru wkh frqmhfwxuh wkdw

frqyhujhqfh rffxuv dw fxeh0urrw udwh1

Wklv vlpsoh vlpxodwlrq surylghv vxssruwlyh hylghqfh iru wkh frqmhfwxuh

wkdw wkh hvwlpdwru frqyhujhv dw fxeh0urrw udwh1 Krzhyhu/ rxu vlpsoh vlpx0

odwlrq grhv qrw hyhq ehjlq surylglqj d fkdudfwhulvdwlrq ri wkh fodvv ri GJSv

iru zklfk wklv zloo eh wkh fdvh 0 dq lvvxh zh pxvw ohdyh iru ixwxuh uhvhdufk1

Dv|pswrwlf glvwulexwlrq
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WkdwG lv d qrq0qrupdo glvwulexwlrq lv fohduo| looxvwudwhg e| wkh iroorzlqj

TTsorw ri d qrupdo glvwulexwlrq dqg wkh glvwulexwlrq ri Q
�

� eI
K�

iru Q @

97331
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P
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Normal QQplot

Iljxuh 7161 Wklv �jxuh sorwv wkh txdqwlohv ri G� 1 Wkh d{hv duh vhw vr wkdw

txdqwlohv ri dq| qrupdo glvwulexwlrq olh rq d vwdljkw olqh1

Lw pd| eh ihdvleoh wr rewdlq d pruh suhflvh fkdudfwhulvdwlrq ri wkh dv|ps0

wrwlf glvwulexwlrq ri e� xvlqj wkh uhvxowv ri Nlp ) Sroodug +4<<3,1 Krzhyhu/

wkh| gr qrw surylgh uhvxowv zklfk zrxog doorz hvwlpdwlrq ri wklv dv|pswrwlf

glvwulexwlrq dqg khqfh wklv h{huflvh lv ri olplwhg ydoxh vlqfh lw fdqqrw surylgh

wkh edvlv iru dv|pswrwlf lqihuhqfh1

71615 Txdvl jhqhudolvhg vwhs ixqfwlrq P0hvwlpdwru

Lq dgglwlrq wr wkh Dvvxpswlrqv uhtxluhg iru frqvlvwhqf| ri wkh vwhs ixqfwlrq

P0hvwlpdwru/ frqvlvwhqf| ri wklv hvwlpdwru uhtxluhv nqrzohgjh ri d prgho

iru D +{, vdwlvi|lqj wkh uhtxlvlwh doprvw vxuh xqlirup frqyhujhqfh frqglwlrq

ri Sursrvlwlrq 51 Zh frqmhfwxuh wkdw zkhq wklv frqglwlrq lv lqghhg vdw0

lv�hg/ wklv hvwlpdwru zloo eh pruh h!flhqw wkdq wkh vlpsoh vwhs ixqfwlrq

P0hvwlpdwru1 Wklv lv ehfdxvh zh zrxog h{shfw xvh ri dq| dgglwlrqdo dydlo0

deoh lqirupdwlrq uhjduglqj wkh vwuxfwxuh ri I wr lpsuryh rxu hvwlpdwruv

dqg D fdswxuhv vrph ri wklv vwuxfwxuh1 Qrwh wkdw wkh vwuxfwxuh fdswxuhg

lq D lv vwloo zhdnhu wkdq wkdw ri �t 1 Wr looxvwudwh/ vxssrvh iru vlpsolflw|

wkdw D� +{, @ D +{,> wkhq iru uhdvrqdeoh glvwulexwlrqv ri X / Lt wdnhv wkh

vdph ydoxhv dv L>
t
zlwk srvlwlyh +srvvleo| hyhq odujh, suredelolw|1 Iru doo

revhuydwlrqv ri +|?> {?, vxfk wkdw wklv lv wkh fdvh/ wkh uhdolvhg prgho hu0

uru x? grhv qrw d�hfw wkh ydoxhv ri wkh hvwlpdwru zklfk zloo wkhuhiruh eh

ohvv yrodwloh1 Khqfh zh zrxog h{shfw wkdw dv D� frqyhujhv/ wkh jhqhudolvhg

elqdu| txdqwloh uhjuhvvlrq hvwlpdwru lv ohvv yrodwloh wkdq wkh vlpsoh vwhs

ixqfwlrq P0hvwlpdwru1

Qr ixuwkhu surshuwlhv ri wklv hvwlpdwru fdq eh ghulyhg dqdo|wlfdoo|/ dv wkh

lqwudfwdelolwlhv ri wkh vlpsoh prphqw h{wuhpxp hvwlpdwru duh frpsrxqghg1
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71616 Vprrwkhg hvwlpdwru

Wklv hvwlpdwru kdv ehhq ghvljqhg wr prgli| wkh vlpsoh prphqw h{wuhpxp

hvwlpdwru dqdorjrxvo| wr wkh prgl�fdwlrq Krurzlw}*v +4<<5, vprrwkhg pd{0

lpxp vfruh hvwlpdwru surylghv wr wkh pd{lpxp vfruh hvwlpdwru ri Pdqvnl

+4<:8,1 Edvhg rq wklv idfw/ zh frqmhfwxuh wkdw li zh pdnh fhuwdlq dgglwlrqdo

dvvxpswlrqv dqdorjrxv wr wkh frqglwlrqv ri Krurzlw} +4<<5,/ wklv hvwlpd0

wru zloo eh dv|pswrwlfdoo| qrupdo dqg frqyhujhqfh zloo wdnh sodfh dw d udwh

zklfk lv idvwhu wkdq fxeh0urrw1 Surri ri wklv frqmhfwxuh lv d sduwlfxoduo| gh0

vludeoh jrdo iru ixwxuh uhvhdufk/ vlqfh lw zrxog doorz xv wr frqgxfw dv|pswrwlf

lqihuhqfh derxw wkh ehkdylrxu ri L>
t
1

71617 Dvvhvvphqw ri wkh hvwlpdwruv

Wkh sursrvhg hvwlpdwruv duh dwwudfwlyh zkhq wkh remhfwlyh lv wr hvwlpdwh d

prgho wkh frqglwlrqdo phdq ri zklfk kdv wkh vdph vljq dv wkh cwuxh* uhjuhv0

vlrq pdsslqj 1 Zh kdyh vkrzq wkdw wkh sursrvhg hvwlpdwruv duh urexvw dw

dfklhylqj wklv lq wkh vhqvh wkdw wkh| ohdg wr prghov zlwk wkh ghvluhg surshuw|

hyhq xqghu uhodwlyho| vhyhuh plv0vshfl�fdwlrq1 Lq sduwlfxodu/ vwdqgdug hvwl0

pdwruv vxfk dv ohdvw vtxduhv/ +svhxgr0, pd{lpxp olnholkrrg dqg Ed|hvldq

hvwlpdwruv duh rqo| olnho| wr shuirup zhoo zkhq p +�> �, lv fruuhfwo| vshfl0

�hg iru wkh frqglwlrqdo phdq/ l1h1 zkhq Dvvxpswlrq 4 krogv iru z +{, @ 41

Frq�ghqfh lq wklv vwurqjhu yhuvlrq ri Dvvxpswlrq 4 uhtxluhv d pxfk juhdwhu

ghjuhh ri sulru lqirupdwlrq derxw wkh ehkdylrxu ri �t wkdw pd| qrw dozd|v

eh dydlodeoh1 Khqfh wkh hvwlpdwruv suhylrxvo| lqwurgxfhg zloo lq jhqhudo eh

pxfk pruh urexvw wkdq cvwdqgdug* hvwlpdwruv1

Lq dq| fdvh/ hyhq lq wkh uhvwulfwlyh fdvhv zkhuh zh eholhyh wkdw zh kdyh

dq dffxudwh prgho iru wkh frqglwlrqdo phdq/ vwdqgdug hvwlpdwruv duh qrw

qhfhvvdulo| wkh ehvw zd| iruzdug1 Wklv lv ehfdxvh wkh vljq ri wkh hvwlpdwhg

prgho*v frqglwlrqdo phdq pd| eh edgo| hvwlpdwhg/ hyhq zkhq wkh frqgl0

wlrqdo phdq lv hvwlpdwhg zhoo1 Lqghhg/ lw lv txlwh d jhqhudo revhuydwlrq wkdw

ixqfwlrqv ri hvwlpdwhv duh edgo| ehkdyhg +vhh iru h{dpsoh wkh vlpxodwlrqv

lq Fkdswhuv 5 dqg 6,> d ydulhw| ri hvwlpdwruv kdyh ehhq ghyhorshg wr jhw

durxqg wklv sureohp/ pdlqo| e| wdnlqj sdudphwhu xqfhuwdlqw| lqwr dffrxqw

zkhq surylglqj dq hvwlpdwh ri wkh ghvluhg ixqfwlrq +vhh h1j1 ]hooqhu +4<:;,/

Sdun ) ]hooqhu +4<:<,,1 Ehfdxvh rxu hvwlpdwru gluhfwo| hvwlpdwhv wkh vljq

ri wkh frqglwlrqdo phdq/ lw grhv qrw qhfhvvlwdwh dffrxqwlqj iru sdudphwhu

xqfhuwdlqw|/ pdnlqj lw pruh frqyhqlhqw1

Frpsdulqj wkh wkuhh hvwlpdwruv zh sursrvh/ zh vxjjhvw wkh vwhs ixqfwlrq

P0hvwlpdwru dv wkh ehqfkpdun ehfdxvh +l, lw lv pxfk vlpsohu wkdq erwk

rwkhu hvwlpdwruv> +ll, lw lv xvhixo hyhq zkhq d jrrg prgho iru D +{, fdqqrw

eh srvwxodwhg> dqg +lll, lw kdv vrph ghvludeoh surshuwlhv lq wkh ulvn qhxwudo

iruhfdvwlqj frqwh{w hyhq zkhq Dvvxpswlrq 714 lv qrw vdwlv�hg1 Ri frxuvh li

d jrrg prgho iru D +{, lv dydlodeoh wkhuh lv d jrrg fdvh iru xvlqj wkh txdvl0
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jhqhudolvhg prgl�fdwlrq1 Krzhyhu/ dv zh vkrz lq wkh qh{w Fkdswhu/ wkhvh

hvwlpdwruv duh gl!fxow wr frpsxwh dqg zkloh d vshfldoo| ghvljqhg dojrulwkp

lv sursrvhg/ lw lv d gh�qlwh dgydwdjh ri wkh vprrwkhg prgl�fdwlrq wkdw lw

lv hdvlhu wr frpsxh> wklv dgydqwdjh lv uhlqirufhg e| wkh idfw wkdw lw pd| eh

srvvleoh wr ghulyh frqglwlrqv xqghu zklfk lw frqyhujhv dw d idvwhu udwh wr d

wudfwdeoh dv|pswrwlf glvwulexwlrq1

717 Dssolfdwlrqv

Zh qrz wxuq wr h{dpsohv ri vlwxdwlrqv zkhuh wkh vljq ri d uhjuhvvlrq pdsslqj

lv wkh remhfw ri lqwhuhvw1 Wkh fxuuhqw sudfwlfh lq prvw ri wkhvh vlwxdwlrqv

lv wr vlpso| ghulyh hvwlpdwhv iru wklv vljq iurp hvwlpdwhv ri wkh uhjuhvvlrq

pdsslqj lwvhoi1 Krzhyhu/ iru uhdvrqv zh kdyh mxvw glvfxvvhg/ wkhvh hvwlpdwhv

pd| eh txlwh srru1

Lq wkh �uvw wzr dssolfdwlrqv zh looxvwudwh vlwxdwlrqv zkhuh lw lv ghvludeoh

wr hvwlpdwh wkh vljq ri d pdsslqj �t � zkhuh �t � +{, � �t +{,�d� iru vrph

uhjuhvvlrq pdsslqj �t dqg d nqrzq frqvwdqw d� 1 Wkh wklug dqg irxuwk

looxvwudwh vlwxdwlrqv zkhuh lw lv ghvludeoh wr hvwlpdwh wkh }hurv ri �t � 0 zklfk

duh vlpso| rewdlqhg e| hvwlpdwlqj wkh vljq ri �t � dqg ��t � dqg �qglqj

wkh {*v vxfk wkdw qhlwkhu duh srvlwlyh1 Qrwh wkdw iru wkhvh dssolfdwlrqv zh

uhtxluh wkdw wkh srvwxodwhg prgho p +�> f, lv fruuhfwo| vshfl�hg iru wkh vljq

ri �t .d�1 Exw hyhq li zh lpsrvh wkh xqqhfhvvdulo| vwurqj uhtxluhphqw wkdw

wklv krogv iru doo d� / wklv uhpdlqv d vxevwdqwldoo| zhdnhu dvvxpswlrq wkdq

wkdw ri fruuhfw vshfl�fdwlrq ri p +�> f, iru �t 1

71714 Hvwlpdwlqj vroxwlrqv wr glvfuhwh ghflvlrq sureohpv

Eudqgw +4<<<, sursrvhv d qrqsdudphwulf phwkrg iru hvwlpdwlqj vroxwlrqv

wr ghflvlrq sureohpv zklfk fdq eh ghvfulehg lq whupv ri Hxohu htxdwlrqv1

Krzhyhu/ glvfuhwh ghflvlrq sureohpv kdyh vroxwlrqv zklfk duh qrw vroxwlrqv

ri Hxohu htxdwlrqv dqg khqfh Eudqgw*v phwkrg lv lqdssolfdeoh1 Zh vkrz wkdw

vrph ghflvlrq sureohpv ri wklv irup duh vroyhg e| nqrzq ixqfwlrqv ri wkh

vljq ri d uhjuhvvlrq pdsslqj dqg khqfh wkdw wkh phwkrgv lqwurgxfhg lq wklv

sdshu fdq eh xvhg wr hvwlpdwh vroxwlrqv wr vxfk glvfuhwh ghflvlrq sureohpv1

D eurdg fodvv ri elqdu| fkrlfh g|qdplf surjudpplqj sureohpv ri djhqwv

dw wlph � fdq eh zulwwhq lq wkh jhqhudo irup=

pd{
_|Mtfc��

H

%
A[
|'�

�|3�
��
U

|

�
�U

|

f

�
g
|
.U

|

f

�
m{�

&
+7145,

zkhuh W lv srvvleo| lq�qlwh/ 3 ? � ? 4 lv d glvfrxqw udwh/ H +�m[� , lv wkh

frqglwlrqdo h{shfwdwlrq ri d udqgrp yduldeoh zlwk uhvshfw wr {� +lqirupdwlrq

dw wlph �, dqg U
|
� lv wkh +udqgrp dw w� 4, uhzdug wr dfwlrq m rewdlqhg e|

dq lqglylgxdo fkrrvlqj dfwlrq m dw wlph w1
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Pdq| vxfk sureohpv kdyh wkh surshuw| wkdw
�
g
|
@ 4

�
lv dq rswlpdo dfwlrq

dw wlph w li dqg rqo| li=

H +\|n�m[|, � d| +7146,

zkhuh \|n� lv wkh uhdolvdwlrq ri wkh djhqw*v ydoxh ixqfwlrq li g| @ 4 lv fkrvhq

dw wlph w1 Lq sduwlfxodu/ wklv lv wkh irup ri vroxwlrqv wr rswlpdo vwrsslqj

sureohpv 0 wkdw lv sureohpv lq zklfk li wkh rswlpdo ghflvlrq lv g| @ 4 +vwrs,

dw w/ wkhq g� @ 4 lv dovr rswlpdo iru � A w +vhh h1j1 Hfnvwhlq ) Zroslq +4<;<,

iru d uhylhz ri wkh vxevwdqwldo olwhudwxuh rq sureohpv ri wklv irup,1;

Vxssrvh qrz wkdw H +\|n�m[|, lv xqnqrzq wr dq djhqw vroylqj wklv sure0

ohp zkr pxvw hvwlpdwh klv rswlpdo ghflvlrq xvlqj d vdpsoh ri sdvw gdwd

i|?> {?j
�
?'�1 Wkhq dv lv hylghqw iurp +7146, lw vx!fhv wkdw kh hvwlpdwhv wkh

vljq ri wkh uhjuhvvlrq pdsslqjv ��

t|n�
+{|, @ H +\|n�m{|,� d| iru hdfk w1

H{dpsoh 714 D fdqrqlfdo wzr shulrg mre0vhdufk sureohp

Ohw U|

f
@ e eh wkh uhzdug iurp uhpdlqlqj xqhpsor|hg dw wlph w @ 4> 5

dqg U�

�
@ \� eh wkh uhzdug iurp ehlqj hpsor|hg lq wkh �uvw shulrg dw d

nqrzq zdjh \�1 Li d mre lv dffhswhg lq wkh �uvw shulrg/ qr qhz mre r�huv duh

uhfhlyhg lq wkh vhfrqg +hpsor|phqw ohdyhv qr wlph wr vhdufk iru qhz mrev,

exw wkh zrunhu fdq nhhs wkh mre kh kdv1 Krzhyhu/ li d mre lv qrw dffhswhg/ d

qhz zdjh r�hu \2 lv uhfhlyhg1 Wkh uhzdug iurp ehlqj hpsor|hg lq wkh vhfrqg

shulrg lv wkhq=

U
2

�
@

�
\� li g� @ 4

\2 li g� @ 3

�

zkhuh g| @ 4 lqglfdwhv d mre r�hu lv dffhswhg lq shulrg w dqg g| @ 3 lqglfdwhv

lw lv qrw1 Qrwh wkdw dw w @ 4> \2 lv d udqgrp yduldeoh1

Wkh djhqw*v rswlplvdwlrq sureohp dw w @ 4 lv d vshfldo fdvh ri +7145,

zklfk pd| eh pruh vlpso| zulwwhq dv=

pd{
_�c_2Mtfc��

g
� +\� � e, . e. �

�
g
2
�
g
�
� +\� �H +\2m{,, .H +\2m{,� e

�
. e

�

zkhuh � lv klv glvfrxqw idfwru dqg { lv d yhfwru frqwdlqlqj sxeolf lqirupdwlrq

dw w @ 4 suhglfwlqj wkh glvwulexwlrq ri zdjhv \2 +vxfk dv xqhpsor|phqw

udwhv,1

Wkh rswlpdo ghflvlrq uxoh +wulyldoo| rewdlqhg e| edfnzdug lqgxfwlrq, lv=

g
2 @ 4 li \� A e dqg g

� @ 4

g
2 @ 4 li \2 A e dqg g

� @ 3

g
� @ 4 l� H +\2m{, ? +4 . �,\� � e=

;D yhu| gl�huhqw g|qdplf surjudpplqj sureohp zlwk d vroxwlrq ri wkh vdph irup lv

wkh cfrvw0orvv udwlr* sureohp h{whqvlyho| dqdo|vhg e| phwhrurorjlvwv 0 vhh iru h{dpsoh Ndw}

) Pxusk| +4<<3,1
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zklfk fdq eh vroyhg zlwkrxw nqrzohgjh ri H +\
2
m[

�
, li wkh vljq ri �t +{, @

H +\
2
m{,� +4 . �,\

�
. e lv nqrzq1 Rxu hvwlpdwruv fdq wkhuhiruh eh dssolhg

wr wkh hvwlpdwlrq ri wklv djhqw*v rswlpdo ghflvlrq li d vdpsoh i|?> {?j
�

?'�

ri gudzv iurp wkh glvwulexwlrq ri +\>[, duh dydlodeoh1 Iru h{dpsoh/ wkh

djhqw pljkw qhhg wr hvwlpdwh wkh vljq ri �t +{, zkhq { lv d vhw ri yduldeohv

ghvfulelqj wkh vwdwh ri wkh exvlqhvv f|foh1 <

71715 Hvwlpdwlqj vroxwlrqv wr frqwlqxrxv ghflvlrq sureohpv

zlwk glvfuhwh vroxwlrqv

Zkhq ghflvlrq vsdfhv duh frqwlqxrxv/ rswlpdo dfwlrqv zloo qrw eh fkdudf0

whulvhg e| Hxohu htxdwlrqv zkhq wkh| duh fruqhu vroxwlrqv1 Wkh iroorzlqj

h{dpsoh d vshfldo fdvh ri zklfk sod|v d fhqwudo uroh lq Fkdswhu 5/ looxvwudwhv

wkh idfw wkdw hvwlpdwlrq ri wkh vljq ri d uhjuhvvlrq pdsslqj zloo vrphwlphv

vx!fh iru rswlpdo ghflvlrq0pdnlqj lq vxfk frqwh{wv1

H{dpsoh 715 Ulvn Qhxwudo erqg0sruwirolr lqyhvwphqw ghflvlrq zlwk

wudqvdfwlrq frvwv

Frqvlghu d Ulvn Qhxwudo Lqyhvwru*v vlqjoh0shulrg sureohp ri doorfdwlqj

zhdowk ehwzhhq d culvnohvv* dvvhw vxfk dv d erqg dqg d vlqjoh ulvn| dvvhw +ru

sruwirolr,1 Wklv fdq eh ghvfulehg dv=

pd{
@|Md3rc,o

H

q
Z|

k
+4 .U|n�, d| .

�
4 .U

s
|n�

�
+4� d|,

l
m{|

r
� �Z|

��d| � d�|
��

+7147,

zkhuh U|n� duh uhwxuqv wr wkh sruwirolr iurp w wr w . 4 wkdw duh suhglfwdeoh

zlwk {|> U
s
|n� duh wkh uhwxuqv wr wkh erqg/ Z| lv zhdowk dw wlph w/ � duh

sursruwlrqdo wudqvdfwlrq frvwv/ d�| lv wkh sursruwlrq ri Z| khog lq wkh dvvhw

ehiruh d ghflvlrq lv pdgh dw w dqg d| lv wkh sursruwlrq ri zhdowk fkrvhq iru

lqyhvwphqw lq wkh ulvn| dvvhw1 Wkh lqyhvwru fdq eruurz dw wkh ulvnohvv lqwhuhvw

udwh xs wr +o � 4, � 433( ri klv zhdowk +o � 4, dqg wdnh d vkruw srvlwlrq lq

wkh dvvhw ri d vl}h xs wr v � 433( ri klv zhdowk +v � 3,143

D vroxwlrq wr +7147, dovr vroyhv=

pd{

@|Md3rc,o
H

�
U

e
|n�m[|

�
d| � �

��d| � d�|
�� +7148,

zkhuh Ue
|n� � U|n� �U

s
|n� duh ch{fhvv uhwxuqv*1

<
Judqjhu ) Shvdudq +5333, jlyh dq h{dpsoh ri d vlqjoh0shulrg ghflvlrq sureohp wkdw

frxog eh vroyhg e| hvwlpdwlqj wkh vljq ri d uhjuhvvlrq pdsslqj1
43
Wkh cUlvn Qhxwudo Iruhfdvwlqj* ghflvlrq sureohp ri Fkdswhu 5 lv d vshfldo fdvh ri wklv

zlwk � ' f dqg -
s
' f1
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Ohw �tc� +{, � H
�
Ue

|n�m[| @ {
�
�� dqg �tc2 +{, � H

�
Ue

|n�m[| @ {
�
.�1

D vroxwlrq wr +7148, fdq eh h{suhvvhg dv=

d| +{, @

;?
=

�v li 3 � �tc2 +{,
d�

| li �tc2 +{, A 3 � �tc� +{,
o li �tc� +{, A 3

<@
> = +7149,

Vr zh fdq hvwlpdwh rswlpdo ghflvlrqv d| e| hvwlpdwlqj wkh vljq ri wkh uh0

juhvvlrq pdsslqjv �tc� +�, dqg �tc2 +�,1

71716 Hvwlpdwlrq ri wkh }hurv ri d uhjuhvvlrq ixqfwlrq

Wkh vhw ri ]hurv ri �t lv=

] �i{ = �t +{, @ 3> { 5 [j +714:,

zklfk lv lghqwlfdo wr

�
{ = L>

t
+{, @ L +��t +{,, > { 5 [

�
= +714;,

Hylghqwo|/ rxu hvwlpdwruv fdq eh xvhg wr hvwlpdwh wkh vhw ] e| hvwlpdwlqj

wkh vljq ri wkh uhjuhvvlrq pdsslqjv �t dqg ��t +qrwh wkdw li Dvvxpswlrq

714 dssolhv wr +p>�t , wkhq lw zloo dovr dsso| wr +p>��t ,, dqg rewdlqlqj

e]��
{ = L +{> e� , @ L �

�
{> e�

�

�
> { 5 [

�
+714<,

zkhuh L � +{> f, lv d prgho iru L +��t +{,, zlwk dvvrfldwhg hvwlpdwhg sdudp0

hwhu e�

� dqg L +{> f, lv d prgho iru L +�t +{,, zlwk dvvrfldwhg hvwlpdwhg sd0

udphwhu e� 1 Zh qrz glvfxvv ydulrxv lqwhuhvwlqj dssolfdwlrqv lq zklfk e]
pd| eh xvhixo1 Dv zh kdyh qrwhg lq wkh lqwurgxfwlrq/ dq dowhuqdwlyh frp0

sxwdwlrqdoo| frqyhqlhqw qrq0sdudphwulf dssurdfk iru hvwlpdwlqj ] fdq eh

irxqg lq Kdhugoh ) Ql{grui +4<;:, dqg Wv|ednry +4<;;,1

Fdoleudwlrq

Vxssrvh [ lq +714, lv ghwhuplqlvwlf/ �t lv vrph xqnqrzq ixqfwlrq dqg

i|�j
a
�'�

duh M � 4 revhuydwlrqv ri \ gudzq iurp It m[ @ {W +{W xqnqrzq,1

Wkh fdoleudwlrq sureohp lv wkh wdvn ri hvwlpdwlqj {W jlyhq i|�j
a
�'�

dqg d

vdpsoh i|?> {?j
�
?'� ri gudzv iurp I 1 Wkh cfodvvlfdo* dssurdfk wr fdoleudwlrq

+Hlvhqkduw 4<6<, gudzv rq wkh idfw wkdw wkh vhw=

]�@

+
{ = �t +{,�

	a
�'�|�

M
@ 3> { 5 [

,
+7153,

vkrxog surylgh d jrrg hvwlpdwh iru {W xqghu zhdn frqglwlrqv rq It m[ @ {W1

Vlqfh �t lv qrw nqrzq/ krzhyhu/ wkh cfodvvlfdo* dssurdfk uholhv rq dvvxplqj
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wkdw �t +{, fdq eh vxevwlwxwhg zlwk d cjrrg* hvwlpdwhg prgho p +{>ef, lq

wklv h{suhvvlrq/ vr wkdw

e]� @

+
{ = p +{>ef,� 	a

�'�|�

M
@ 3

,
lv d cjrrg* hvwlpdwh iru {W1

Krzhyhu/ iru uhdvrqv forvho| uhodwhg wr wkh srlqw pdgh lq wkh Vlpxodwlrq

ri Fkdswhu 6/ wklv grhv qrw vhhp wr eh wkh fdvh +Nuxwkfnr� 4<9:, dqg

wklv dssurdfk lv qrz frqvlghuhg txhvwlrqdeoh1 Frqvhtxhqwo|/ d qxpehu ri

qhz hvwlpdwruv kdyh ehhq sursrvhg +Eurzq 4<:</ Kxqwhu ) Odper| 4<;4/

Ndorwd| 4<:4/ Ozlq ) Pdulw} 4<;3,/ hdfk zlwk lwv rzq dgydqwdjhv1 Wkh

hvwlpdwruv ghyhorshg lq wklv sdshu fdq eh xvhg wr gluhfwo| hvwlpdwh ]� zklfk

lwvhoi vkrxog eh d jrrg hvwlpdwh iru {W1 Khqfh/ rxu hvwlpdwruv surylgh dq

lqwhuhvwlqj dgglwlrq wr wkh srro ri dydlodeoh hvwlpdwruv iru wklv sureohp zklfk

pd| eh sduwlfxoduo| dwwudfwlyh zkhq qr prgho lv fhuwdlq wr eh d fruuhfw

vshfl�fdwlrq iru �t 1

Hfrqrphwulf htxdwlrq lqyhuvlrq

Ohw[� ghqrwh wkh l*wk hohphqw ri[ dqg[
3� ghqrwh +[�> ===>[�3�>[�n�> ===>[U,1

Lw lv vrphwlphv ghvludeoh wr hvwlpdwh wkh pdsslqj {� @ } +|W> {
3�, vxfk wkdw

�t +[
3� @ {

3�>[� @ {�, @ |W xqghu wkh dvvxpswlrq wkdw wkh uhodwlrqvkls

ehwzhhq \ dqg [ lv fkdudfwhulvhg e| +714,1 Wklv lv vrphwlphv uhihuuhg wr dv

d sureohp ri hfrqrphwulf htxdwlrq lqyhuvlrq/ vlqfh wkh lqyhuvh ri �t +{�> {3�,

zlwk uhvshfw wr {� qhhgv wr eh hvwlpdwhg1 Wklv fdq eh wuhdwhg dv d sureohp

ri hvwlpdwlqj wkh }hurv ri d phdq uhjuhvvlrq prgho/ dv wkh iroorzlqj wzr

h{dpsohv looxvwudwh1

Ghflvlrqv zlwk Wdujhwv Frqvlghu wkh iroorzlqj fodvvlf sureohp lq wkh

frqwuro ri sdvvlyho| revhuyhg v|vwhpv zklfk dulvhv urxwlqho| lq Hfrqrplf

prghov1 D ghflvlrq pdnhu kdv vrph frqwuro ryhu wkh glvwulexwlrq ri [�

zklfk kh xvhv wr hqvxuh wkdw wkh h{shfwhg ydoxh ri \ lv htxdo wr d cwdujhw

ohyho* |W/ jlyhq dq| uhdolvdwlrq ri [
3�1 Lw lv w|slfdoo| dvvxphg wkdw �t +{,

lv qrw d�hfwhg e| dq| fkdqjhv lq wkh glvwulexwlrq ri [� zklfk wkh ghflvlrq

pdnhu h�hfwv1 Lq wklv fdvh/ li �t lv xqnqrzq/ wkh ghflvlrq pdnhu zloo eh

lqwhuhvwhg lq hvwlpdwlqj=

]
2
� i{� = �t +{�> {3�,� |W @ 3> { 5 [j =

zklfk lv d vhw hvwlpdeoh xvlqj wkh hvwlpdwruv zh kdyh sursrvhg1

Pdfurhfrqrphwulf prghov Vxevwdqwldo uhvhdufk h�ruw kdv ehhq ghyrwhg

wr dqdo|vlqj wkh lpsolfdwlrqv ri hfrqrphwulf htxdwlrq lqyhuvlrq lq wkh frq0

wh{w ri pdfurhfrqrplf prghov 0 vhh iru h{dpsoh Khqgu| ) Hulfvvrq +4<<4,/
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Hulfvvrq hw do1 +4<<;, dqg wkh uhihuhqfhv wkhuhlq1 Wkh vwdqgdug vhwwlqj lq

zklfk wklv dulvhv lv zkhq +714, lv dvvxphg wr krog iru prqh| ghpdqg dv d

ixqfwlrq ri sulfhv/ lqwhuhvw udwhv hwf1 Edvhg rq wkhvh dvvxpswlrqv/ lw lv riwhq

uhtxluhg wr rewdlq dq h{suhvvlrq iru sulfhv +ru lqwhuhvw udwhv, dv d ixqfwlrq

ri prqh| ghpdqg dqg lqwhuhvw udwhv +ru sulfhv,1

Wzr frpprq zd|v ri hvwlpdwlqj vxfk d uhodwlrqvkls zklfk duh qrz uhfrj0

qlvhg dv sureohpdwlf duh=

41 Lqyhuwp +{> f, zlwk uhvshfw wr {� dqg hvwlpdwh wkh prgho {� @ p� +|> {
3�> f,

dv li lw zhuh d fruuhfwo| vshfl�hg prgho iru �f�
+|> {�,1 Ri frxuvh/ wklv

zloo rqo| eh wkh fdvh xqghu yhu| vshfldo dvvxpswlrqv vxfk dv mrlqw qru0

pdolw| ri +\>[,/ zklfk duh suredeo| d yhu| edg dssur{lpdwlrq wr dq|

lqwhuhvwlqj uhdolw|1 Hvwlpdwlrq iroorzlqj wklv frxuvh pd| wkhuhiruh ohdg

wr lqfrqvlvwhqw hvwlpdwhv1

51 Lqyhuw dq hvwlpdwhg prghop +{> e� , iru �t +{, zlwk uhvshfw wr {� wr re0

wdlq dq h{suhvvlrq ri wkh irup {� @ p� +|> {
3�> e� ,1 Wklv zloo jhqhudoo|

gholyhu edg hvwlpdwhv iru �f�
+|> {

3�, h{fhsw xqghu vshfldo frqglwlrqv/

hyhq wkrxjk lw lv vrphwlphv xvhg iru wklv sxusrvh1 Lw lv pruh qdwxudo

wr h{shfw lw zrxog vhuyh dv d jrrg hvwlpdwh iru

]
�
� i{� = �t +{�> {3�,� |W @ 3> { 5 [j

dowkrxjk iru uhdvrqv uhodwhg wr wkrvh glvfxvvhg lq uhodwlrq wr Fdoleud0

wlrq/ wklv vkrxog dovr eh txhvwlrqhg/ sduwlfxoduo| li dgmxvwphqwv duh

qrw pdgh wr dffrxqw iru sdudphwhu xqfhuwdlqw|1

Hylghqwo|/ wkh rqo| uhodwlrqvkls wkdw fdq eh hvwlpdwhg lq d vdwlvidfwru|

zd| lv ] +{
3�> |

W,/ zklfk fdq dovr eh dfklhyhg xvlqj rxu hvwlpdwru1 Dq

h{dpsoh ri ] +{
3�> |

W, frxog jlyh wkh sulfhv {� frqglwlrqdo rq zklfk/ iru d

jlyhq ohyho ri lqfrph dqg lqwhuhvw udwhv +{
3�, prqh| ghpdqg \ lv h{shfwhg

wr htxdo |W1 Wkh dgydqwdjhv duh/ dv dozd|v/ sduvlprq| dqg frqvlvwhqf|

xqghu zhdnhu frqglwlrqv rq fruuhfw vshfl�fdwlrq1

718 Frqfoxvlrqv ) ixwxuh gluhfwlrqv

Lq wklv fkdswhu zh ghyhors hvwlpdwruv iru d vhplsdudphwulf prgho ri d uh0

juhvvlrq pdsslqj zkhq rxu lqwhuhvw irfxvhv rq wkh vljq ri wklv pdsslqj1

Zh kdyh jlyhq d qxpehu ri h{dpsohv ri lpsruwdqw prghoolqj vlwxdwlrqv lq

zklfk wklv lv wkh fdvh dqg kdyh dujxhg wkdw lq wkhvh vlwxdwlrqv wkh sursrvhg

hvwlpdwruv duh sduwlfxoduo| dgydqwdjhrxv1

Wkh uhdvrqv iru wklv duh wkuhhirog= Iluvwo|/ lw zloo eh hdvlhu wr fruuhfwo|

vshfli| d prgho iru wkh vljq ri wkh uhjuhvvlrq pdsslqj dqg wkhuhiruh rewdlq d

frqvlvwhqw hvwlpdwru iru lw1 Vhfrqgo|/ dv looxvwudwhg lq wkh frqwh{w ri rxu vlp0

xodwlrq/ prghov iru wkh vljq duh olnho| wr eh pruh sduvlprqlrxv wkdq prghov
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iru wkh uhjuhvvlrq pdsslqj> dqg wklugo|/ hvwlpdwruv iru wkh vljq ghulyhg iurp

hvwlpdwruv ri wkh uhjuhvvlrq pdsslqj duh olnho| wr uhtxluh vrph prgl�fdwlrq

wr dffrxqw iru sdudphwhu xqfhuwdlqw|1 Zkloh d frqylqflqj dvvhvvphqw ri

wkh ydoxh ri wkhvh phwkrgv lv shqglqj wkhlu xvh lq dq dssursuldwh hpslulfdo

dssolfdwlrq/ wkhvh dujxphqwv lqglfdwh wkdw wkh| pljkw eh xvhixo lq d eurdg

udqjh ri vxfk dssolfdwlrqv1

Wkh wkuhh vhplsdudphwulf hvwlpdwruv zh sursrvh duh frqvlvwhqw xqghu

zhdn frqglwlrqv/ lqfoxglqj iru h{dpsoh duelwudu| khwhurvnhgdvwlflw| ri huuruv

dqg d qrq0ixqfwlrqdo uhodwlrqvkls ehwzhhq \ dqg [1 Zkloh wkh surshuwlhv

ri wkh ehqfkpdun vwhs ixqfwlrq P0hvwlpdwru dqg wkh txdvl0jhqhudolvdwlrq

wkhuhri vhhp wr eh krshohvvo| lqwudfwdeoh/ wkh surshuwlhv ri wkh vprrwkhg hv0

wlpdwru pd| eh wudfwdeoh dqg zh lqwhqg wr lqyhvwljdwh wklv lq ixwxuh uhvhdufk1

Wklv lv sduwlfxoduo| lqwhuhvwlqj/ vlqfh lw frxog surylgh d urxwh wr frqgxfwlqj

dv|pswrwlf lqihuhqfh derxw wkh vljq ri d uhjuhvvlrq pdsslqj dqg wkhuhiruh

dovr derxw wkh irup ri wkrvh rswlpdo ghflvlrqv wkdw fdq eh h{suhvvhg dv

ixqfwlrqv ri wklv vljq1 Ri frxuvh/ lw pd| eh xvhixo wr dovr frqvlghu krz rwkhu

vwdjhv ri wkh prghoolqj surfhvv pljkw eh prgl�hg wr lpsuryh prghoolqj ri

wkh vljq ri uhjuhvvlrq pdsslqjv1 Lqhylwdeo|/ wklv zloo uhtxluh dffxpxodwlrq

ri sudfwlfdo h{shulhqfh zlwk wklv sduwlfxodu sureohp1

719 Dsshqgl{

71914 D1 Ohppdwd xvhg lq surriv ri sursrvlwlrqv lq wh{w

Ohppd 714 Ohw k = [ $ Unn eh dq| vwulfwo| srvlwlyh ixqfwlrq1

Vxssrvh Dvvxpswlrq 714 lv vdwlv�hg1

L +{> e, @ L>
t
+{, doprvw hyhu|zkhuh li dqg rqo| li=

e 5 dujplq
SM�

�

]
k +[, � \ � L+[> f,gI= +7154,

Surri1 ,

�

]
k +[, � \ � L+[> f,gI @ �

]
k +[, � �t +[, � L+[> f,,gI

� �

]
k +[, � �t +[, � L+[> f, � L>

t
+[,gI

� �

]
k +[, � �t +[, � L>

t
+[,gI=

E| D714 wkhuh lv d e vxfk wkdw L +{> e, @ L>
t
+{,1 Fohduo| lq wklv fdvh/

wkh deryh uhodwlrqv krog zlwk htxdolw|1 Wkhuhiruh li f lv d plqlplvlqj ydoxh/

wkh deryh uhodwlrqv pxvw dovr krog zlwk htxdolw| dqg khqfh=

]
k +[, � �t +[, � L+[> f,gI @

]
k +[, � �t +[, � L>

t
+[,gI=
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Wklv lpsolhv wkdw L+[> f, @ L>
t
+[, doprvw vxuho|1

+

Zh kdyh douhdg| vkrzq wkdw=

�

]
k +[, � \ � L+[> f,gI � �

]
k +[, � �t +[, � L>

t
+[,gI

Khqfh li L +[> e, @ L>
t
+[, > e lv d plqlplvlqj ydoxh ri wkh OKV1

Ohppd 715 Ohw D = [ $ ^3> 4` eh d pdsslqj vxfk wkdw=

D +{, �
H +m\ m mL +\ , @ 4> {,

H +m\ m mL +\ , @ 4> {, .H +m\ m mL +\ , @ 3> {,
> { 5 [ +7155,

Vxssrvh Dvvxpswlrq 714 lv vdwlv�hg1

L +{> e, @ L>
t
+{, doprvw hyhu|zkhuh li dqg rqo| li=

e 5 dujplq
SM�

�

]
^D +[,� Su +L +\ , @ 3m[,` � L+[> f,gI +7156,

Surri1 Qrwlfh wkdw iru dq| ixqfwlrq k = [ $ U=]
k +[, � \ � L+[> f,gI @

]
k +[, � �t +[, � L+[> f,gI +7157,

zkhuh If lv wkh f1g1i1 ri [1

Lw lv hdv| wr vkrz +vhh Fkdswhu 5/ Sursrvlwlrq 515, wkdw=

�t +{, @

H +m\ m mL +\ , @ 4> {,�Su+L +\ , @ 3m{, ^H +m\ m mL +\ , @ 3> {, .H +m\ m mL +\ , @ 4> {,`

+7158,

Gh�qh wkh vwulfwo| srvlwlyh ixqfwlrq k = [ $ Unn e|=

k+{, �
4

H +m\ m mL +\ , @ 3> {, .H +m\ m mL +\ , @ 4> {,
+7159,

Xvlqj +7157,/+7158, dqg +7159,1]
k +[, � \ � L+[> f,gI @

]
^D +[,� Su +L +\ , @ 3m[,` � L+[> f,gI

Ohppd 4 fdq qrz eh dssolhg wr rewdlq wkh ghvluhg uhvxow1

Ohppd 716 Ohw

k+{> f, � +Lt �D +{,, � L+{> f,>

k� +{> f, � +Lt �D� +{,, � L+{> f,>

y+{, � Lt �D +{, >

y� +{, � Lt �D� +{, =
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Li D� +{, frqyhujhv xqlirupo| wr D+{, doprvw vxuho|/ wkh VOOQ krogv/ dqg

Ek lv d �qlwh fduglqdolw| vxevhw ri E wkhq

Su

�
olp
�<"

pd{
SM�k

����
]

k� +[> f,gI� �

]
k+[> f,gI

���� @ 3

�
@ 4 +715:,

dqg

Su

�
olp
�<"

pd{
SM�k

����
]

y� +[,gI� �

]
y+[,gI

���� @ 3

�
@ 4= +715;,

Surri1 Dv wkh surriv ri +715:, dqg +715;, duh lghqwlfdo/ zh suryh rqo|

+715:,1

Vlqfh k� +[> f, lv d olqhdu ixqfwlrq ri D� +[,/ wkh dvvxpswlrq gluhfwo|

lpsolhv wkdw iru doo % A 3 wkhuh h{lvwv d Q0 vxfk wkdw iru Q A Q0/ xqlirupo|

rq +[ > E,=

mk� +[> f,� k+[> f,m ? % d1v1

Vr= ]
mk� +[> f,� k+[> f,m gI� ?

]
%gI� @ %

Vlqfh
U
mk� +[> f,� k+[> f,mgI� �

��U k� +[> f,� k+[> f,gI�
�� wklv lpsolhv=

����
]
k� +[> f,� k+[> f,gI�

���� ? %

, Su

�
olp
�<"

����
]
k� +[> f,� k+[> f,gI�

���� @ 3

�
@ 4 +715<,

Wkh Vwurqj Odz ri Odujh Qxpehuv hqvxuhv wkdw iru dq| f=

olp
�<"

����
]
k+[> f,gI� �

]
k+[> f,gI

���� @ 3 d1v1 +7163,

Vr frpelqlqj +715<, dqg +7163,/ iru dq| f=

olp
�<"

����
]
k� +[> f,gI� �

]
k+[> f,gI�

����.
����
]
k+[> f,gI� �

]
k+[> f,gI

���� @ 3 d1v1

+7164,

Qrz qrwlfh wkdw vlqfh md� em. me� fm � md� fm/

����
]
k� +[> f,gI� �

]
k+[> f,gI

���� �
����
]
k� +[> f,gI� �

]
k+[> f,gI�

����
.

����
]
k+[> f,gI� �

]
k+[> f,gI

����
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Xvlqj wklv idfw dqg +7164,/ zh rewdlq wkdw iru dq| f 5 Ek=����
]
k� +[> f,gI� �

]
k+[> f,gI

����$ 3 d1v1

Ohppd 717 Ohw

k+{> f, � y+{, � L+{> f,>

k� +{> f, � y� +{, � L+{> f,>

y+{, � Lt �D +{, >

y� +{, � Lt �D� +{, =

Li D� +{, frqyhujhv xqlirupo| wr D+{, doprvw vxuho| dqg D509 duh vdwlv�hg/

wkhq

Su

�
olp
�<"

pd{
SM�

����
]
k� +[> f,gI� �

]
k+[> f,gI

���� @ 3

�
@ 4=

Surri1 Zh iroorz wkh orjlf ri Pdqvnl +4<;;d,/ Ohppdwd 8 dqg 9/ ss

437043;=����
]
k� +[>d,� k� +[> f,gI�

����
@

����
]
y� +[,^L+[>d,� L+[> f,`gI�

����
�

]
my� +[,^L+[>d,� L+[> f,`mgI�

Vr ����
]
k� +[>d,� k� +[> f,gI�

���� �
]
c E@cS�

my� +[,mgI� +7165,

zkhuh

[ +d> f, � i{ 5 [ = p+{> d, � 3 �p+{> f, ^p+{> d, � 3 �p+{> f,j=

Iru � A 3 dqg f 5 E/ e| wkh htxlfrqwlqxlw| dvvxpswlrq +D8, zklfk iru

qrwdwlrqdo vlpsolflw| +exw zlwkrxw orvv ri jhqhudolw|, zh dvvxph krogv iru

z +{, @ 4/ lw iroorzv wkdw wkhuh h{lvwv d �k vxfk wkdw iru doo +d> {, 5 +E>[ ,

md� fm ? �k ,

�
p+{> f, A �,p+{> d, A 3

p+{> f, ? ��,p+{> d, ? 3

�

Khqfh wkhuh h{lvwv d �k vxfk wkdw iru doo +d> {, 5 +E>[ ,

md� fm ? �k , [ +d> f, � [Sk � i{ 5 [ = �� ? p+{> f, ? �j= +7166,
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Xvlqj +7165, dqg +7166,=

md� fm ? �k ,

����
]
k� +[>d,� k� +[> f,gI�

���� �
]
fSk

my� +[,mgI�

E| lghqwlfdo uhdvrqlqj/ wklv frqglwlrq krogv li zh uhsodfh k� +{> f, zlwk

k +{> f,/ y� +{, zlwk y +{, dqg I� zlwk I=

Khqfh/

md� fm ? �k ,

����
]
k+[>d,� k+[> f,gI

����.
����
]
k� +[>d,� k� +[> f,gI�

����
�

]
cSk

my+[,mgI .

]
cSk

my� +[,mgI� +7167,

Qrz qrwlfh wkdw=

����
]
k� +[>d,gI� �

]
k+[>d,gI

����
@

����
U
+k� +[>d,� k� +[> f,,gI� �

U
+k+[>d,� k+[> f,,gI.

.
U
k� +[> f,gI� �

U
k+[> f,gI

����

,

����
]
k� +[>d,gI� �

]
k+[>d,gI

����
�

����
]
k� +[>d,� k� +[> f,gI�

����.
����
]
k+[>d,� k+[> f,gI

����
.

����
]
k� +[> f,gI�

�

]
k+[> f,gI

����
Khqfh frpelqlqj wkh deryh uhodwlrqvkls zlwk +7167,=

md� fm ? �k ,����
]
k� +[>d,gI� �

]
k+[>d,gI

����
�

]
fSk

my+[,mgI .

]
fSk

my� +[,mgI� .

����
]
k� +[> f,gI� �

]
k+[> f,gI

����
Qrz Frpsdfwqhvv ri E lpsolhv wkdw wkhuh h{lvwv d Ek � E vxfk wkdw

fdug+Ek, ?4 dqg iru dq| d 5 E wkhuh lv d f 5 Ek vxfk wkdw md� fm ? �k=

Wkhuhiruh iru doo d 5 E>

����
]
k� +[>d, gI �

]
k +[>d,gI

���� � pd{
SM�k

]
cSk

my+[,m gI.pd{
SM�k

]
cSk

my� +[,mgI�

.pd{
SM�k

����
]
k� +[> f,gI� �

]
k+[> f,gI

����
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E| Ohppd 4/ iru doo �> � A 3/ wkhuh h{lvwv d Qk# ? 4 vxfk wkdw iru doo

Q A Qk#

vxs
@M�

����
]
k� +[>d,gI� �

]
k+[>d,gI

���� � 5^pd{
SM�k

]
fSk

my+[,mgI . �

� 5^vxs
SM�

]
fSk

my+[,mgI . �

Qrz wkh Erxqgdu| frqglwlrq fdq eh zulwwhq dv=

olp
k<f

vxs
SM�

]
Sk

m\ mgI @ 3

lpso|lqj wkdw dv +�> �,$ 3 wkh uhtxluhg uhvxow lv rewdlqhg1

Ohppd 718 Dvvxph ]
+D� +{,� Lt , � L+{> f,gI�

frqyhujhv xqlirupo| doprvw vxuho| wr

]
+D +{,� Lt , � L+{> f,gI

dv Q whqgv wr lq�qlw| dqg D51 Wkhq=

Su

�
olp
�<"

��ek� � e�
�� @ 3

�
@ 4

Surri1 Vhh iru h{dpsoh Dphpl|d +4<;8, Wkhruhp 71414 dv prgl�hg e|

irrwqrwh 41

71915 E= Vx!flhqw frqglwlrqv iru dvvxpswlrqv uhtxluhg iru

dv|pswrwlf frqvlvwhqf|

Vx!flhqw frqglwlrqv iru Lghqwl�delolw|

Zh jlyh vxfk frqglwlrqv rq wkh edvlv ri wkh iroorzlqj Sursrvlwlrq zklfk

lv d vlpsoh h{whqvlrq ri d uhvxow lq Pdqvnl +4<;8,1

Sursrvlwlrq 717 Vx!flhqw frqglwlrqv iru Dvvxpswlrq 7 duh=

41 Iru vrph � 5 W> wkhuh h{lvwv z = [ $ U vxfk wkdw=

� +p+{> f,, @ z+{,�f> +{> f, 5 +[ >E, >

dqg



7191 DSSHQGL[ <<

51 Wkh vxssruw ri If lv qrw frqwdlqhg lq dq| surshu olqhdu vxevsdfh ri

U
&
> dqg

61 e, 9@ 3 iru vrph o dqg ;[
3, � +[�>[2> ===>[,3�>[,n�> ===[&, wkh glvwul0

exwlrq ri [,m[3, kdv hyhu|zkhuh srvlwlyh Ohehvjxh ghqvlw|1

Surri1 Wkh frqglwlrqv zh kdyh dvvxphg lpso| e| Pdqvnl +4<;8/ Ohppd

5/ s1 64:, wkdw iru doo f 9@ e>

]
cS

gIf A 3

[S �
q
{ 5 U& = 4

�
z+{,�f � 3

�
9@ 4

�
z+{,�e � 3

�r
+7168,

Ohw=

[ �

S
�
q
{ 5 U& = 4

�
z+{,�f A 3

�
9@ 4

�
z+{,�e A 3

�r

Iru f 9@ 3/ e| wkh Sursrvlwlrq*v frqglwlrqv 5 dqg 61

]
c �

S

gIf @

]
cS

gIf A 3=

Iru f @ 3/

]
c �

S

gIf @ 4�

]
cS

gIf

Khqfh iru doo f 9@ e lw lv wkh fdvh wkdw
U
c �

S

gIf A 3 zklfk lpsolhv=

]
U � 4

�
z +[,

�
f A 3

�
gI 9@

]
U � 4

�
z +[,

�
e A 3

�
gI

vr e| frqglwlrq 4

]
U � 4 ^p +[> f, A 3`gI 9@

]
U � 4 ^p +[> e, A 3`gI

dqg khqfh wkh plqlpxp ri wkh u1k1v1 pxvw eh xqltxh/ hqvxulqj lghqwl�delolw|1

Vx!flhqw frqglwlrqv iru Htxlfrqwlqxlw|

E| Pdqvnl +4<;;d,/ Ohppd :/ ss1 43<0443=

Iru vrph � 5 W/ dw ohdvw rqh ri +4,/ +5, ru +6, krog=

41 [ �E lv d frpsdfw phwulf vsdfh dqg � +p +�> �,, lv frqwlqxrxv rq lw1
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51 � +p+�> �,, lv erxqghg rq [ � F dqg p+{> �, lv frqyh{ rq F iru doo

{ 5 [ > zkhuh E � F � U
& dqg F lv dq rshq frqyh{ vhw1

61 � +p+{> f,, @ z+{,�f> +{> f, 5 +[ > E, > z = [ $ U
&=

Vx!flhqw frqglwlrqv iru wkh Erxqgdu| frqglwlrq

Dffruglqj wr Pdqvnl +4<;;d/ Ohppd ;/ ss1 4430444, wkh iroorzlqj wkuhh

frqglwlrqv pxvw krog=

41 Iru vrph � 5 W/ wkhuh h{lvwv d z = [ $ ] � U
& vxfk wkdw � +p+{> f,, @

z+{,�f> +{> f, 5 +[ >E, >

51 ; +f> $, 5 E�Y> zkhuh Y lv wkh udqjh vsdfh ri mUm/ wkh suredelolw| phd0

vxuh I�E%��SmU lv devroxwho| frqwlqxrxv z1u1w1 wkh Ohehvjxh phdvxuh �

dqg dovr < � ?4 v1w1
_8

�E%��S�-

_>
? �>

61
U
mUm gI- h{lvwv



Fkdswhu 8

Joredo rswlplvdwlrq ri wkh

dyhudjh ri udqgrp vwhs

ixqfwlrqv

VXPPDU\

Wkh dyhudjh ri d odujh qxpehu ri udqgrp vwhs ixqfwlrqv lv d glvfrqwlq0

xrxv vxuidfh zlwk dq h{wuhpho| odujh qxpehu ri orfdo rswlpd hyhq wkrxjk/

dv wkh qxpehu ri vwhs ixqfwlrqv whqgv wr lq�qlw|/ frqyhujhqfh pd| eh wr

d vprrwk vxuidfh zlwk d xqltxh plqlpxp1 Zh sursrvh dq dojrulwkp iru

frpsxwlqj wkh plqlpxp ri vxfk d vxuidfh vlqfh vwdqgdug judglhqw0edvhg

rswlplvdwlrq phwkrgv duh lqdssolfdeoh1 Wkh dojrulwkp lv edvhg rq wkh lghd

ri vxevwlwxwlqj wkh glvfrqwlqxrxv vxuidfh zlwk d vhtxhqfh ri frqwlqxrxv vxu0

idfhv wkdw frqyhujh wr lw/ |hw duh hdv| wr plqlplvh vhtxhqwldoo|1 Frqglwlrqv

xqghu zklfk wkh dojrulwkp frqyhujhv wr d joredo plqlpxp duh surylghg dqg

lwv shuirupdqfh lv hydoxdwhg lq d vlpsoh exw uhohydqw dssolfdwlrq1

814 Lqwurgxfwlrq

Lq wklv Fkdswhu zh vwxg| wkh vljql�fdqw gl!fxowlhv lqyroyhg lq frpsxwdwlrq0

doo| plqlplvlqj ixqfwlrqv ri wkh irup

i� +f, � �

]
\ � L ^p +[> f,` gI� +814,

zkhuh I� lv wkh hpslulfdo glvwulexwlrq ixqfwlrq ri +\>[, frpslohg xvlqj

Q revhuydwlrqv iurp I> wkh f1g1i1 ri +\>[, dqg p +[> f, lv vrph uhdo ydo0

xhg udqgrp ixqfwlrq1 L lv dq lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4 li wkh

h{suhvvlrq lq eudfnhwv lv srvlwlyh dqg }hur rwkhuzlvh1 Zh duh lqwhuhvwhg lq

rewdlqlqj wkh plqlpxp e� ri i� +f, iru f 5 E1

434
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Rxu lqwhuhvw lq wklv sureohp fohduo| dulvhv iurp wkh idfw wkdw wkh vlpsoh

vwhs ixqfwlrq P0hvwlpdwru ri Fkdswhu 7 xvhg wkurxjkrxw wklv wkhvlv plq0

lplvhv d ixqfwlrq ri wklv irup1 Zh zloo h{sodlq zk| i� +f, lv gl!fxow wr

plqlplvh dqg 0 edvhg rq wklv h{sodqdwlrq 0 sursrvh dq rswlplvdwlrq dojr0

ulwkp ghvljqhg wr shuirup zhoo jlyhq wkh fkdudfwhulvwlfv ri i� wkdw zh zloo

hvwdeolvk1 D wkhruhwlfdo frqyhujhqfh uhvxow lv hvwdeolvkhg dqg wkh dojrulwkp

lv hydoxdwhg lq wkh frqwh{w ri hvwlpdwlqj d vlpsoh Ulvn Qhxwudo Iruhfdvwlqj

Prgho1

Wkh sureohp zh dgguhvv pd| dulvh lq frpsxwlqj d ydulhw| ri hfrqrphw0

ulf hvwlpdwruv/ lqfoxglqj wkh pd{lpxp vfruh hvwlpdwru ri Pdqvnl +4<:8,1

Lqghhg/ lw kdv dovr ehhq hqfrxqwhuhg e| OhEdurq +4<<;d, dqg Slfwhw hw do1

+4<<9,1

815 Vrxufh ri frpsxwdwlrqdo gl!fxowlhv

Wkh glvfrqwlqxlw| ri wkh lqwhjudqg lq +814, pdnhv wkh frpsxwdwlrqdo ghulyd0

wlrq ri e� qrq0wulyldo1 D gluhfw lpsolfdwlrq ri wklv glvfrqwlqxlw| lv wkdw

wkh udqjh ri wkh remhfwlyh ixqfwlrq pxvw qhfhvvdulo| kdyh �qlwh fduglqdolw|1

Wklv lv uhdvvxulqj lq dv pxfk dv lw lpsolhv wkdw e� dozd|v h{lvwv/ exw lv dovr

wurxeohvrph lq wkdw lw lpsolhv lwv frpsxwdwlrq zloo lqyroyh wkh rswlplvd0

wlrq ri d glvfrqwlqxrxv ixqfwlrq/ zklfk suhfoxghv wkh xvh ri judglhqw ghvfhqw

phwkrgv1 Frqvlghulqj wkdw wkh udqgrpqhvv lqkhuhqw lq wkh vdpsolqj sur0

fhvv lv dovr fduulhg ryhu wr wkh remhfwlyh ixqfwlrq/ lw ehfrphv hylghqw wkdw

i� +f,zloo eh d kljko| uxjjhg ixqfwlrq zlwk pdq| orfdo h{wuhpd hyhq zkhqU
\ � L ^p +[> f,`gI lv frqwlqxrxv14

Dv Q whqgv wr lq�qlw|/ rxu dvvxpswlrqv lq Fkdswhu 7 hqvxuh wkdw i� +f,
frqyhujhv xqlirupo| doprvw vxuho| wr d frqwlqxrxv ixqfwlrq dqg khqfh frp0

sxwdwlrqdo rswlplvdwlrq vkrxog ehfrph hdvlhu1 Iru vpdoo Q / plqlplvdwlrq ri

i� +f, lv wulyldo vlqfh lw wdnhv rq d vpdoo qxpehu ri ydoxhv lq E1 Wr looxvwudwh

wklv/ wklqn ri wkh vlpsoh fdvh zkhuhp lv d olqhdu ixqfwlrq/ l1h1 p +{> f, @ {�f/

{ 5 [ / f 5 E1 Wkhq wkh Q k|shusodqhv gh�qhg e| wkh froohfwlrq ri yhfwruv

if = {�

?f @ 3j�
?'�

ghfrpsrvh E lqwr dw prvw Q_�4Ec � . 4 uhjlrqv lq hdfk ri

zklfk i� +f, pxvw eh frqvwdqw dv d ixqfwlrq ri f15 Xqiruwxqdwho|/ lw wxuqv

rxw wkdw wkh vdpsoh vl}hv zh zlvk +ru duh deoh, wr xvh lq sudfwlfh olh lq

wkh lqwhuphgldwh }rqh zkhuh rswlplvdwlrq ri i� +f, lv gl!fxow dqg lw lv wklv

fdvh wkdw zh zloo frqvlghu1 Wr jhw d ihho iru wkh surshuwlhv ri wkh remhf0

wlyh ixqfwlrqv zh w|slfdoo| ghdo zlwk/ frqvlghu Iljxuh 814 zklfk lv d sorw riU
U|n� � L ^ff . 3=4U| . f2U|3�`gI� zkhuh I� lv wkh hpslulfdo glvwulexwlrq

ri wkh LEP vhulhv ghvfulehg lq wkh vlpxodwlrqv ri suhylrxv Fkdswhuv1

4Dvvxpswlrqv D7150719 ri Fkdswhu 7 duh vx!flhqw wr hqvxuh wklv e| Pdqvnl +4<;;d/

Ohppd 8/ s1437,1
5D vlplodu srlqw/ exw lq d gl�huhqw frqwh{w/ lv pdgh e| Pdqvnl +4<;8/ s1653,1



8161 SURSRVHG DOJRULWKP 436

Iljxuh 8141 Wklv remhfwlyh ixqfwlrq kdv d odujh qxpehu ri orfdo h{wuhpd dqg lwv

glvfrqwlqxlwlhv suhfoxgh wkh xvh ri prvw vrsklvwlfdwhg rswlpl}dwlrq surfhgxuhv wr

�qg lwv joredo pd{lpxp1

Zh kdyh wulhg d ydulhw| ri rswlpl}dwlrq whfkqltxhv +vxfk dv vlpsoh{

vhdufk/ judglhqw ghvfhqw dqg d jhqhwlf dojrulwkp, rq wklv w|sh ri sureohp

exw wkh| kdyh doo gudvwlfdoo| idlohg wr frqyhujh wr d ydoxh iru e� zklfk grhv

qrw khdylo| ghshqg rq lqlwldo frqglwlrqv1 Wklv sureohp kdv dovr ehhq qrwhg

e| OhEdurq +4<<;d, dqg Slfwhw hw do1 +4<<9, iru vlplodu remhfwlyh ixqfwlrqv

dqg/ dorqj zlwk wkh odfn ri d wkhruhwlfdo fkdudfwhulvdwlrq ri wkh vwdwlvwlfdo

surshuwlhv ri e� / kdv suredeo| ehhq wkh prvw lpsruwdqw revwdfoh wr wkh

zlghvsuhdg xvh ri wkh lqwxlwlyh hvwlpdwru sursrvhg lq Fkdswhu 71

816 Sursrvhg dojrulwkp

Wkh frpsxwdwlrqdo surfhgxuh zh sursrvh lv edvhg rq plqlplvlqj i� e|

frpelqlqj d surfhgxuh iru �qglqj d srlqw forvh wr wkh joredo plqlpxp zlwk

d orfdo vhdufk1 Wr dfklhyh wklv/ vxssrvh wkhuh h{lvwv d vhtxhqfh ri ixqfwlrqvq
i
�

�

ra
�'f

v1w1 +l, lw lv chdv|* wr plqlplvh i�� joredoo|/ +ll, wkh plqlpd ri

i
�
� dqg i

�n�
� duh cforvh* iru doo m dqg +lll, ia� +f, @ i� +f, > f 5 E1 Li zh

fdq �qg vxfk d vhtxhqfh/ zh fdq plqlpl}h i
�
� joredoo| xvlqj rqo| d orfdo

vhdufk dqg wkh joredo plqlpxp ri i
�3�

�
dv d vwduwlqj srlqw1 Khqfh/ d joredo

vhdufk lv uhtxluhg rqo| iru if� dqg e| frqvwuxfwlrq wklv lv chdv|*1 Wkh gl!fxow

sureohp ri rswlplvlqj i� lv wkhuhe| uhsodfhg zlwk d vhtxhqfh ri M . 4 hdv|
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rswlplvdwlrq sureohpv16

D vhtxhqfh ri ixqfwlrqv frqmhfwxuhg wr kdyh wkhvh surshuwlhv lv gh�qhg

e|

i
�

�
+f, @ �

]
\ �

�
4 . h{s

�
�

p+[> f,

��

��
3�

gI� > m @ 3> 4> ===> M>

zkhuh
�
��
�a
�'f

lv dq dssursuldwh vhtxhqfh ri vwulfwo| ghfuhdvlqj srvlwlyh

frqvwdqwv1 Wkh ixqfwlrq i
�

�
+f, lv d vprrwkhg yhuvlrq ri i� +f, rewdlqhg e|

uhsodflqj wkh vwhs ixqfwlrq lq +814, zlwk d vljprlg ixqfwlrq wkh vwhhsqhvv ri

zklfk lv frqwuroohg e| �� 17 Xvlqj wklv vhtxhqfh ri ixqfwlrqv/ wkh dojrulwkp

iru plqlplvlqj i� +f, lqyroyhv wkh iroorzlqj vwhsv=

Vwhs 41 Vhw �f dv ghvfulehg lq Dsshqgl{ E wr hqvxuh wkdw d odujh sursru0

wlrq ri wkh ydoxhv ri
6EfcS�

lf
olh lq d uhjlrq ri wkh grpdlq ri +4 . h{s +�|,,3�

lq zklfk wklv ixqfwlrq kdv vrph fxuydwxuh1 Zh looxvwudwh wkh lpsdfw ri wklv

vprrwklqj lq Iljxuh 815 zklfk lv d sorw ri �if� +ff> f2, zlwk p dqg I� dv

gh�qhg lq Iljxuh 814

Iljxuh 8151 Dowkrxjk wklv remhfwlyh ixqfwlrq kdv pruh wkdq rqh pd{lpxp lw lv

vx!flhqwo| vprrwk iru vwdqgdug rswlpl}dwlrq surfhgxuhv wr eh h!flhqw lq orfdwlqj

lwv joredo pd{lpxp1

Wr frpsxwh wkh plqlpxp ri if
�
/ rswlplvdwlrq phwkrgv wkdw zrun zhoo

joredoo| vkrxog eh xvhg/ vlqfh i
�

�
kdv d sohwkrud ri orfdo plqlpd1 Lq sduwlf0

xodu/ zh sursrvh wkh xvh ri d jhqhwlf dojrulwkp wr �qg dq lqlwldo plqlpxp

6Wkdqnv duh gxh wr Grplqjr Wdyhood iru d glvfxvvlrq zklfk ohg wr wkh ghyhorsphqw ri

wklv dojrulwkp1
7Wklv lghd dovr xqghuolhv wkh vprrwkhg hvwlpdwru ri Fkdswhu 71
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+vhh Gruvh| ) Pd|hu +4<<8, iru hylghqfh rq wkh vxlwdelolw| ri vxfk dq dojr0

ulwkp, zklfk zloo wkhq eh xvhg dv d vwduwlqj srlqw iru d vlpsoh{ vhdufk1 Wkh

plqlpxp rewdlqhg iurp wklv joredo vhdufk lv rxu frpsxwhg hvwlpdwh iru wkh

plqlpxp ri if
�
1

Ohw m @ 4 dqg surfhhg wr Vwhs 51 Ghqrwh wkh frpsxwhg hvwlpdwh ri wkh

plqlpxp ri i
�

� dv e
�
S1

Vwhs 51 Xvlqj e
�
S dv d vwduwlqj srlqw/ frpsxwh dq hvwlpdwh iru=

e
�n�

� 5 dujplq
SM�

�

]
\ �

�
4 . h{s

�
�

p+[> f,

��n�

��
3�

gI�

zkhuh ��n� ? �� dqg �a @ 31

Vwhs 61 Li m @ M / hqg> rwkhuzlvh/ ohw m @ m . 4 dqg uhwxuq wr Vwhs 51

817 Dojrulwkp shuirupdqfh

Dq lpphgldwh remhfwlrq wr wkh xvh ri wkh dojrulwkp suhvhqwhg lv wkdw lw

zloo qrw eh srvvleoh wr yhuli| zkhwkhu hohphqwv ri wkh vhtxhqfh
q
e
�
�

ra
�'f

duh

vx!flhqwo| forvh wr hdfk rwkhu iru d jrrg dssur{lpdwlrq wr e
�

�
wr eh lq wkh

ylflqlw| ri e
�n�

�
dqg wkhuhiruh hqvxuh wkh qhfhvvlw| ri rqo| d orfdo vhdufk1

Zkhwkhu ru qrw wklv kdsshqv zloo ri frxuvh eh dq hpslulfdo lvvxh dqg zloo

ghshqg rq wkh lqwhudfwlrq ri wkh vl}h ri Q> wkh irup ri I dqgp dv zhoo dv wkh

h!flhqf| ri wkh frpsxwdwlrqdo surfhgxuhv xvhg1 Zh zloo surylgh vx!flhqw

frqglwlrqv wr uxoh rxw wklv sureohp dqg vlqfh wkhvh frqglwlrqv duh gl!fxow

wr yhuli|/ zh frpsohphqw wkhp zlwk hpslulfdo hylghqfh vxjjhvwlqj wkdw wkh

surfhgxuh shuirupv zhoo iru ydulrxv Q lq wkdw lw frqyhujhv pxfk idvwhu wkdq

julg vhdufkhv1

81714 Dqdo|wlfdo uhvxowv

Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw li wkh plqlpxp ri wkh srsxodwlrq

dqdorjxh ri wkh remhfwlyh ixqfwlrq lv d frqwlqxrxv ixqfwlrq ri wkh vprrwklqj

sdudphwhu/ wkh sureohp ghvfulehg fdq eh uxohg rxw zkhq Q lv odujh18

Sursrvlwlrq 814 Gh�qh=

i �+f, �

]
\ �

�
4 . h{s

�
�

p+[> f,

��

��
3�

gI>

i +f, �

]
\ � L ^p+[> f,`gI>

8Ri frxuvh/ dv � ehfrphv odujh wkh ruljlqdo remhfwlyh ixqfwlrq ehfrphv lqfuhdvlqjo|

vprrwk dqg wkhuhiruh vrph ri wkh frpsxwdwlrqdo gl!fxow| glvdsshduv1 Krzhyhu/ lw zrxog

eh glvfrqfhuwlqj li rxu dojrulwkp glg qrw zrun hyhq zkhq � zdv odujh1
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zkhuh �� lv d frqvwdqw1

Gh�qh dovr=

e� � dujplq
SM�

�i� +f, >

Dqg wkh vdpsoh dqdorjxhv i
�

�
+f, > i� +f, dqg e

�

�
uhvshfwlyho|1

Ohw e
�
S eh d qxphulfdo hvwlpdwh iru e

�

�
1

Li=

41 Dvvxpswlrqv D7150719 ri Fkdswhu 7 duh vdwlv�hg1

51 i +f> �, lv d txdvl0frqfdyh ixqfwlrq/ vxfk wkdw wkhuh h{lvwv d Gl = [ $

^3>4 , zlwk
U
Gl +[, gIf ? 4 dqg

����\ �
�
4 . h{s

�
�

6E%cS�

l

��
3�

���� �
Gl +{,/ iru doo +{> f, lq [ �E1

61 Wkh rswlplvdwlrq dojrulwkpv vdwlvi|=

+d, Wkh rswlpxp ri if� fdq eh frpsxwhg h{dfwo| +l1h1 efS @ ef�,/

+e, Iru hyhu| m A 3/ rswlplvdwlrq zrunv lq dq %0qhljkerxukrrg ri wkh

vroxwlrq/ l1h1 iru d vwduwlqj srlqw � dqg vrph srvlwlyh frqvwdqw

%W/ ���� � e
�
�

��� � %W , eS +m>Q, @ e
�
� =

+f, Iru hyhu| m A 3/ wkh vwduwlqj srlqw � iru rswlplvdwlrq ri i
�

�
lv

jlyhq e| e
�3�
S 1

Wkhq=

Wkhuh h{lvwv d vwulfwo| ghfuhdvlqj �qlwh vhtxhqfh ri srvlwlyh frqvwdqwv�
��
�a
�'f

/ zlwk �a @ 3 vxfk wkdw

Su

�
olp

�<"

��eaS � e�
�� @ 3

�
@ 4

Surri1 Vhh Dsshqgl{ D1

Zkloh wklv sursrvlwlrq lv uhdvvxulqj/ wkh txdvlfrqfdylw| dvvxpswlrq lv xq0

vdwlvidfwru| ehfdxvh zh fdqqrw surylgh frqglwlrqv rq rxu sulplwlyhv iI>pj
zklfk zrxog jxdudqwhh lw krogv1 Ixuwkhupruh/ lw lv d surshuw| zklfk lv frp0

sxwdwlrqdoo| frvwo| wr yhuli| xvlqj Prqwh Fduor vlpxodwlrqv hyhq lq vlpsoh

fdvhv19 Zh frqfoxgh wkdw zkloh wkh xvhixoqhvv ri wkh frpsxwdwlrqdo dojr0

ulwkp sursrvhg fdq rqo| eh hydoxdwhg lq wkh frqwh{w ri d vshfl�f dssolfdwlrq/

lw lv lqwxlwlyho| vhqvleoh/ zloo zrun xqghu uhdvrqdeoh +li xqyhul�deoh, frqgl0

wlrqv dqg kdv ehhq irxqg wr eh yhu| h�hfwlyh dssolhg wr d udqjh ri uhdo gdwd

+looxvwudwhg lq wkh qh{w vxevhfwlrq,1

9Qhyhuwkhohvv/ zh kdyh frq�uphg wkdw txdvl0frqfdylw| lv wkh fdvh iru wkh DU+4, prgho

xvhg lq vlpxodwlrqv lq suhylrxv Fkdswhuv e| sorwwlqj s ESc6�1 Krshixoo|/ txdvl0frqfdylw|

lv d jhqhulf ihdwxuh ri wklv w|sh ri remhfwlyh ixqfwlrq1
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81715 Hpslulfdo hylghqfh

Xvlqj wkh sdudphwulf prgho

p +[> f, @ ff . f�U| . f2U|3�

zh hpsor| rxu dojrulwkp wr frpsxwh wkh vlpsoh vwhs ixqfwlrq P0hvwlpdwru

ri Fkdswhu 7/ iru wkh LEP gdwd suhylrxvo| ghvfulehg1 Vlqfh +dv glvfxvvhg lq

Fkdswhu 7,/ olqhdu prghov fdq rqo| eh lghqwl�hg wr vfdoh/ zh vhw f� @ 3=4=
Wkh hvwlpdwru wr eh frpsxwhg lv=

e� 5 duj plq
ESfcS2�M�

�

]
U|n� � L ^ff . 3=4u| . f2U|3�`gI� +815,

E @ ^�43> 43`� ^�4> 4`

Zh qrz ghvfuleh wkh vwhs0e|0vwhs uhvxowv iurp dq lpsohphqwdwlrq ri wkh

sursrvhg dojrulwkp1

Vwhs 4= Rewdlq frpsxwdwlrqdo hvwlpdwhv ri wkh plqlplvlqj ydoxh ri if
rq E zkhuh=

if � �

]
U|n� �

�
4 . h{s

�
�
ff . 3=4U| . f2U|3�

�f

��
3�

gI� +816,

Wkhvh duh=

efS @ +3=3376>�3=898;,

Vwhsv 5 dqg 6= Rewdlq d frpsxwdwlrqdo hvwlpdwh iru wkh vroxwlrq wr

+815, diwhu doo: uhfxuvlrqv ri Vwhs 5=

eaS @ +3=3369>�3=7:98,

zkhuh �� @ 3=;8��3� iru M A m A 3 dqg M @ 4331

Wkh frpsxwdwlrqdo hvwlpdwh iru wkh plqlpxp ri i� lv=

i�
�
eaS
�
@ �<=7358 � 433e +817,

Iljxuh 816 sorwv wkh vhtxhqfh ie�Sj
a
�'f dqg wkh frpsxwdwlrqdo dssur{lpd0

wlrq wr e� rewdlqhg e| d julg vhdufk ghvfulehg ehorz=

:
6<( ri wkh uhfxuvlrqv ri wklv vwhs uhvxowhg lq lpsuryhphqwv lq wkh remhfwlyh ixqfwlrq

lqglfdwlqj wkdw wkh fkrvhq vhtxhqfh
�
6

�
�
glg qrw fdxvh wrr pdq| uhgxqgdqw rswlplvdwlrqv

zklfk frxog eh d vrxufh ri zdvwhg frpsxwlqj wlph1
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G rid  Searc h M inim um

Algorithm  Min im um

M inim um  at Step 1

X -9 .2 2 2 6

-9 .4 0 2 5

Iljxuh 8161 Wkh flufohv glvsod| e
�
S frpsxwhg dw hdfk uhfxuvlrq ri Vwhs 5 ri wkh

frpsxwdwlrqdo dojrulwkp1 Wkh � lv wkh vwduwlqj srlqw efS frpsxwhg e| wkh jhqhwlf

dojrulwkp dqg wkh [ lv wkh julg0vhdufk sdudphwhu1 Wkh julg vhdufk lv ohvv dffxudwh

wkdq wkh frpsxwdwlrqdo dojrulwkp dv lqglfdwhg e| dq hydoxdwlrq ri i dw wkh

plqlpd rewdlqhg e| hdfk phwkrg1

Julg Vhdufk= Zh shuiruphg d julg vhdufk +douhdg| xvhg wr sorw Ilj0

xuhv : dqg ;, ryhu ;4 � 634 @ 576;4 srlqwv vsdfhg hyhqo| lq uhfwdqjohv

ri glphqvlrq +3=3338 � 3=34, rq +ff> f2,0vsdfh dqg rewdlqhg wkh iroorzlqj

uhvxowv=

Wkh julg0vhdufk hvwlpdwh iru wkh vroxwlrq wr +815, lv=

e}o�_ @ +3=3368>�3=78,

Wkh julg0vhdufk hvwlpdwh iru wkh plqlpxp ri i� lv; +frpsduh wr +817,,=

i� +e}o�_, @ �<=5559 � 433e +818,

Rxu hpslulfdo uhvxowv vxjjhvw wkh iroorzlqj=

� Wkh sursrvhg frpsxwdwlrqdo surfhgxuh lv yhu| dffxudwh +voljkwo| pruh

dffxudwh wkdq d julg vhdufk zklfk wdnhv 43 wlphv dv orqj,1

� Wkh uhfxuvlrqv ri Vwhs 5 ohdg wr vljql�fdqw lpsuryhphqwv ryhu wkh

srlqw hvwlpdwhg lq Vwhs 41

;Qrwh wkdw wkh julg0vhdufk plqlpxp ri sf zdv dovr rewdlqhg dqg shuiruphg zruvh

wkdq wkh plqlpxp rewdlqhg e| rxu jhqhwlf dojrulwkp/ frq�uplqj frqyhujhqfh wr d joredo

plqlpxp lq Vwhs 41
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Lw wkhuhiruh vhhpv wkdw wkh uhvxowv ri Sursrvlwlrq 814 vhhp wr dsso| dqg

wkdw wkh dojrulwkp lv yhu| h�hfwlyh lq wkdw lw vkliwv wkh vshhg0dffxudf| iurq0

wlhu vljql�fdqwo| rxwzdugv uhodwlyh wr vwdqgdug whfkqltxhv1 Qrwh wkdw zh

vkrxog h{shfw wkh dojrulwkp*v shuirupdqfh uhodwlyh wr wkh julg vhdufk wr

lpsuryh ixuwkhu dv wkh qxpehu ri sdudphwhuv lqfuhdvhv1

818 Frqfoxvlrqv

Zh kdyh dqdo|vhg wkh gl!fxowlhv lqyroyhg lq frpsxwlqj wkh joredo plqlpxp

ri wkh dyhudjh ri d fhuwdlq w|sh ri udqgrp vwhs ixqfwlrqv1 Zh sursrvhg dq

lqwxlwlyh rswlplvdwlrq dojrulwkp dqg ghulyhg frqglwlrqv xqghu zklfk zh fdq

vkrz wkdw lw zloo shuirup zhoo1 Lqghhg/ lw grhv shuirup zhoo lq d vlpsoh exw

uhohydqw hpslulfdo dssolfdwlrq1

Ixuwkhu uhvhdufk zloo frpsduh wkh shuirupdqfh ri wklv dojrulwkp wr frp0

shwlwruv pruh vrsklvwlfdwhg wkdq julg0vhdufk/ vxfk dv vlpxodwhg dqqhdolqj1

Lw lv krshg wkdw wkh wkhruhwlfdo uhvxowv pd| eh h{whqghg/ lq sduwlfxodu e|

�qglqj sulplwlyh frqglwlrqv rq wkh f1g1i1 I ri +\>[, wkdw lpso| wkh txdvl0

frqfdylw| frqglwlrq xvhg lq Sursrvlwlrq 8141

819 Dsshqgl{

81914 D1 Surri ri ohppdwd dqg sursrvlwlrq

Ohppd 814 Ohw D719 krog1 Wkhq i � +f, frqyhujhv xqlirupo| wr i +f, dv

�
� $ 3/ l1h1

olp
l�<f

vxs
SM�

��i � +f,� i +f,
�� @ 3

Surri1 Qrwlfh wkdw iru dq| � =��i � +f,� i +f,
��

�

�����
]
\ �

#�
4 . h{s

�
�
p+[> f,

�
�

��
3�

� 4 ^p+[> f, A 3`

$
� 4 ^mp+[> f,m � �`gI

�����
.

�����
]
\ �

#�
4 . h{s

�
�
p+[> f,

��

��
3�

� 4 ^p+[> f, A 3`

$
� 4 ^mp+[> f,m ? �`gI

�����
Li � A 3/ wkh �uvw whup frqyhujhv wr }hur xqlirupo| ryhu f dv �� whqgv wr

}hur1 Wkh vhfrqg whup lv vpdoohu wkdq=]
m\ m � 4 ^mp+[> f,m ? �`gI

Vr e| wkh erxqgdu| frqglwlrq +D9, iru doo �� wkh vhfrqg whup dovr frqyhujhv

wr }hur xqlirupo| ryhu f1
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Ohppd 815 Dvvxph D7150717 dqg wkdw wkhuh h{lvwv d Gl = [ $ ^3>4 ,

zlwk
U
Gl +[, gIf ? 4 dqg

����\ �
�
4 . h{s

�
�
6E%cS�

l

��
3�
���� � Gl +{,/ iru doo

+{> f, lq [ � E dqg � A 31 Wkhq iru doo �
�
5

�
3> �f

�
> i

�

�
+f, frqyhujhv

xqlirupo| doprvw vxuho| wr i � +f, dv Q $4

Su

�
vxs
SM�

���i �� +f,� i
� +f,

��� @ 3

�
@ 4

Surri1 Iru doo �f � �
�
A 3/ e| Pdqvnl +4<;;d/ Wkhruhp 5*/ s1434,/ rxu

dvvxpswlrqv lpso|=

Su

�
olp
�<"

vxs
SM�

���i �� +f,� i
�
+f,

��� @ 3

�
@ 4 +819,

Vr i
�

�
+f, frqyhujhv xqlirupo| doprvw vxuho| wr i � +f, iru doo �f � �

�
A 31 Wkh

vdph frqglwlrq dovr krogv iru �� @ 3 dv lv vkrzq lq wkh surri ri Sursrvlwlrq

71 Khqfh frqyhujhqfh lv xqlirup doprvw vxuho| iru doo �� 5
�
3> �

f
�
1

Ohppd 816 Dvvxph i
�

�
+f, frqyhujhv xqlirupo| doprvw vxuho| wr i

�
+f, dv

Q whqgv wr lq�qlw| dqg wkdw f lv lq d frpsdfw vhw E1 Wkhq e
�

�
frqyhujhv

doprvw vxuho| wr e
� dv Q whqgv wr lq�qlw|/ l1h1

Su

�
olp
�<"

���e�� � e
�
��� @ 3

�
@ 4

Surri1 Vhh iru h{dpsoh Dphpl|d +4<;8, Wkhruhp 71414 dv prgl�hg e|

irrwqrwh 41

Surri ri Sursrvlwlrq 8141 Vxssrvh wkdw iru mW 5 i3> 4> ===> Mj lw lv wkh

fdvh wkdw doprvw vxuho|=

e
�W

S @ e
�W

� =

E| Ohppd 6/ iruQ A Q0/ wkhuh h{lvwv dqQ vxfk wkdw iru doo m 5 i3> 4> ===> Mj/

zkhq Q A Q0= ���e�� � e
�
��� ? % doprvw vxuho|/ +81:,

vr= ���e�WS � e
�W
��� ? % doprvw vxuho|1 +81;,

Txdvlfrqfdylw| ri i +f> �, lpsolhv +e| wkh wkhruhp ri wkh pd{lpxp, wkdw e�

lv d frqwlqxrxv ixqfwlrq ri �� 1 Vlqfh frqwlqxlw| rq d frpsdfw vhw lpsolhv

htxlfrqwlqxlw|/ zh kdyh wkdw e� lv dq htxlfrqwlqxrxv ixqfwlrq ri �� rq ^3> �f`1

Khqfh/ wkhuh h{lvwv dq � vxfk wkdw iru doo m=

�
�
� �

�n�
? �,

��e�n� � e
�
�� ? %k +81<,
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vr xvlqj +81;,/ iru Q A Q0> doprvw vxuho|=

���e�
W

S � e�
W

���.
���e�

Wn�
� e�

W

��� ? %. %k1

Dsso|lqj +81:, iru m . 4/ zh rewdlq wkdw iru Q A Q0/ doprvw vxuho|=

���e�
W

S � e�
W

���.
���e�

W

� e�
W
n�

���.
���e�

W
n�
� e

�Wn�

�

��� ? 5%. %k>

vr iru Q A Q0/ doprvw vxuho|=

���e�
W

S � e
�Wn�
�

��� ? 5%. %k=

Ohw 5%. %k ? %W1 Wkhq/ Dvvxpswlrqv 6e dqg 6f hqvxuh wkdw iru Q A Q0k /

doprvw vxuho|=

e�
W
n�

S @ e
�Wn�

�
1 +8143,

zklfk phdqv wkdw +81:, krogv iru doo m A mW1 Qrz e| wkh vhfrqg dvvxps0

wlrq pdgh iru wklv sursrvlwlrq/ +81:, krogv iru mW @ 3/ wkhuhiruh lw pxvw krog

iru doo m1 Wdnlqj dq| �qlwh vhtxhqfh
�
��
�a
f
> vxfk wkdw �� ���n� ? � dqg iru

zklfk �a @ 3 lw iroorzv wkdw=

��eaS � ea�
�� @ 3> doprvw vxuho|1

Vlqfh iurp Sursrvlwlrq 4 dv Q whqgv wr lq�qlw|/

��ea� � e�
�� @ 3> doprvw vxuho|1

Lw iroorzv wkdw dv Q whqgv wr lq�qlw|/

��eaS � e�
�� @ 3> doprvw vxuho|1

81915 E1 Vhwwlqj wkh vprrwklqj sdudphwhu l
f

Zh dvvxph zh duh zrunlqj zlwk }hur phdq +ru ghphdqhg vhulhv,1

Wr vhw �f zh sursrvh wkh iroorzlqj surfhgxuh=

Vwhs 4= Rewdlq dq ROV hvwlpdwh e,r ri wkh sdudphwhuv ri p +[> f,1

Vwhs 5= Hvwlpdwh wkh vwdqgdug ghyldwlrq � ri p
�
[> e,r

�
=

Vwhs 6= Vhw �f @ 2j
�f
1

Wkh orjlf ri wklv lv wkh iroorzlqj=

Zh h{shfw wkdw Su
�
�5� ? p

�
[> e,r

�
? 5�

�
lv odujh jlyhq wkdw iru }hur

phdq vhulhv/ wkh phdq ri p
�
[> e,r

�
lv olnho| wr eh vpdoo1

Qrz wkh udqjh lq zklfk wkh ixqfwlrq +4 . h{s +�,,
3� lv fxuyhg lv +vd|,

^�43> 43`=
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Zh fdq wkhuhiruh vhw �f @ 2j
�f dqg h{shfw wkdw iru prvw revhuydwlrqv/

6EfcK� �

lf
lv lqghhg vprrwkhg1

Zh dvvxph zh duh zrunlqj zlwk }hur phdq +ru ghphdqhg vhulhv,1

Wr vhw �f zh sursrvh wkh iroorzlqj surfhgxuh=

Vwhs 4= Rewdlq dq ROV hvwlpdwh e,r ri wkh sdudphwhuv ri p +[> f,1

Vwhs 5= Hvwlpdwh wkh vwdqgdug ghyldwlrq � ri p
�
[> e,r

�
=

Vwhs 6= Vhw �f @ 2j
�f
1

Wkh orjlf ri wklv lv wkh iroorzlqj=

Zh h{shfw wkdw Su
�
�5� ? p

�
[> e,r

�
? 5�

�
lv odujh jlyhq wkdw iru }hur

phdq vhulhv/ wkh phdq ri p
�
[> e,r

�
lv olnho| wr eh vpdoo1

Qrz wkh udqjh lq zklfk wkh ixqfwlrq +4 . h{s +�,,
3� lv fxuyhg lv +vd|,

^�43> 43`=

Zh fdq wkhuhiruh vhw �f @ 2j
�f dqg h{shfw wkdw iru prvw revhuydwlrqv/

6EfcK� �

lf
lv lqghhg vprrwkhg1



Eleolrjudsk|

Dfdu/ H1 +4<<;,/ H{shfwhg uhwxuqv ri gluhfwlrqdo iruhfdvwhuv/ lq H1 Dfdu )

V1 Vdwfkhoo/ hgv/ cDgydqfhg Wudglqj Uxohv*/ Exwwhuzruwk Khlqhpdqq1

Doohq/ I1 ) Ndumdodlqhq/ U1 +4<<<,/ cXvlqj jhqhwlf dojrulwkpv wr �qg whfk0

qlfdo wudglqj uxohv*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 84+5,/ 578�:41

Doohq/ K1 ) Wd|oru/ P1 +4<<3,/ cFkduwv/ qrlvh dqg ixqgdphqwdov lq wkh Orq0

grq iruhljq h{fkdqjh pdunhw*/ Hfrqrplf Mrxuqdo +433,/ 7<�8<1

Doohq/ K1 ) Wd|oru/ P1 +4<<5,/ cWkh xvh ri whfkqlfdo dqdo|vlv lq wkh iru0

hljq h{fkdqjh pdunhw*/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh

44/ 637�6471

Doohq/ S1 ) Skdqj/ K1 +4<<7,/ Pdqdjlqj xqfhuwdlqw| lq frpsoh{ v|vwhpv=

Ilqdqfldo pdunhwv/ lq O1 Oh|hvgru� ) S1 Y1 G1 Ehvvhoddu/ hgv/ cHyrox0

wlrqdu| Hfrqrplfv dqg Fkdrv Wkhru|*/ Slqwhu/ Orqgrq1

Dphpl|d/ W1 +4<;8,/ Dgydqfhg Hfrqrphwulfv/ Edvlo Eodfnzhoo1

Duwkxu/ E1 Z1/ Kroodqg/ M1 K1/ Sdophu/ E1 O1 U1 ) Wd|ohu/ S1 +4<<9,/ Dvvhw

sulflqj xqghu hqgrjhqrxv h{shfwdwlrqv lq dq duwl�fldo vwrfn pdunhw/

Zrunlqj sdshu/ Vdqwd Ih Lqvwlwxwh1

Eduehulv/ Q1 +4<<<,/ cLqyhvwlqj iru wkh orqj uxq zkhq uhwxuqv duh suhglfwdeoh*/

Mrxuqdo ri Ilqdqfh 1

Ehujhu/ M1 R1 +4<;8,/ Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv/ 5qg

hgq/ Vsulqjhu1

Ehvvhpelqghu/ K1 ) Fkdq/ N1 +4<<;,/ cPdunhw h!flhqf| dqg wkh uhwxuqv wr

whfkqlfdo dqdo|vlv*/ Ilqdqfldo Pdqdjhphqw 5:+5,/ 8�4:1

Emruqvwdg/ M1 I1 +4<<3,/ cSuhglfwlyh olnholkrrg= D uhylhz*/ Vwdwlvwlfdo Vflhqfh

8/ 575�981

Eoxph/ O1/ Hdvoh|/ G1 ) R*Kdud/ P1 +4<<7,/ cPdunhw vwdwlvwlfv dqg whfkqlfdo

dqdo|vlv= Wkh uroh ri yroxph*/ Mrxuqdo ri Ilqdqfh [LL[+4,1

446
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Eudqgw/ P1 Z1 +4<<<,/ cHvwlpdwlqj sruwirolr dqg frqvxpswlrq fkrlfh= D

frqglwlrqdo Hxohu htxdwlrqv dssurdfk*/ Mrxuqdo ri Ilqdqfh 87+8,1

Eud|/ P1 P1 ) Vdylq/ Q1 H1 +4<;9,/ cUdwlrqdo h{shfwdwlrqv htxloleuld/ ohduq0

lqj dqg prgho vshfl�fdwlrq*/ Hfrqrphwulfd 87/ 445<�44931

Euhhq/ Z1/ Jorvwhq/ O1 U1 ) Mdjdqqdwkdq/ U1 +4<;<,/ cHfrqrplf vljql�fdqfh

ri suhglfwdeoh yduldwlrqv lq vwrfn lqgh{ uhwxuqv*/ Mrxuqdo ri IlqdqfhYro

[OLY+Qr1 8,/ 44::�44;<1

Eurfn/ Z1/ Odnrqlvkrn/ M1 ) OhEdurq/ E1 +4<<4,/ Vlpsoh whfkqlfdo wudglqj

uxohv dqg wkh vwrfkdvwlf surshuwlhv ri vwrfn uhwxuqv/ Zrunlqj sdshu/

Vdqwd Ih Lqvwlwxwh1

Eurfn/ Z1/ Odnrqlvkrn/ M1 ) OhEdurq/ E1 +4<<5,/ cVlpsoh whfkqlfdo wudglqj

uxohv dqg wkh vwrfkdvwlf surshuwlhv ri vwrfn uhwxuqv*/ Mrxuqdo ri Ilqdqfh

7:+8,/ 4:64�971

Eurzq/ G1 S1 ) Mhqqlqjv/ U1 K1 +4<;<,/ cRq whfkqlfdo dqdo|vlv*/ Uhylhz ri

Ilqdqfldo Vwxglhv 5+7,/ 85:�881

Eurzq/ J1 +4<:<,/ cDq rswlpl}dwlrq fulwhulrq iru olqhdu lqyhuvh uhjuhvvlrq*/

Whfkqrphwulfv 54+7,/ 8:8�8:<1

Eurzq/ V1 M1/ Jrhw}pdqq/ Z1 Q1 ) Nxpdu/ D1 +4<<;,/ cWkh Grz wkhru|=

Zlooldp Shwhu Kdplowrq*v wudfn uhfrug uhfrqvlghuhg1*/ Mrxuqdo ri Il0

qdqfh 86+7,/ 4644�661

Fdpsehoo/ M1 \1/ Or/ D1 Z1 ) PdfNlqod|/ D1 +4<<:,/ Wkh Hfrqrphwulfv ri

Ilqdqfldo Pdunhwv/ Sulqfhwrq Xqlyhuvlw| Suhvv1

Fdpsehoo/ M1 \1 ) Ylfhlud/ O1 P1 +4<<<,/ cFrqvxpswlrq dqg sruwirolr gh0

flvlrqv zkhq h{shfwhg uhwxuqv duh wlph ydu|lqj*/ Txduwhuo| Mrxuqdo ri

Hfrqrplfv 447+5,/ 766�<81

Fkdq/ O1 N1 F1/ Mhjdghhvk/ Q1 ) Odnrqlvkrn/ M1 +4<<9,/ cPrphqwxp vwudwh0

jlhv*/ Mrxuqdo ri Ilqdqfh 84+8,/ 49;4�4:461

Fkldqj/ W1 +4<<5,/ Whfkqlfdo Wudglqj Uxohv Edvhg rq Fodvvl�hu V|vwhpv=

D Qhz Dssurdfk wr Ohduq iurp H{shulhqfh/ SkG wkhvlv/ Xqlyhuvlw| ri

Fdoliruqld dw Vdq Glhjr1

Fkulvwr�huvrq/ S1 I1 ) Glherog/ I1 [1 +4<<9,/ cIxuwkhu uhvxowv rq iruhfdvwlqj

dqg prgho vhohfwlrq xqghu dv|pphwulf orvv*/ Mrxuqdo ri Dssolhg Hfrqr0

phwulfv 44/ 894�8:41

Frrshu/ L1 ) Ndsodqlv/ H1 +4<<7,/ cKrph eldv lq htxlw| sruwirolrv/ lq d0

wlrq khgjlqj dqg lqwhuqdwlrqdo fdslwdo pdunhw htxloleulxp*/ Uhylhz ri

Ilqdqfldo Vwxglhv :+4,/ 78�931
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Fruqhoo/ Z1 ) Glhwulfk/ M1 +4<:;,/ cWkh h!flhqf| ri wkh pdunhw iru iru0

hljq h{fkdqjh xqghu  rdwlqj hfkdqjh udwhv*/ Uhylhz ri Hfrqrplfv dqg

Vwdwlvwlfv 48+7,/ 69<�6;:1

Fxpe|/ U1 H1 ) Prghvw/ G1 P1 +4<;:,/ cWhvwlqj iru pdunhw wlplqj delolw|=

D iudphzrun iru iruhfdvw hydoxdwlrq*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv

4</ 49<�4;<1

Fxuflr/ U1 ) Jrrgkduw/ F1 +4<<4,/ Fkduwlvp= D frqwuroohg h{shulphqw/

Glvfxvvlrq sdshu 457/ Ilqdqfldo Pdunhwv Glvfxvvlrq Jurxs Vhulhv/ OVH1

Glherog/ I1 [1/ Jxqwkhu/ W1 ) Wd|/ D1 +4<<;,/ cHydoxdwlqj ghqvlw| iruh0

fdvwv/ zlwk dssolfdwlrqv wr �qdqfldo ulvn pdqdjhphqw*/ Lqwhuqdwlrqdo

Hfrqrplf Uhylhz 6</ ;96�;61

Glherog/ I1 [1/ Kdkq/ M1 ) Wd|/ D1 +4<<<,/ cPxowlyduldwh ghqvlw| iruh0

fdvw hydoxdwlrq dqg fdoleudwlrq lq �qdqfldo ulvn pdqdjhphqw= Kljk0

iuhtxhqf| uhwxuqv rq iruhljq h{fkdqjh*/ Uhylhz ri Hfrqrplfv dqg

Vwdwlvwlfv ;4/ 994�:61

Glherog/ I1 [1 ) Pduldqr/ U1 V1 +4<<8,/ cFrpsdulqj suhglfwlyh dffxudf|*/

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 46/ 586�5981

Gruvh|/ U1 H1 ) Pd|hu/ Z1 M1 +4<<8,/ cJhqhwlf dojrulwkpv iru hvwlpdwlrq

sureohpv zlwk pxowlsoh rswlpd/ qrqgl�huhqwldelolw| dqg rwkhu luuhjxodu

ihdwxuhv*/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 46+4,1

Hdvoh|/ G1 ) Uxvwlfklql/ D1 +4<<<,/ cFkrlfh zlwkrxw eholhiv*/ Hfrqrphwulfd

9:/ 448:�;71

Hfnvwhlq/ ]1 ) Zroslq/ N1 L1 +4<;<,/ cWkh vshfl�fdwlrq dqg hvwlpdwlrq ri g|0

qdplf vwrfkdvwlf glvfuhwh fkrlfh prghov*/ Mrxuqdo ri Kxpdq Uhvrxufhv

57+7,/ 895�<;1

Hlvhqkduw/ F1 +4<6<,/ cWkh lqwhusuhwdwlrq ri fhuwdlq uhjuhvvlrq phwkrgv dqg

wkhlu xvh lq elrorjlfdo dqg lqgxvwuldo uhvhdufk*/ Dqqdov ri Pdwkhpdwlfdo

Vwdwlvwlfv 431

Hulfvvrq/ Q1 U1/ Khqgu|/ G1 I1 )Pl}rq/ J1 H1 +4<<;,/ cH{rjhqhlw|/ frlqwhjud0

wlrq dqg hfrqrplf srolf| dqdo|vlv*/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf

Vwdwlvwlfv 49+7,/ 6:3�6;:1

Idpd/ H1 +4<:3,/ cH!flhqw fdslwdo pdunhwv= D uhylhz ri wkhru| dqg hpslulfdo

zrun*/ Mrxuqdo ri Ilqdqfh 58/ 6;6�74:1

Idpd/ H1 +4<<4,/ cH!flhqw fdslwdo pdunhwv LL*/ Mrxuqdo ri Ilqdqfh

[OYO+8,/ 48:8�494:1
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Ilvkhu/ J1/ Zlovrq/ G1 ) [x/ N1 +4<<;,/ cDq hpslulfdo dqdo|vlv ri whup

suhplxpv xvlqj vljql�fdqfh whvwv iru vwrfkdvwlf grplqdqfh*/ Hfrqrplfv

Ohwwhuv 93/ 4<8�5361

Iruqdul/ I1 ) Phoh/ D1 +4<<7,/ cD vwrfkdvwlf yduldqfh prgho iru devroxwh

uhwxuqv*/ Hfrqrplfv Ohwwhuv 79/ 544�5471

Irxujhdxg/ F1/ Jrxulhurx{/ F1 ) Sudgho/ M1 +4<;9,/ cOhduqlqj surfhgxuhv

dqg frqyhujhqfh wr udwlrqdolw|*/ Hfrqrphwulfd 87/ ;78�9;1

Iudqnho/ M1 D1 ) Iurrw/ N1 +4<<3,/ cFkduwlvwv/ ixqgdphqwdolvwv dqg wudglqj lq

wkh iruhljq h{fkdqjh pdunhw*/ Dphulfdq Hfrqrplf Uhylhz ;3+5,/ 4;4�

81

Jhlvho/ P1 V1 ) ]hooqhu/ D1 +4<9;,/ Vhqvlwlylw| ri frqwuro wr xqfhuwdlqw|

dqg wkh irup ri wkh fulwhulrq ixqfwlrq/ lq cWkh Ixwxuh ri Vwdwlvwlfv*/

Dfdghplf Suhvv/ ss1 59<�;<1

Jhlvvhu/ V1 +4<<6,/ Suhglfwlyh Lqihuhqfh= Dq Lqwurgxfwlrq/ Fkdspdq dqg

Kdoo/ Qhz \run1

Jhqfd|/ U1 +4<<9,/ cQrq0olqhdu suhglfwlrq ri vhfxulw| uhwxuqv zlwk prylqj

dyhudjh uxohv*/ Mrxuqdo ri Iruhfdvwlqj 48/ 498�4:71

Jhqfd|/ U1/ Edoorfkl/ J1/ Gdfrurjqd/ P1/ Rovhq/ U1 ) Slfwhw/ R1 +4<<<,/

Uhdo0wlph wudglqj prghov dqg wkh vwdwlvwlfdo surshuwlhv ri iruhljq h{0

fkdqjh udwhv/ plphr1/ Rovhq Dvvrfldwhv1

Jrogedxp/ G1 +iruwkfrplqj,/ cD qrqsdudphwulf h{dplqdwlrq ri pdunhw lq0

irupdwlrq= Dssolfdwlrq wr whfkqlfdo wudglqj uxohv*/ Mrxuqdo ri Hpslulfdo

Ilqdqfh 1

Jrxulhurx{/ F1 ) Prqiruw/ D1 +4<<8,/ Vwdwlvwlfv dqg Hfrqrphwulf Prghov/

Yro1 4/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Judqjhu/ F1 Z1 +4<<6,/ cRq wkh olplwdwlrqv ri frpsdulqj phdq vtxduhg

iruhfdvw huuruv= Frpphqw*/ Mrxuqdo ri Iruhfdvwlqj 45/ 984�9851

Judqjhu/ F1 Z1 ) Glqj/ ]1 +4<<7d,/ cPrgholqj yrodwlolw| shuvlvwhqfh ri vshfx0

odwlyh uhwxuqv= D qhz dssurdfk*/ Mrxuqdo ri Hfrqrphwulfv :6/ 4;8�5481

Judqjhu/ F1 Z1 ) Glqj/ ]1 +4<<7e,/ Vw|ol}hg idfwv rq wkh whpsrudo dqg glv0

wulexwlrqdo surshuwlhv ri gdlo| gdwd iurp vshfxodwlyh pdunhwv/ zrunlqj

sdshu <606;/ Xqlyhuvlw| ri Fdoliruqld dw Vdq Glhjr1

Judqjhu/ F1 Z1 ) Shvdudq/ P1 K1 +5333,/ D ghflvlrq wkhruhwlf dssurdfk wr

iruhfdvw hydoxdwlrq/ lqZ1 V1 Fkdq/ Z1 N1 Ol ) K1 Wrqj/ hgv/ cVwdwlvwlfv

dqg Ilqdqfh= Dq Lqwhuidfh*/ Lpshuldo Froohjh Suhvv/ Orqgrq/ ss1 594�

:;1
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Judqjhu/ F1 Z1 ) Shvdudq/ P1 K1 +iruwkfrplqj,/ cHfrqrplf dqg vwdwlvwlfdo

phdvxuhv ri iruhfdvw dffxudf|*/ Mrxuqdo ri Iruhfdvwlqj 1

Kdhugoh/ Z1 ) Ql{grui/ U1 +4<;:,/ cQrqsdudphwulf vhtxhqwldo hvwlpdwlrq

ri }hurv dqg h{wuhpd ri uhjuhvvlrq ixqfwlrqv*/ LHHH Wudqvdfwlrqv rq

lqirupdwlrq v|vwhpv LW066+6,/ 69:�6:51

Kdqrfk/ J1 ) Ohy|/ K1 +4<9<,/ cWkh h!flhqf| dqdo|vlv ri fkrlfhv lqyroylqj

ulvn*/ Uhylhz ri Hfrqrplf Vwxglhv 69/ 668�6791

Kdqvhq/ E1 H1 +4<<7,/ cDxwruhjuhvvlyh frqglwlrqdo ghqvlw| hvwlpdwlrq*/ Lq0

whuqdwlrqdo Hfrqrplf Uhylhz 68/ :38�631

Kdqvhq/ O1 S1 ) Mdjdqqdwkdq/ U1 +4<<4,/ cLpsolfdwlrqv ri vhfxulw| pdunhw

gdwd iru prghov ri g|qdplf hfrqrplhv*/ Mrxuqdo ri Srolwlfdo Hfrqrp|

<<+5,/ 558�5951

Kdqvhq/ O1 S1 ) Ulfkdug/ V1 +4<;:,/ cWkh uroh ri frqglwlrqlqj lqirupdwlrq lq

ghgxflqj whvwdeoh uhvwulfwlrqv lpsolhg e| g|qdplf dvvhw sulflqj prghov*/

Hfrqrphwulfd 88/ 8;:�9461

Khqgu|/ G1 I1 ) Hulfvvrq/ Q1 U1 +4<<4,/ cPrgholqj wkh ghpdqg iru qdu0

urz prqh| lq wkh Xqlwhg Nlqjgrp dqg wkh Xqlwhg Vwdwhv*/ Hxurshdq

Hfrqrplf Uhylhz 68/ ;66�;;91

Khqulnvvrq/ U1 G1 ) Phuwrq/ U1 F1 +4<;4,/ cRq pdunhw wlplqj dqg lqyhvw0

phqw shuirupdqfh LL= Vwdwlvwlfdo surfhgxuhv iru hydoxdwlqj iruhfdvwlqj

vnloov*/ Mrxuqdo ri Exvlqhvv 87/ 846�8661

Krurzlw}/ M1 O1 +4<<5,/ cD vprrwkhg pd{lpxp vfruh hvwlpdwru iru wkh elqdu|

uhvsrqvh prgho*/ Hfrqrphwulfd 93+6,/ 839�8641

Kxehu/ S1 M1 +4<<9,/ Urexvw Vwdwlvwlfdo Surfhgxuhv/ 5qg hgq/ Vrflhw| iru Lq0

gxvwuldo dqg Dssolhg Pdwkhpdwlfv1

Kxgvrq/ U1/ Ghpsvh|/ P1 ) Nhdvh|/ N1 +4<<9,/ cD qrwh rq wkh zhdn irup

h!flhqf| ri fdslwdo pdunhwv= Wkh dssolfdwlrq ri vlpsoh whfkqlfdo wudg0

lqj uxohv wr XN vwrfn sulfhv 0 4<68 wr 4<<7*/ Mrxuqdo ri Edqnlqj dqg

Ilqdqfh 53/ 4454�44651

Kxqwhu/ Z1 J1 ) Odper|/ Z1 I1 +4<;4,/ cD Ed|hvldq dqdo|vlv ri wkh olqhdu

fdoleudwlrq sureohp*/ Whfkqrphwulfv 56+7,/ 656�6831

Kxvvpdq/ M1 +4<<5,/ cPdunhw h!flhqf| dqg lqh!flhqf| lq udwlrqdo h{shfwd0

wlrqv htxloleuld*/ Mrxuqdo ri Hfrqrplfv G|qdplfv dqg Frqwuro 49/ 988�

9;31

Mhqqulfk/ U1 +4<9<,/ cDv|pswrwlf surshuwlhv ri qrq0olqhdu ohdvw vtxduhv hvwl0

pdwruv*/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 73/ 966�9761
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Mrkqvrq/ Q1 O1 ) Nrw}/ V1 +4<:5,/ Frqwlqxrxv Pxowlyduldwh Glvwulexwlrqv/

Zloh|1

Ndorwd|/ D1 +4<:4,/ cVwuxfwxudo vroxwlrq wr wkh olqhdu fdoleudwlrq sureohp*/

Whfkqrphwulfv 46+7,/ :94�:9<1

Ndqgho/ V1 ) Vwdpedxjk/ U1 +4<<9,/ cRq wkh suhglfwdelolw| ri vwrfn uhwxuqv=

Dq dvvhw0doorfdwlrq shuvshfwlyh*/ Mrxuqdo ri Ilqdqfh OL+5,1

Ndw}/ U1 Z1 ) Pxusk|/ D1 K1 +4<<3,/ cTxdolw|2Ydoxh uhodwlrqvklsv iru lp0

shuihfw zhdwkhu iruhfdvwv lq d surwrw|sh pxowlvwdjh ghflvlrq0pdnlqj

prgho*/ Mrxuqdo ri Iruhfdvwlqj </ :8�;91

Ndxipdq/ S1 +4<:;,/ Frpprglw| Wudglqj V|vwhpv dqg Phwkrgv/ Mrkq Zloh|

dqg Vrqv1

Nkr/ E1 +4<<9,/ cWlph0ydu|lqj ulvn suhpld/ yrodwlolw| dqg whfkqlfdo wudglqj

uxoh sur�wv= Hylghqfh iurp iruhljq fxuuhqf| ixwxuhv pdunhwv*/ Mrxuqdo

ri Ilqdqfldo Hfrqrplfv 74/ 57<�5<31

Nlp/ M1 ) Sroodug/ G1 +4<<3,/ cFxeh urrw dv|pswrwlfv*/ Dqqdov ri Vwdwlvwlfv

4;/ 4<4�54<1

Nqh}/ S1 ) Uhdg|/ P1 +4<<9,/ cHvwlpdwlqj wkh sur�wv iurp wudglqj vwudwh0

jlhv*/ Uhylhz ri Ilqdqfldo Vwxglhv <+7,1

Nuxwkfnr�/ U1 +4<9:,/ cFodvvlfdo dqg lqyhuvh uhjuhvvlrq phwkrgv ri fdoleud0

wlrq*/ Whfkqrphwulfv ss1 758�76<1

Odwkdp/ P1 +4<;9,/ cLqirupdwlrqdo h!flhqf| dqg lqirupdwlrq vxevhwv*/ Mrxu0

qdo ri Ilqdqfh [OL+4,/ 6<�851

OhEdurq/ E1 +4<<;d,/ Dq hyroxwlrqdu| errwvwuds phwkrg iru vhohfwlqj g|0

qdplf wudglqj vwudwhjlhv/ Zrunlqj sdshu/ Xqlyhuvlw| ri Zlvfrqvlq1

OhEdurq/ E1 +4<<;e,/ Whfkqlfdo wudglqj uxohv dqg uhjlph vkliwv lq iruhljq

h{fkdqjh/ lq H1 Dfdu ) V1 Vdwfkhoo/ hgv/ cDgydqfhg Wudglqj Uxohv*/

Exwwhuzruwk Khlqhpdqq1

Ohh/ F1 L1 ) Pdwkxu/ L1 +4<<9,/ cWudglqj uxoh sur�wv lq Hxurshdq fxuuhqf|

vsrw udwhv*/ Mrxuqdo ri Edqnlqj dqg Ilqdqfh 53/ <7<�<951

Ohlwfk/ J1 ) Wdqqhu/ M1 H1 +4<<4,/ cHfrqrplf iruhfdvw hydoxdwlrq= Sur�wv

yhuvxv wkh frqyhqwlrqdo huuru phdvxuhv*/ Dphulfdq Hfrqrplf Uhylhz

;4+6,/ 8;3�8<31

OhUr|/ V1 I1 +4<;<,/ cH!flhqw fdslwdo pdunhwv dqg pduwlqjdohv*/ Mrxuqdo ri

Hfrqrplf Olwhudwxuh [[YLL/ 48;6�49541
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Ohylfk/ U1 ) Wkrpdv/ O1 +4<<6,/ cWkh vljql�fdqfh ri whfkqlfdo0wudglqj uxohv*

sur�wv lq wkh iruhljq h{fkdqjh pdunhw= D errwvwuds dssurdfk*/ Mrxuqdo

ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh 89/ 59<�5<31

Or/ D1 Z1 ) PdfNlqod|/ D1 F1 +4<<:,/ cPd{lplvlqj suhglfwdelolw| lq wkh

vwrfn dqg erqg pdunhwv*/ Pdfurhfrqrplf G|qdplfv 4/ 435�4671

Oxwwphu/ H1 J1 M1 +4<<<,/ cZkdw ohyho ri �{hg frvwv fdq uhfrqfloh frqvxps0

wlrq dqg vwrfn uhwxuqvB*/ Mrxuqdo ri Srolwlfdo Hfrqrp| 43:+8,/ <9<�<<:1

Ozlq/ W1 ) Pdulw}/ M1 +4<;3,/ cD qrwh rq wkh sureohp ri vwdwlvwlfdo fdoleud0

wlrq*/ Dssolhg Vwdwlvwlfv 5<+5,/ 468�4741

Pdonlho/ E1 J1 +4<<5,/ H!flhqw pdunhw k|srwkhvlv/ lq M1 Hdwzhoo/ P1 Plojdwh

) S1 Qhzpdq/ hgv/ cWkh Qhz Sdojudyh Glfwlrqdu| ri Edqnlqj dqg

Ilqdqfh*/ PfPloodq1

Pdonlho/ E1 J1 +4<<9,/ D Udqgrp Zdon Grzq Zdoo Vwuhhw/ Z1Z1 Qruwrq

dqg Frpsdq|/ Qhz \run1

Pdqvnl/ F1 +4<:8,/ cPd{lpxp vfruh hvwlpdwlrq ri wkh vwrfkdvwlf xwlolw|

prgho ri fkrlfh*/ Mrxuqdo ri Hfrqrphwulfv +6,/ 538�55;1

Pdqvnl/ F1 +4<;8,/ cVhplsdudphwulf dqdo|vlv ri glvfuhwh uhvsrqvh*/ Mrxuqdo

ri Hfrqrphwulfv ss1 646�6661

Pdqvnl/ F1 +4<;;d,/ Dqdorj Phwkrgv lq Hfrqrphwulfv/ Yro1 6< riPrqrjudskv

rq Vwdwlvwlfv dqg Dssolhg Suredelolw|/ Fkdspdq dqg Kdoo1

Pdqvnl/ F1 +4<;;e,/ cLghqwl�fdwlrq ri elqdu| uhvsrqvh prghov*/ Mrxuqdo ri

wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;6+736,1

Pdqvnl/ F1 I1 +4<<4,/ cUhjuhvvlrq*/ Mrxuqdo ri Hfrqrplf Olwhudwxuh

[[L[+4,/ 67�831

Pdqvnl/ F1 I1 ) Wkrpsvrq/ V1 W1 +4<;<,/ cHvwlpdwlrq ri ehvw suhglfwruv ri

elqdu| uhvsrqvh*/ Mrxuqdo ri Hfrqrphwulfv 73+4,/ <:�4561

Pdufhw/ D1 ) Vdujhqw/ W1 +4<;<,/ cFrqyhujhqfh ri ohdvw vtxduhv ohduqlqj

phfkdqlvpv lq vhoi uhihuhqwldo olqhdu vwrfkdvwlf prghov*/ Mrxuqdo ri Hfr0

qrplf Wkhru| 7;+5,/ 66:�69;1

Pdulprq/ U1 +4<<9,/ Ohduqlqj iurp ohduqlqj lq hfrqrplfv/ lq G1 P1 Nuhsv )

N1 I1 Zdoolv/ hgv/ cDgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv= Wkhru|

dqg Dssolfdwlrqv*/ Yro1 4/ Fdpeulgjh Xqlyhuvlw| Suhvv1

Pdulprq/ U1/ PfJudwwdq/ H1 ) Vdujhqw/ W1 +4<<3,/ cPrqh| dv d phglxp ri

h{fkdqjh lq dq hfrqrp| zlwk duwl�fldoo| lqwhooljhqw djhqwv*/ Mrxuqdo ri

Hfrqrplf G|qdplfv dqg Frqwuro 47/ 65<�:71
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Phuwrq/ U1 F1 +4<;4,/ cRq pdunhw wlplqj dqg lqyhvwphqw shuirupdqfh/ L= Dq

htxloleulxp wkhru| ri pdunhw iruhfdvwv*/ Mrxuqdo ri Exvlqhvv 87/ 696�

7391

Ploov/ W1 F1 +4<<9,/ cQrq0olqhdu iruhfdvwlqj ri �qdqfldo wlph0vhulhv= Dq

ryhuylhz dqg vrph qhz prghov*/ Mrxuqdo ri Iruhfdvwlqj 48/ 456�4681

Pxusk|/ M1 +4<;9,/ Whfkqlfdo Dqdo|vlv ri wkh Ixwxuhv Pdunhwv/ Qhz \run

Lqvwlwxwh ri Ilqdqfh/ Qhz \run1

Qhho|/ F1/ Zhoohu/ S1 ) Glwwpdu/ U1 +4<<9,/ Lv whfkqlfdo dqdo|vlv lq wkh

iruhljq h{fkdqjh pdunhw sur�wdeohB D jhqhwlf surjudpplqj dssurdfk/

Whfkqlfdo Uhsruw 47;3/ FHSU1

Qhiwfl/ V1 Q1 +4<<4,/ cQdlyh wudglqj uxohv lq �qdqfldo pdunhwv dqg Zlhqhu0

Nroprjrury suhglfwlrq wkhru|= D vwxg| ri cwhfkqlfdo dqdo|vlv�/ Mrxuqdo

ri Exvlqhvv 97+7,1

Qh|pdq/ M1 +4<6;,/ cO*hvwlpdwlrq vwdwlvwltxh wudlwhh frph xqh sureohph fodv0

vltxh gh suredelolwh*/ Dfwxdolwhv vfl1 lqg1 +:6<,1

Sdun/ V1 ) ]hooqhu/ D1 +4<:<,/ cPlqlpxp h{shfwhg orvv +PHOR, hvwlpdwruv

iru ixqfwlrqv ri sdudphwhuv dqg vwuxfwxudo frh!flhqwv ri hfrqrphwulf

prghov*/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :7+698,/ 4;8�

<61

Sdx/ O1 I1 +4<<4,/ cWhfkqlfdo dqdo|vlv iru sruwirolr wudglqj e| v|qwdfwlf sdw0

whuq uhfrjqlwlrq*/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 48/ :48�

:631

Shvdudq/ P1 K1 ) Wlpphupdq/ D1 +4<<;,/ D uhfxuvlyh prghoolqj dssurdfk

wr suhglfwlqj XN vwrfn uhwxuqv/ Zrunlqj sdshu1

Shvdudq/ P1 K1 ) Wlpphupdqq/ D1 +4<<8,/ cSuhglfwdelolw| ri vwrfn uhwxuqv=

Urexvwqhvv dqg hfrqrplf vljql�fdqfh*/ Mrxuqdo ri Ilqdqfh O+7,/ 4534�

455;1

Slfwhw/ R1 Y1/ Gdfrurjqd/ P1 P1/ Gdyh/ U1/ Fkrsdug/ E1/ Vfkluux/ U1 )

Wrpdvvlql/ P1 +4<<9,/ cJhqhwlf dojrulwkpv zlwk froohfwlyh vkdulqj iru

urexvw rswlpl}dwlrq lq �qdqfldo dssolfdwlrqv*/ Qhxudo Qhwzrun Zruog

8+7,/ 8:6�8;:1

Uhdg|/ P1 M1 +4<<:,/ Sur�wv iurp whfkqlfdo wudglqj uxohv/ zrunlqj sdshu/

Xqlyhuvlw| ri Zlvfrqvlq1

Vdujhqw/ W1 M1 +4<<6,/ Erxqghg Udwlrqdolw| lq Pdfurhfrqlfv/ R{irug Xqlyhu0

vlw| Suhvv1
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Vdwfkhoo/ V1 ) Wlpphupdqq/ D1 +4<<8,/ cDq dvvhvphqw ri wkh hfrqrplf ydoxh

ri qrq0olqhdu iruhljq h{fkdqjh udwh iruhfdvwv*/ Mrxuqdo ri Iruhfdvwlqj

47/ 7::�7<:1

Vfkrohv/ P1 ) Zlooldpv/ M1 +4<::,/ cHvwlpdwlqj ehwdv iurp qrqv|qfkurqrxv

gdwd*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv ss1 63<�65:1

Vfkzhuw/ Z1 J1 +4<;<,/ cZk| grhv vwrfn pdunhw yrodwlolw| fkdqjh ryhu wlph*/

Mrxuqdo ri Ilqdqfh [OLY+8,1

Vnrxudv/ V1 +5333,/ Svhxgr rswlpdo prghov/ plphr1/ Xqlyhuvlw| ri Fdp0

eulgjh1

Vwrnhu/ W1 P1 +4<;9,/ cFrqvlvwhqw hvwlpdwlrq ri vfdohg frh!flhqwv*/ Hfrqr0

phwulfd 87+9,/ 4794�47;41

Vxoolydq/ U1/ Wlpphupdqq/ D1 ) Zklwh/ K1 +4<<;,/ Gdqjhuv ri gdwd gulyhq

lqihuhqfh/ Zrunlqj sdshu <;049/ Xqlyhuvlw| ri Fdoliruqld dw Vdq Glhjr1

Vxoolydq/ U1/ Wlpphupdqq/ D1 ) Zklwh/ K1 +4<<<,/ cGdwd0vqrrslqj/ whfk0

qlfdo wudglqj uxoh shuirupdqfh dqg wkh errwvwuds*/ Mrxuqdo ri Ilqdqfh

87+8,/ 497:�<41

V|ood/ U1 +4<<6,/ Fkduwlvwv* odqjxdjh/ lq M1 Hdwzhoo/ P1 Plojdwh ) S1 Qhz0

pdq/ hgv/ cWkh Qhz Sdojudyh Glfwlrqdu| ri Prqh| dqg Ilqdqfh*/

Pdfploodq/ Orqgrq1

Wd|oru/ V1 M1 +4<;9,/Prghoolqj Ilqdqfldo Wlph Vhulhv/ Mrkq Zloh| dqg Vrqv1

Wd|oru/ V1 M1 +4<<7,/ cWudglqj ixwxuhv xvlqj d fkdqqho uxoh= D vwxg| ri wkh

suhglfwlyh srzhu ri whfkqlfdo dqdo|vlv zlwk fxuuhqf| h{dpsohv*/ Mrxuqdo

ri Ixwxuhv Pdunhwv 47+5,/ 548�5681

Wrooh|/ K1 ) Srsh/ U1 +4<;;,/ cWhvwlqj iru vwrfkdvwlf grplqdqfh*/ Mrxuqdo ri

Djulfxowxudo Hfrqrplfv 1

Wuh|qru/ M1 ) Ihujxvrq/ U1 +4<;8,/ cLq ghihqvh ri whfkqlfdo dqdo|vlv*/ Mrxuqdo

ri Ilqdqfh [O+6,1

Wv|ednry/ D1 +4<;;,/ Sdvvlyh vwrfkdvwlf dssur{lpdwlrq/ Zrunlqj sdshu D0

53:/ Xqlyhuvlw| ri Erqq1

Wyhgh/ O1 +4<<:,/ Exvlqhvv F|fohv= Iurp Mrkq Odz wr Fkdrv Wkhru|/ Kdu0

zrrg Dfdghplf Sxeolvkhuv1

Zdog/ D1 +4<:4,/ Vwdwlvwlfdo Ghflvlrq Ixqfwlrqv/ vhfrqg hgq/ Fkhovhd Sxe0

olvklqj Frpsdq|/ Eurq{/ Qhz \run1

Zhlvv/ D1 D1 +4<<9,/ cHvwlpdwlqj wlph vhulhv prghov xvlqj wkh uhohydqw frvw

ixqfwlrq*/ Mrxuqdo ri Dssolhg Hfrqrphwulfv 44/ 86<�8931
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Zhvw/ N1 G1 +4<<7,/ cDv|pswrwlf lqihuhqfh derxw suhglfwlyh delolw|*/ Hfrqr0

phwulfd 97+6,/ 439:�43;71

Zhvw/ N1 G1/ Hglvrq/ K1 ) Fkr/ G1 +4<<6,/ cD xwlolw|0edvhg frpsdulvrq

ri vrph prghov ri h{fkdqjh udwh yrodwlolw|*/ Mrxuqdo ri Lqwhuqdwlrqdo

Hfrqrplfv 68/ 56�781

Zklwh/ K1 +4<;3,/ cXvlqj ohdvw vtxduhv wr dssur{lpdwh xqnqrzq uhjuhvvlrq

ixqfwlrqv*/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 54+4,/ 47<�:31

Zklwh/ K1 +4<;7,/ Dv|pswrwlf Wkhru| iru Hfrqrphwulfldqv/ Dfdghplf Suhvv1

Zklwh/ K1 +4<<7,/ Hvwlpdwlrq/ Lqihuhqfh dqg Vshfl�fdwlrq Dqdo|vlv/ Hfrqr0

phwulf Vrflhw| Prqrjudskv/ 55/ Fdpeulgjh Xqlyhuvlw| Suhvv1

]hooqhu/ D1 +4<:6,/ Wkh txdolw| ri hfrqrplf srolf|0pdnlqj zkhq wdujhwv dqg

frvwv ri fkdqjh duh plv0vshfl�hg/ lq cVhohfwhg Uhdglqjv lq Hfrqrphwulfv

dqg Hfrqrplfv= Hvvd|v lq Krqrxu ri Mdq Wlqehujhq*/ qxpehu Sduw 5/

Pdfploodq/ ss1 47:�971

]hooqhu/ D1 +4<:;,/ cHvwlpdwlrq ri ixqfwlrqv ri srsxodwlrq phdqv dqg uhjuhv0

vlrq frh!flhqwv lqfoxglqj vwuxfwxudo frh!flhqwv= D plqlpxp h{shfwhg

orvv +PHOR, dssurdfk*/ Mrxuqdo ri Hfrqrphwulfv ;/ 45:�8;1

]khqj/ [1 +4<<;,/ cD frqvlvwhqw qrqsdudphwulf whvw ri sdudphwulf uhjuhvvlrq

prghov xqghu frqglwlrqdo txdqwloh uhvwulfwlrqv*/ Hfrqrphwulf Wkhru|

47/ 456�6;1


